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The explicit form of the sixth order radiative corrections to the lepton L (L = e, p 
and r) anomalous magnetic moment from QED Feynman diagrams with insertion of 
fourth-order polarization operators, consisting either on two closed lepton loops or 
one lepton loop crossed by a photon line, is discussed in details. The approach is 
based on the consistent application of dispersion relations for the vacuum polarization 
operators and the Mellin-Barnes transform for massive photon propagators. Explicit 
analytical expressions for the corrections to the lepton anomaly are obtained in the 
whole interval 0 < r < oo of the ratio r of lepton masses Asymptotic
expansions are computed in the limit of both small r < 1 and large r » 1 and found 
to be in a perfect agreement with the ones early reported in the literature. We argue 
that in the region where the physical ratios are located, the asymptotic expansions 
hold with an accuracy higher that the experimentally measured anomalies.
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Keywords: anomalous magnetic moment of leptons, radiative corrections, Feynman dia­
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1. IntroductionThe anomalous magnetic moment of the electron and muon is now one of the most precisely measured quantities in particle physics and allows one to thoroughly test the relativistic local Quantum Field Theory (QFT) with tremendous accuracy. The physics of the gyromagnetic factor дъ, defined as the ratio between the magnetic moment p and the spin s of a lepton L with charge e and mass m (p = —s), has challenged the particlephysics community since long time and experiments as well as theory in the meantime look rather intricate. Its significance is tightly connected with its early role as a valuable test of QFT. Dirac’s relativistic theory of quantum mechanics remarkably predicted that the ^-factor of a free, point-like fermion should be exactly 2, see Ref. [1]. However, latter on J. Schwinger [2] computed the leading-order quantum correction to the lepton magnetic moment, arising from the self interaction with a virtual photon, and found a small correction ~ а/2тг, where a is the electromagnetic fine structure constant, which explained the unexpected ~ 0.12% excess observed in precision measurements of the elec­tron’s magnetic moment, a discrepancy referred to as the anomalous magnetic moment of the electron. This success served as additional argument in foundation of Quantum Elec­
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Calculations of the Sixth-Order QED Corrections to Lepton Anomalies due to the Fourth Order Vacuum Polarization Insertionstrodynamics as the true, authentic theory of the electromagnetic interactions, and QFT as a general framework for the theory of elementary particles. It is now conventional to define the anomalous magnetic moment of a fermion L as = (дь — 2)/2 (see, e.g. Refs. [3, 4]), which quantifies the deviation of gL from the Dirac value of 2. Since then, the anomalous magnetic moment have been measured with incredible accuracy becoming the best measured quantity in the Standard Model (SM) and allows one to test relativistic local Quantum Field Theory (QFT) with unprecedented accuracy. It puts severe limits on deviations from the standard theory of elementary particles and investigations of the anomalous magnetic moments has challenged the particle physics community for long time now and experiments as well as theory look hitherto highly topical. The magnetic momenta and ae provide the most precise tests of QED in particular and of relativistic local QFT as a common framework for elementary particle theory in general. Presently, the electron’s ^-factor is known with an accuracy of 0.13 ppb, and the muon’s ^-factor with an accuracy of 0.19 ppm(for a update of the muon anomaly in the SM, see Ref. [5]), e.g. ~ 10-10 for electrons [6] and 10~6 for muons [7]. These measurements, along with the corresponding theoretical calculations at high orders, are aimed on probing the limits of the SM or possible existence of as yet undiscovered particles belonging to SM, how­ever giving rise to some “new physics” (NP) which still causes hunting for deviations of experiment from theory. Given the exceptional susceptibility to NP, uncertainties on the SM prediction should be reduced to the same level as the experimental ones to maximize the reliability in interpretation of data. In the SM, ai is calculated from a perturbative expansion in the fine-structure constant a. The most important contributions to ol arise from pure QED diagrams, but starting from the order a2 also hadronic contributions, in particular hadron vacuum polarization and hadron light-by-light scattering, become no­table. Nowadays the high precision calculations of QED corrections (up to the fifth order in a) are performed by means of special computational algorithms, e.g. the high-precision calculation by difference equations [8, 9], augmented by the PSLQ-algorithm [10]. These methods assure several hundreds or even thousands significant digits in final results [8, 9]. In spite of the ability to perform so high precision calculations, these approaches turn to be quite cumbersome in practice application. Even in case of parallel computation reali­sation, one requires a huge amount of computer time. Moreover, due to cumbersomeness of the method, a detailed analysis of the results with separate investigation of the role of particular type of diagrams, as well as independent confirmation of the numerical results appear to be rather awkward. In this context, it is quite tempting to identify in the full set of diagrams of a given order a subgroup of specific diagrams which enable close analytical calculations. This subgroup consists exclusively of diagrams with insertions of the vacuum photon polarization operator with inclusion of self-energy corrections of the corresponding order. The simplest type of such operators is the one consisting solely of closed lepton loops, usually referred to as the “bubble” -like diagrams. Based on the Mellin-Barns representatioln for the massive propagators (see. Ref. [11] for details), the lepton anomalies aL for this type of diagrams have been calculated analytically up to the tenth order, cf. Refs. [11-13]. The next in complexity operators are the diagrams with closed lepton loops crossed by photon lines referred in what follows to as the "mixed" type. Obviously, the lowest order of mixed diagrams is a2 and contributes to the sixth and higher orders radiative corrections to a^. In this paper we focus mainly on analytical calculations of the sixth order corrections stipulated by accounting for only one mixed loop in to the vacuum polarization operators. This is a natural extension of our early calculations of corrections from the bubble-like diagrams [13, 14] where the corresponding analytical expressions were obtained as functions of the mass ratios r = of the looplepton £ to the external one L, in the whole region 0 < r < oo. As before, our considera­tion is based on a combined use of the dispersion relations for the polarization operators 123
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and the Mellin-Barnes integral transform for the Feynman parametric integrals. It should be noted that first explicit calculations of mixed diagram were reported in Ref. [15] in the asymptotic limits r < 1 and r 1. Herebelow, our efforts are aimed on exact calculations of the mixed diagrams for any value of r, 0 < r < oo.

2. Vacuum polarization and the lepton anomalyIn this section we present the most general expressions for the vertex radiative correc­tions from diagrams with vacuum polarization insertions. The particular case when the vacuum polarization operator consists only on closed lepton loops was previously consid­ered in details in Refs. [13, 14, 16]. Here below we consider a more complicate polarization operator which includes also loops with internal photon lines. The renormalized photon propagator can be written as

Figure 1: The irreducible proper graphs contributing to the vacuum polarization operator up to the fourth order. The crossed loop is the shorthand notation for the sum of diagrams with one internal photon line.
^21 + П(£2)-

-WS I1 - (П<‘2) - n2<V) + П3*2) + ■•')]= - WT5 [1 - fi(fe2)l , (1)

(3)

К k*where П(А:2) is the sum of all the irreducible self-energy graphs which, up to the fourth order, are depicted in Fig. 1. The quantity П(А:2) in Eq. (1) includes all powers of the irreducible graphs, H(fc2) - П(А:2) - П2(&2) + n3(fc2) + • • • , (2)which obviously contains all orders of the radiative corrections. For instance, the powers of the first diagram in Fig. 1 generates the series of the “bubble-like” graphs, labeled as a), b) and d) in Fig. 2 (see also Refs. [13, 14]). The diagram with crossed loops induces the so-called “mixed-bubble” types, cf. diagrams c) and e), which certainly determine the sixth and higher orders of the radiative corrections. The simplest diagrams of this type are depicted in Fig. 3.As demonstrated in Refs. [4, 13, 14, 17] the vertex diagrams with insertion of only vacuum polarization operators can equivalently be represented by a diagram of the second order with exchange of one but massive photon. For this type of diagrams the lepton anomaly K^\t) is well-known in the literature [18-20] and reads as
(1 — x)x2 

x2 + t(l — x)/m2L
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Figure 2: The possible combinations of the irreducible diagrams contributing to up to the sixth order vacuum polarization operator. Diagrams a), b) and d) are of the purely bubble-type diagrams, whereas diagrams c) and e) are of the so-called “mixed type”, cf. Fig. 1.

Figure 3: The simplest diagrams with insertions of the vacuum polarisation operator of the fourth order with one internal photon line. The external photon is labeled by “L”, whereas the internal lepton in the loop is denoted as
where mi is the mass of the scrutinized lepton, a is the fine structure constant. In what follows, throughout this paper the external lepton, as well as the loop leptons of the same kind as the external ones, are denoted by the capital letter L. The loop leptons, different from L, are denoted by the lowercase t.With Eq. (3), the anomaly can be written as [4, 13, 14, 17]

aL =
i

dX x2 + (1 — x)t/m3 7Г J о -r2 \1 — x /

In obtaining Eq. (4) the dispersion relations for the operator П(і) have been employed. In the present paper we consider the polarization operator consisting on only two types of internal leptons, L and L The diagrams with three different leptons, L, F and t’2 will be presented elsewhere. Generally, the polarization operator (2) for Feynman diagrams with insertions of n = p + j closed loops, where p and j denote the number of lepton loops of 
L and £ kinds, respectively, can be presented as (q.v. Eq. (2))

p—0 p=0x [П^2)Г=”Л (5)where C„ are the familiar combinatorial coefficients and the quantity =has been introduced as to reconcile our formulae with the commonly adopted notation, e.g., in Refs. [13, 14, 16]. Inserting Eq. (5) in to Eq. (4) and applying again the dispersion relations to where c^jf = хтЪ the corrections
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to the anomaly aL from diagrams with p + j loops read as

aL
_ p a f dt f ж2(1 - ж)

t J Xx1 + (1 — x)t/m2L о 0 (6)To further proceed with analytical calculations, we considers the integrand in Eq. (6) as the subject of the Mellin-Barnes transform, see e.g. Refs. [7, 20-22],
ж2(1 — ж) ж2 + (1 — x)t/m2L

c+ioo

= h /ds (^)' m
С—ІООwhere 0 < c < 1 determines the strip in the complex plane of s along which the in­tegrand (7) is an analytical function; the factor 4m2 has been introduced for further convenience. By virtue of the representation (7), we can write a^\ Eq. (6), as

(pj) 
aL

c+ioo
al f /4m2\~s f1= / d> Ы) гиг(1~П

c—ioo(L) / ж2 2\lp r° dt (Y ( 1T Г /М f Ат2лу x IIW  ------ -m2L / — —£• -Im Hw —L \ I-*) J\ Jo t \ t / L к t J\Hence, the Mellin-Barnes transform made it possible to present the contribution to the lepton anomaly from different kinds of lepton loops in the following factorized form of two Mellin momenta
c+ioo
/ * (";?) г(^-«)адед, w

л * J у / 
c—ioowhere ж21 — ж (10)00

Rj(s)= J ^Im n(^ =2 / «^(l-d'Y^Im [nW(5)]< (11)4mj L \ 7 J Jo 7ГHere the variable is 8 = у 1 —Equations (9)-(10) represent the most general expressions for the lepton anomaly from diagrams with vacuum polarization operators consisting on leptons loops of two types, 
L and £. Note that, in our previous papers we considered only irreducible diagrams of the second order, i.e. pure closed lepton loops. In that case for better illustration of the 2(p + j + 1) orders of corrections, the factors ) and were emphasized explicitly in definitions of Qp(s) and Rj(s). Since in the present paper we consider also one-loop polarization operators of the fourth order, the indices p and j do not longer illustrate unambiguously the order of the corrections. For this reason we include the factors J and J into the definition of the Mellin momenta and, instead, the order 
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Calculations of the Sixth-Order QED Corrections to Lepton Anomalies due to theFourth Order Vacuum Polarization Insertions of the correction we indicate by a subscript index for the corresponding polarization operators.As seen from Eq. (11) the Mellin momentum Rj(s) is manifestly independent on the lepton masses. The momentum Qp(s) depends only on the polarization operator (?2) 
4772/^for which the genuine variable is the dimensionless combination It implies that,in our case П(£) (---- -—= П(ь) f-4^1 i.e. Qp(s) also is independent on\ 1 — X J \ X2 )the lepton masses. Consequently, the only dependence on masses in a^\ Eq. (9), enters trough the ratio which justifies the commonly adopted classification ofas [3, 23] 

аь = (12)where Ai corresponds to diagrams for which all the internal loops are formed by the same type of leptons as the external one; it also includes diagrams with exchanges of only one virtual photon without lepton loops. Clearly, the coefficients Ai are universal for all kinds of leptons. The mass-dependent coefficients A2 and A3 include diagrams with leptons £ L.In turn, each coefficient Ai can be developed in to the Taylor series w.r.t. ( —)
Ai,L(mL/mL) = A^l(^ + 4л (~) + 4л (~) (13)
A2,l (r = = А^ + 4>) Q3 + 4>) (^)4 + ■ • • , (14)
Лзл (n, r2) - (n, r2) + 4л (гь(j) + 4л A, r2) + • • • , (15)

where r = и = r2 = т^/тъ and the superscripts of the coefficient in the r.h.s.indicate the corresponding order of the radiative corrections. As mentioned, the leading order correction to the lepton anomaly = — was calculated, for the first time, by 2?rJ. S. Schwinger [2]. In our notation this corresponds to A^ = 1/2. The next coefficients A^ and A^ ... are also known explicitly up to an impressive large order of corrections (up to 13 loops, see e.g., [3, 24]).Here below, we focus on further investigations of the mass-dependent coefficients 
A^^(r) in Eq. (14) by means of the Mellin-Barns technique. Previously, in Refs. [13, 14] we considered the radiative corrections from diagrams consisting on only pure closed lepton loops, the so-called “bubble” -like diagrams. Now we complicating the task by including in to the consideration diagrams with loops crossed by internal photon lines, hereafter referred to as “mixed” diagrams, see Fig. 3. Hitherto, the exact analytical expressions for this type of diagrams were derived only for the universal coefficient A^ = A^fr = 1), see Refs. [25, 26],

Aid) = IS - ТГ 270 ' 9 ' 1П(2) - 5 * 1П (2) + 9 ln <2>Li, (I) + = 0.06287065 (16)
0 \2 / io
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ОСwhere Li4 is the polylogarithm function of the order 4, Lin (2) = (zk/kny and ^(3) is

00the Riemann zeta function, ((z) = (l/2fc).
k=iSo far, due to cumbersomeness of the explicit expressions of mixed diagrams (more that 150 terms for the graphs of Fig. 3, cf. Ref. [15]), the mass dependent coefficients A26\r) were studied theoretically only in the asymptotic limits r < 1 and r —> 00 [15]. Also, the mass dependent coefficients А^Гі, r^), i.e. the diagrams with all three leptons different, were analysed only in these asymptotic limits, see Refs. [21, 27].

3. The sixth order correctionsThe sixth order corrections are generated by powers of the irreducible operator П(/с2) which includes graphs of the second and fourth orders, i.e. the graphs b) and c) in Fig. 2. The contributions from graphs of the type b) were analyzed in details in Ref. [13]. The sought sixth order corrections to аь from the mixed diagrams are determined by the irreducible graph c) referred in what follows to as П4(/с2); the corresponding diagrams are depicted in Fig. 3, for which p = 0 and j = 1 (see also Refs. [4, 13, 28]). Correspondingly,T(2 - s)T(l + 2s) f(3 + s) (17)
= 2 [ 6d8(l - 82у-г —Im [п^ (д')] = f-V 2 [ 6d8(l - (18)

Jo 7Г L J \тг/ Jowhere, for the sake of brevity, we introduced the notationA%(4) W = "Im [n? (d)] . (19)
\7Г/ 7Г LThe fourth order “mixed” polarization operator (d) is well-known in the literature and explicitly can be found in, e.g. Refs. [4, 29, 30]P(4) (д') = Ti nd2 7d4 /1 d2 ^.А1пЛ1 + д')3А .16 + 24 “ 48 + \2 + 3 6 ) n \ 8d2 ) 1 +

■5812 £ _3 “ б”
d2\ / 64d4 Vб"J П k(l - d2)3//1 —d\ T. / 1-dY-L121Y+vY e(i - d), (20)

where Li2(x) denotes the dilogarithm function. Thus, the anomaly becomes
c+ioc( 6) 1 Г r(s)T(l — s)T(2 — s)T(l + 2s) (4)

aL = ( - I / ds r --------------- 7^7---- Г---------------Лі\7Г/ 2тгг J Г(3 + s)
С—ZDO

с+гоо 1-V — / ds h^i-d^^^d). (21)7Г/ 2тП J (1 + s)(2 + s)sin(7rs) J
c—ioo 0128



Calculations of the Sixth-Order QED Corrections to Lepton Anomalies due to theFourth Order Vacuum Polarization InsertionsWith Eq. (21) the coefficient A^6)(r) in Eq. (14) defining the contribution to the sixth order corrections from the diagrams in Fig. 3 can be presented in the form= Л '''’'Ў ~ 2 /(1 - (22)7 2тгг J (l + s)(2 + s)sin(7rs) J
c—ioo 0which, after carrying out integration over 6, can be re-written as

c+ioo= і / dsr-^s), (23)
Z7T I J

c—ioowhere the integrand T'(s) explicitly reads as7г2(1 - s) ( 72 + 408s + 852s2 + 749s3 + 199s4 - 72s5 - 36s6= ¥n2(7rs) I 6s2(l + s)(2 + s)3(l + 2s)2(3 + 2s), 7Г2 /4 1 \ Г(і + s) 2 + 3s+ 12 ^s 2 + s) + «)(2 + «W) 3 s (1 + s)(2 + s)2(l + 2s)
x + 1/2) - 3^(s) - 27e + 2 ln(2)] + 3(| + gy(2~+g) (24)-4 /113 3 Л s „/1137 Д]]x з7?2 (2’ 2’1; 2’ 2 + J + (| + s)(| + s) 3 2 \2’ 2’ ; r 2 + S; J J J ‘

Above = 0.5772156649 ... denotes the Euler’s constant, ^(s) is the known polygamma function and pFg^, a2, -ap; bi, b2, -bq; 1) are the generalized hypergeometric functions of the argument x = 1.
3.1. Direct numerical calculationsPrior to proceed with analytical calculations of the Mellin integral (23) with the in­tegrand (24) by the Cauchy’s residue theorem, we recall that for this particular case considered in the present paper, i.e. for p = 0 and j = 1, the coefficient A^(r) can be calculated numerically directly from the definition (6). In this case the ж-direction inte­gration in Eq. (3) or Eq. (6) can be carried out analytically providing for the coefficient the following expression

1Л&М = / 1Д2 W r) +> W M, (25)
0where p^(S) is defined by Eq. (20) and r) is the result of integration over x in (3) with t/m2L = 4r2/(1 — <52) (see also Refs. [4, 19]),8r2 _ 8r2 Л 2r2 \ / 4r2 \1 “ 1 - d2 1 - <52 V 1 - 52 ) П Д-й2 )
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In principle, Eqs. (25) and (26) are already suitable for numerical calculation of A^r). However, these expressions are not sufficiently convenient for, they do not allow further refinement investigations of the analytical properties of A^^r), e.g. the asymptotic be­haviour at r —> oo or r C 1, dependence on the types of leptons in the loops, comparisons with results already reported in the literature etc. Such kind of analysis can be performed only if one has explicit analytical expressions of A^/r). Nevertheless, Eq. (25) can serve as an extremely useful tool for crosschecking the numerical results obtained from the exact, but rather cumbersome analytical expressions (see below).Besides this possibility of numerical checks of the exact formulae, another way of test­ing the results is to compare the analytical expressions with those known in the literature. Later on we compute (numerically) the limit r —> 1 and compare with the explicit ex­pression for A^l(r = 1), Eq. (16). Also the limits r > 1 and г С 1 are employed for comparisons with known results [15].
3.2. Analytical calculations: right semi-plane r > 1Having computed explicitly the integrand (24), the Mellin integral (23) can be calcu­lated straightforwardly by means of the Cauchy’s residue theorem closing the integration contour consecutively to the right (r > 1) and to the left (r < 1) semi-planes of the complex variable s. From Eq. (24) one infers that ^(s) is a singular function in both semi-planes of s. So, in the right semi-plane (r > 1) the integrand ^(s) possesses a pole of the first order at s = 1 and poles of the second order for positive integers s > 1, 

s = 2, 3, ... n .... The residue at s = 1 is easily calculable
= (27)The remaining poles, all of the second order, are located at integer s > 1, hence A^ can be written as

Л1 1 00
= (28>

71=2The minus sign in (28) originates from the fact that the integration contour is clockwise. The residues in s = 2,3 ... in Eq. (28) have been calculated by means of the available computer packages with ability of symbol manipulation. The result is
/7 11\A^(r > i) = СЛГ) + ln(r) + ( n - 8r2 - TF7"4) ln2^r) + ’ (29)
\ Z IO /
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=144 +

193 1215r2 89 + Wr

S(r) = - 4n3 + n2 — 14n — 9 
(n + l)2(n + 2)(2n + 1) 3^2

1 1 3 32’ 2’1’ 2’ 216n + 28n4 ^jQ4ra3 — 225n2 — 60n + 30 
(n + 2)(2n + i)(2n + 3)2(2n + 5)2 3-^2

1 1 3 72’ 2’1’ 2’ 2
n — 1 
n +1 3F2 1 12’2 _____3F2 f-,-,1;(2n + 3)(2n + 5) \2 2X ln(r2) — (2n + 3)(2n + 5)(n- l)(2n + ]J(3n + 8) r(n+l/2) 7г3/232 (n + l)!(n + 2) (n — l)(3n + 2) 

8n(n + l)(n + 2)x 3 t>(1)(n) - ^0) (n + 1/2) - ( 3^(n) - ^+1/2) + 27Я - 21n(2) ) ln(r2)
4n2(n + l)2(n + 2p^2n+1) j (n + 2)(2n + l) ’ (32)
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/ 3\ f 7 \The quantities X I n + - 1 and X (n + L\ in Eq. (32) are the shorthand notation for the first derivatives of the hypergeometric function,

a
ds

k~0

s—n /3— т/м — + п + л \
(3\n + - j can be calculated from the integral representation of the corre- spending hypergeometric function

(34)
where

'i-y (35)
(7\ / 3\n + - I in Eq. (32) can be related with X I n + - j, Eq. (33), by2 / \ 2 // 7\ /merely shifting the argument by a factor of two, i.e. X I n + - I = X f (r 

\ J \With these results, the asymptotic of A^\r 1), Eq. (29), reads as follows4(6)/ 41 1 1 / 449 , . , 19871 ( 492,r(r “ 486 r2 + r4 ( 54oo ln^r^ 324000 + 7681 / 62479 7« V 661500 665873 1198890560 + 19201 / 25993 7» 1 291600 19963 245293982800 4608

32 г A 1 , 3 3

I

J У о

32

which perfectly agrees with the expansion earlier reported in Ref. [15].
3.3. Analytical calculations: left semi-plane r < 1The integration domain in Eq. (23) is specified by the strip 0 < c 1where the corresponding hypergeometric functions are defined and are analytical func-/11 3 3tions. A more meticulous analysis of the functions з-Ег I andp I 1 r3 73 2 \2’ 2’ 1’ 2’ 2 shows that they are valid in a larger region, namely in thecomplex plane Res > -1 and Res > -3, respectively, whereas outside this regions these functions are not defined at all. This can impede further evaluations of the integrals by the Cauchy’s residue theorem in the left semi-plane of s. Therefore, an analytical continuation of these functions to the left semi-plane is necessary.132



Calculations of the Sixth-Order QED Corrections to Lepton Anomalies due to theFourth Order Vacuum Polarization InsertionsAs seen from Eq. (24), in the left semi-plane the integrand possesses poles at13 5negative integers s = 0, — 1, — 2,..., — n ... and negative half-integers s =The residues in the poles s = 0 and s = —1/2 can be easily calculated
1 1Res = 7 НН + : «3) - , (37)Res [r 2s^]s=_1/2 = ^7г2 - ^7г2 ln(2) - Цтт3) r. (38)

/11 3 3To extend the definitions of the hypergeometric functions 3F2 I 9, -, 1; -
\ X <4

; 1 I andOf A (5 i 1; |,| in the regions Re s < — 1 and Re s < —3, respectively, theintegral representations (34) and (35) can be used. Then, we get the desired analytical„ „ /1 1 , 3 3continuation of 3F2 I 1; - , - in the whole semi-plane Re s < — 1 as
3 2 \ 2’ 2’1’ 2’ 2 Re s<-i 3F2 (1,1 + s, 1 + s', I + s, 2 + s; 1) 2(s + 1) (39)

Analytical continuation of 3F2 follows immediately from Eq. (39)/1137 \ /1133observing that 3F2 1; + s; 1 = 3F2 ( -, 1; - + (2 + s); 1
\ Ll £ U £ J \ Л Л Li U

i.e.
F (1 1 1Л Z3^2 \2’ 2’1’ 2’ 2 1 / 7=> I qa3^1 2 ( 1,3 + s, 3 + s; s + 4, - + s; 1Re s<-3 2(s + 3) 2 (40)Note that Eqs. (39) and (40) are fulfilled as exact identities for Re s > — 1 and Re s > —3, respectively.The last effort in preparing Eq. (24) for the Cauchy’s integration in the left semi-plane is to express the corresponding hypergeometric functions (39) and (40) via the Pochhammer symbols (a)k, viz.

3-^2 1,1 T s, 1 T s; 2 T s, (s + l)t s +1(s + |)д. к + s + 1 (41)
where (a)t, also known as the rising factorials, are defined as (d)k = Г(а+/с)/Г(а). Notice that the Euler gamma functions in the definition of the Pochhammer symbols induce additional singularities in the left semi-plane. In turns, in counting the residues, these singularities give rise to double sums, over n and к in the final integration. All together, the integrand in the left semi-plane is singular with poles of different orders at negative integers s = 0, —1, —2, —3,... and negative half-integers s = —1/2, —3/2, —5/2... . Then А^/г) acquires the form

00 00КЖ.-. + 5> [’-!^«].„(2„+1)/2 (42)
n=0 n=0133
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with the residues at n = 0 and n = —1/2 were already listed in Eqs. (37) and (38), respectively.Eventually, explicit summations over all residues result in

ooA^(r < 1) = D^r) + T>2(r) ln(r2) + P3(r)ln2(r) + 4r4ln3(r) + ^d^n,^
n—3

OO oo n—2 oo П-4
+ d2(n, r)r2n +52 52 d^n'k' r^r2n •+52 52d^k' r^r2n ■ (43)

n=3 n=3 fc=0 «=4 fc=0Since the explicit expression of A^\r < 1), Eq. (43), is much more cumbersome in comparison with A^\r > 1), defined by Eqs. (30)-(32), we do not present it here. We just stress that it includes a number of special functions, e.g. polylogarithms of different orders, inverse trigonometric and hyperbolic functions, polygamma’s etc and polynomials of r. Explicitly, the coefficients A^6)(r) will be presented elsewhere. Herebelow we only compare the results of expansions of the exact expressions of A? \r) at small r 1 with the known results early reported in the literature, cf. Ref. [15]. To reconcile our expansion with the Ref. fl5], in summations over residues in Eq. (43), it is sufficient to consider only 13 5few first residues, s = 0, —1, —2, —3 and s = —— -•The result of the expansion about r ~ 0 is1 1,5 2/79 13 16.« 1) = -- ln(r) + - <(3) - - у b(2) J r 
6 ln2(r) + 3 ln(r) 4- — + 7Г2 — 9£(3) I r2 + 7г2 О /+ І41п3(г) - у ln2(r) + (^ + 2тг2 - 4«3)j ln(r) - ^2ln2(2) -

-Ai, (1) + 1 ln4(2) + 15<(3) - р 37391441127. /------ 1п(г) +225 v ’ 42343 587г2\10125 + 135 ) (44)
Observe that the first terms, up to О (r5), in Eq. (44) exactly reproduce the results of Ref. [15].

4. Numerical resultsHerebelow we perform some checks of the validity of the obtained exact expressions by comparing results from Eqs. (43) and (29) with the corresponding direct numerical calculations of the integrals in Eqs. (25)-(26). We did such checks at several values of r and obtained excellent agreements between two methods of calculations. This persuades us of high confidence of the validity in our analytical results.The behaviour of in dependence on r is presented on Fig. 4. The solid curves reflect the results of calculations by the exact formulae, Eqs. (29)-(32), right panel, and by Eq. (43), left panel. The dashed curves are results of calculations of the asymptotic for r > 1, Eq. (36), and r < 1, Eq. (44), the right and left panels, respectively. The open circles, as well as the associated with them labels AeL, point to physical values of at the physical lepton mass ratios r = т^/тп^. In our actual calculations these134
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Figure 4: The sixth order corrections A^/r) to the lepton anomaly due to insertions of the fourth order polarization operator with one internal photon line. Solid curves correspond to calculations by exact analytical expressions, dashed curves are results of calculations by asymptotic expansion, Eq. (44) for the left panel and Eq. (36) for the right panel. The open circles, as well as the associated with them labels A^, point to physical values of A^^r) at the physical ratio r = т^т^. The star corresponds to the universal value of A®(r = 1). For a better vision of the behaviour at small r, the magnified area 1 < r < 5 is highlighted in the upper corner where the linear scale for both axes is employed.
ratios correspond to those recommended by the International Committee on DATA (CO­DATA 2018) [31], namely: me/mT = 0.000287585(19), = 0.00483633169(11),
mp/mT = 0.0594635(40), mr/mp = 16.8170(11), mp/me = 206.7682830(46) and 
mr/me = 3477.23(23).From the Fig. 4 and from the corresponding numerical analysis, one can conclude that the exact analytical results practically coincide with the results by approximate formulae (44) in the interval 0 < r < 0.1 and by Eq. (36) in the interval 2 < r < oo, respectively.More precisely, the validity of the asymptotic expansions and the limits of their appli­cability can be illustrated if one defines the relative deviation £.t(r) of the approximate calculations from the exact results as

^•2,1 asymp.(r) A2,L exact (r)

Then for, e.g., the muon anomaly, the maximum contribution is from the fourth order electron vacuum polarization operator. In this case (L = p, and £ — e) A^ exact(re) — 1.49367182340837205, whereas Eq. (44) keeping terms up to O(r4) (this approximation corresponds to the one reported in Ref. [16]) result in A^ а8утр{р(г^ = 1.49367182344. In terms of the relative errors £M(re) this corresponds to £M(re)(O(r4)) « 2.1 • 10-11. The relative errors rapidly decrease if in Eq. (44) one keeps terms up to O(re). In this case 
asymp^^)) = 1-49367182340837220 and consequently, £M(re)(C>(r6)) « 1.0 • 10"16.Hence, in calculations of the corrections from electron loops to the muon anomaly it is quite sufficient to restrict oneself to terms ~ O(r4) which assure accuracies higher than the experimental errors related to the measured [31] ratio of electron to muon masses △г ~ HF10. To estimate how far from r -> 0 one can apply the approximate formula, Eq. (44), we compare the exact results with the expansions ~ O(r4) and ~ O(r6) at 135
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r = 0.1. We obtained that keeping terms ~ ^(r4), Eq. (44) assures only four significant digits while keeping terms ~ О(г6), the approximate formula provides much more accurate results, namely up to seven significant digits in the interval (0 < r < 0.1). This accuracy is above the experimental measurements in this interval. An analogous situation occurs also in the region r > 2, cf. Table 1.

Table 1: The relative deviation e(r) of the asymptotic results from the exact calculations at r corresponding to the really existing leptons [31]
r r < 1 r > 1

mass ratio e/r e//z ц/т mass ratio т/ц д/е т/е
r 0.00028759 0.0048363 0.0594635 r 16.8170 206.768 3477.23

1.1 • 10~17 2.1 • 10~n 1.0 • 10-5 1.4 • 10~7 7.3 • 10~14 4.9 • IO-21
1.9 ■ 10'25 1.1 • 10~16 7.3 • IO-9 O(r~w) 3.6 • 10“8 1.1 • 10“14 4.5 • 10~й

It should be noted that the sums, Eqs. (32) and (43), in the analytical expression are rather poorly convergent when r —> 1. Consequently, for reliable calculations it is required to take into account a large number, several hundreds or even thousands, of terms in the sums. For instance, at r = 2 to assure the value ^^{(2) « 0.017086812024867475167 it is sufficient to take into account ~ 30 terms. The situation is worsening as r —> 1, where to assure only three significant digits in comparison with the calculations by Eq. (16), one already needs ~ 150 terms, whereas for a reliable accuracy more than one thousand terms are necessary.Finally, we shall discuss the contribution of other sixth order corrections to А^/г) from insertions of the fourth order polarization operators. As mentioned, besides diagrams defined in Fig. 3 , there is another type of the fourth order polarization operators, namely the operator consisting on two closed lepton loops as depicted in Fig. 2b.This type of corrections has been thoroughly studied in Ref. [13], where contributions of all possible combinations of internal and external types of leptons were investigated for polarization operators with two and three closed lepton loops. In Fig. 5 the contribution of different kind of the polarization operators is presented, where the solid curve is the coefficient (r) due to mixed diagrams, dashed and dot-dashed lines are the corrections from the pure bubble-like polarization operators with insertions of two identical (^) loops and two loops with different leptons In the region r < 1 the main contribution to heavier lepton, т and /z, comes from insertions of two identical electron loops. The contribution of bubble-like diagrams with one heavy lepton (dot-dashed line in Fig. 5, r < 1) is by far smaller than other contributions. The role of mixed loops increases with increase of r.A different situation is in the right semi-plane r > 1, where the mixed diagrams are predominant.
5. SummaryIn summary, we have presented, for the first time, exact analytical expressions for the sixth order radiative corrections to the anomalous magnetic moments of leptons e, /z and т induced by Feynman diagrams with insertions of the fourth order vacuum polarization op­erator with one lepton loop crossed by one internal photon line. The approach essentially relies on the dispersion relations and the Mellin-Barnes transform for the propagators of massive photons previously employed in calculations of the pure bubble-like diagrams.
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Figure 5: The sixth order corrections A^Jr) to the lepton anomaly due to insertions of the fourth order polarization operator: solid line corresponds to one loop polarization operator with one internal photon line, dashed and dot-dashed lines correspond to insertions of the pure two-bubble loops operators with two identical (££) and two different (L£) closed lepton loops, respectively, cf. Ref. [13]. The vertical lines, labeled according to the ratios r = т^т^, indicate the values r of the physically existing leptons.
This method allows one to derive explicitly the corresponding sixth order corrections аДг) as functions of the ratio r = of the mass of the internal I to the mass of the external L leptons in the whole interval (0 < r < oo). It is argued that for every type of leptons the main contribution to is provided by insertions of the polarization opera­tor with leptons f in the loop lighter than the external lepton L, c.f. labels in Figs. 4 and 5. Since for real existing leptons one has either г С 1 (rmax < 0.06), or r 1 (rmm > 16), the exact expressions can be safely substituted by their asymptotic expansions, which are much simpler and more convenient for numerical calculations. We affirm that these ex­pansions work quite well in the intervals (0 < r < 0.1) and (2 < r < oo) within which the physical ratios r = т^/т^ are located. We investigated the limits of applicability of the asymptotic expansions and claim that with a reasonable number of terms these asymptotics are quite appropriate for practical numerical calculations.
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