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The new expressions for the form factor components and mean-square radius of the
vector current of composite system of two relativistic fermions with arbitrary masses
are obtained. The pseudoscalar, vector and pseudovector composite systems were
considered. For them is received identity, which installs the dependency between
masses and quarks spin, forming composite systems. Values of the mean-square ra-
dius of the ground-state s-wave level of pseudoscalar 7*-, K*- and Ky-mesons with
the Coulomb interaction are calculated. The analysis is performed and the depen-
dency of form factor behavior and mean-square radius concerning the differences of
quarks masses are installed. Consideration is conducted within the framework of rel-
ativistic quasipotential approach on the basis of covariant Hamiltonian formulation
of quantum field theory by transition to the three-dimensional relativistic configu-
rational representation in the case of two relativistic spinor particles with arbitrary
masses.
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1. Introduction

The different approaches can be used for description of the form factor behavior of
the composite system [1-5]. The using of three-dimensional relativistic covariant two-
particle quasipotential (RQP) equation of Logunov-Tavkhelidze [6] for description of the
form factors of composite systems were executed in [7, 8]. However, use of the equation
Logunov-Tavkhelidze for wave function in the momentum representation has not allowed
to research the behavior of the form factor in broad interval of importances of the mo-
mentum transfer of the relativistic two-particle bound system. The other model was
considered in [9, 10]. This model has used the RQP approach [11, 12] on the basis of
covariant Hamiltonian formulation of quantum field theory [13] in which the contribution
of small distances in the proton form factor takes into account by means of transition
to the three-dimensional relativistic configurational representation (r-representation) in
the case of two relativistic spinless particles with equal masses m [14]. In the RQP ap-
proach [11] for a bound system of two relativistic spinless particles of arbitrary masses
developed in [15, 16], new covariant expressions of the components of elastic form factor
for the cases of a scalar and vector currents as functions of the invariant variable A%’Q,
which there is the square of the momentum-transfer vector in the Lobachevsky space,
have been found in |17, 18].
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The aim of present study, considered as continuation in {17-20], is to obtain the new
expressions for the form factor and mean-square radius of the vector current of composite
system of two relativistic fermions with arbitrary masses. Consideration is conducted
within the framework of RQP approach [11, 12] on the basis of covariant Hamiltonian
formulation of quantum field theory [13] by transition to the r-representation in the case
of two relativistic spin particles with arbitrary masses m; u ma [15, 16].

2. Equation for the wave function

Within the framework of RQP approach [11, 12] for spherically symmetric potentials
the equation in the r-representation [15, 16] for the radial wave function of the compos-
ite system with relative orbital angular momentum ¢ > 0, ¢,(r,x’), consisting of two
relativistic fermions with arbitrary masses my,m, and spin 1/2, has the form [21}%)

(I:I{)‘f — cosh x') we(r, X)) = =V (r; JWQ)/1 (ﬁéaf) we(r, X')- (1)

Here M} = s, = Q* = (n + )* = Q2 — Q* where g;,i = 1,2 are 4-momentas of
composite particle, the operator

N d N20(6+1) .\ d
rad __ )\ N Ul
Hyy = cosh (z)\ dr) + 27 (r V) exp (2)\ dr) (2)

is the radial part of free Hamiltonian operator (we use the system of units where A = ¢ = 1)

. YU AI2 o
Hy =2m’ [cosh (i)’%) + %— sinh (i)\'ga;) - -272-Ag,¢ exp (z)\’%>} ) (3)

where Ay, is its the angular part, A’ = 1/m’ is the Compton wavelength associated with
an effective relativistic particle playing the role of the two-particle system [15, 16], having
the mass m’ = /mma, the relative momentum Ay .y, and carrying the total energy
of particles Mg, which is proportional to the energy Ag,m, g Of one effective relativistic
particle of mass m/, and the rapidity x’ is used to parametrize the momentum and energy
as

I 2PN ! _ — 1 1AC
Aq’,m’AQ =m SlnhX nAq,vm,)‘Q, lnAq',m’)xQ, - 17 MQ _— 2m g Aq’,m’)\g’ (4)
Ay rg =M cosh X/,
where factor ¢’ gives by expression
!
m my + Ms
’

20 2y/mimy

and p = myma/(my+my) is the reduced mass of two particles of arbitrary masses; A, ., o
and Ay i, are, respectively, the time and spatial components of the 4-vector A;é =
Ay mirg from the Lobachevsky space associated by the pure Lorentz transformations A;;

1) Similar equation for the case of two spinor particles with the equal masses was received in [22], and
earlier in [23], but at a different definition of the wave function and quasipotential.
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. : /57
with the velocity 4-vector of the composite particle Ag = (A3iAg) = Q/VEQ® by the
formulas

9 Ao
Arad = Aggmre =d (M A =d = Ao <q<'> ] iTJ;) | ©

(AX;,‘I')O =AY g = GAo—q Ao = m’

and all 4-momenta belong to the upper sheet of the mass hyperboloid
— m'? e i
Ag',m’AQ = Ag?,m'ka - A?I'sm'AQ =m"”. (7) ‘

Quasipotential V (r; M) is local in the sense of Lobachevsky geometry, the group param-
eter 7 plays the role of modulus of relativistic relative coordinate r (r = rn, In| = 1), and

the operator A is defined as

A =5 [a () ). ®

where spin parameters o’ and b’ in (8) are expressed through factor (5) by the formulas

9" for O = 5 (pseudoscalar); 1-g¢?  forO = s;
1 A 3 1 A
d = §g'2 for O = ~, (vector); Y = % — =g forO = v (9)
1 N A
-3 g”? for O = ~s, (pseudovector); 1t 59'2 for O = ¥57u-

The value of spin parameters a’ and ¥ in (8) for m; = m, = m coincides with the values
of their analogs a and b obtained in [22}.

3. Form factor of the relativistic two-particle system

In Refs. [7-10] the form factor of two-particle system was defined as the matrix ele-
ment of the local current operator between bound states with the 4-momentum Q and
P through the covariant wave RQP-functions satisfying RQP-equation in the momentum
representation. Then, the invariant expression in the momentum representation near the
poles of the bound states with the 4-momentum Q and P for the matrix element of the

local vector-current operator of the two relativistic with arbitrary masses fermions bound
state has the form?

drpdrodk,dk, dk 3 (Pk2)
< PlL|Q >= - 21 / Ll it a Mp” Zx (10
VMpMo(4r)3 J \/m3 +k3\/m2 + KE\/m2 + K Tp+ie (10)

Lo (Qk2)

—X
— 1€

XEW (= Q4 k] + ko — A7) 60 (P — ky — ky + Aprp) + (1 4 2).

xte[OF (y + ma) (B + ma)O (ks — my)] (ks + K.,

Here, either as in Refs..[17—20], the functions Ty, (Qk,) and T, (Pk2) are the scalar
parts of the vertex functions which depends each only on one the Lorentz-invariant scalar

2) Similar approach was used to get the expressions of form factors for scalar and vector currents as

for the system of two spinless particles with arbitrary masses [17, 18], so and for the system of spinor
particles with equal masses (19, 20].
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parameter Qkz and Pk;, respectively; for O, we take the Dirac matrices s, Yy, 30d Y57
(p = 0,1,2,3), ki = k!y,, m; is the mass of the ith component (i = 1,2) carrying the
4-momentum k; and k), and all 4-momenta belong to the upper sheets of the masses
hyperboloids

K=k —kl=m?i=12 (11)

The expression in (10) corresponds diagram on Fig. 1. On Fig. 1 the solid lines cor-
respond to the constituents that carry the 4-momenta k!, k;,i = 1,2, while the dashed
lines represent spurion quasiparticles. The composite-particle 4-velocities were ghosen
to be Ag = (A3;Ag) = Q/VD? = Q/Mp, where M} = s, = Q° = (¢ + ¢2)°, and
Ap = (03;Ap) = P/VP? = P/Mp, where M3 = s, = P? = (p; + p2)*.

. ~
L dpte AoTg e,
v a,

P k2, m2 Q

Figure 1: The diagram of matrix element of the local current operator in the case of two
relativistic spinor particles with arbitrary masses

Values of the trace in (10) with matrixs O = 75, 7u, %57 (# = 0, 1,2, 3) gives by
expression

tr[O% (k1 + my) (k) + mq)O k2 — ma)] = (12)
= —4(amaki k) + bmykiky + by ki ko + @mam3),

which for m; = ms = m coincides with the values of their analogs obtained in [19, 20j,
where

1 forO = v, (pseudoscalar); 1 for O: = 55
a=1{ 4 forO= Yu, (vector); b= 2 forQ = Yy (13)
4 for O = 757, (pseudovector); —2 forO = Y¥5Yu-

Expression (10) for the matrix element of the vector-current operator features addi-
tionally its transverse component, which breaks the transverseness condition [18, 20]

(P—- Q) <P|L|@>=0.
Therefore, the 4-vector in expression (10) can be represented in the form
G(xa) < P|J,|Q >= FO@)(P + Q) + iF D) (P - Qv (14)

where the square of the 4-momentum transfer ¢ and rapidity xa under Q=M 5 = P2 =
M2 = M? are connected by correlation
t=(P-Q)?=—Q%=2M2—2PQ =2M>(1 - coshxa) (15)
(P + Q)* =2M> 4+ 2PQ = 4M* — ¢,

and the factor

XA
= 1
G(xa) Sohxa (16)
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is the relativistic geometric factor in the RQP approach [11 i
stantiated in [24] for the invariant descripti?n of Ig)le spati[al ]étxgzﬁeﬁzsftnggiﬁs ?DSE}E)—
three dimensional relativistic r-representation [14]. The factor (16) has a clear physic:—ﬁ
meaning, because, as was shown in [24], the factor (16) describes the value of the contri-
bution to the form factor of nucleon of its central sphere, inside which the quarks move
having the radius equal to its Compton wavelength (ry = 1/M). In the nonrelativisti(;
limit (xa — 0) G(xa) — 1, which corresponds to the point particle. Thus, the factor (16)
is the measure of the contribution of relativistic effects caused by the dynamics of quarks.
Taking into consideration Eqgs. (10), (14) and (15), we obtain the following expressions
for the components of the elastic form factor in the form (Mg = Mp = M)

FRE) ~ — 721G(xa) / drpdrgodksdk;dk; g (Pk) 7
M(4M? — t)(4)? \/;n§+k%\/m§+k’12\/m§+k% Tp + 1€ )
At . A T 1o (Qk
xtr[O (ky + ma)(ky + m1)O (ks — mg)|(P + Q) (k1 + k;){@%&)x
-
8@ (= Q.+ K, + ky — Aa7) 60 (P — ky — ka + Ap7p) + (1 45 2),
F(_) (t) _ ZIG(XA) dT’pdTQdedklldkl *M’P ('Pkg) % (18)

—it]\f(47r)3 \/m% + kg\[m"{ + k’12\/m% +k? Tt 1€

<tx{O (a4 ) (8, + ma)Oks — ma)](P — Q) (ks + K TACLIN

TQ — 1€
X5(4) (—Q + k,1 + k2 - AQTQ) 5(4) (P - kl - kg + )\’pT’p) + (1 A 2)

In order to carry out integration in expressions (17) and (18) with respect to ki, ki, 1o

and 7p, we perform the pure Lorentz transformations A;é and A;; by formulas (6) in. the
integrals with respect to k), k2 and ki, respectively, and we take into account correlations
(Mg = Mp = M) (details see in [17-20])

ALQ = (Mo; 0), A;1P = (Mp;0), Qk, = MoDY, piongs P2 = MpAL ryps  (19)

+ Mopy =,/ A =—A A = — Dy max
= — - b P
TQ(P) Q('P) sAkZam2)‘Q(’P) b k; ,mi AQ ka,maAg) k1,miAp

t m? — m3 + i),
(P 8 Q)(kl ¥ kll) - ‘:1 - 21\42 i ﬁk Ap SAkg 230 ( v SBkymare k2, 2)‘7’)
2,mg ,m
2 2 ;

2 a2 ! _ —m2—-m
2k1k2 = sAkz:m2>\'P — My — My, lekg = sAkg,mgAQ 1 23

2 \/’_-//—'—
2 - —_—— S SAk ,szQ’
2k1k1 =2mi — SAkymorp SAkymarg +2 (1 M2 Diy,marp 2
/ a2 2 lm2 A2 ,
SAkQ,mz)\Q(p) - ml + Akz,mg)\Q(‘p) + 2 + k2,m2Ao(P)

g — 2 2 .
Akz,mz)\g('p) - \/’r\n‘2 + Akg,mg)\g(p)

19) also allows to calculate trace (12) with matrixs O =

"Y5,’Y;u Y5 Y+

Formulas in (

2
A - a o~ . o 2 m )+
tr[OF (k1 + my) (kg + m1)O(ka — ma)] = -—2[4am1m2 2bm, (my 2

L bmy — @ ) (s orp T SAkg,mzAQ> ]
+2ama (1 - W) m—i- (bml ama ) | 8akymarp

109



Yu.D. Chernichenko

Here parameters @ and b are given in (13), and expressions (17) and (18) takes the form

¢ 221G(xa) / dBxkymar x (20)
( )= (4M2 —1 (47T)3 m2 + Ak’_) malg ml + Akz marQ \/m2 + Ak? "Mm2Ap

Dhap (Bksmore) {4&mfm2 — 2bmy (3 +m3) +
£

‘A[P - \Y AkQ,mz)\'p -

by — & X
+2am; (1 - m’i) '\/SAkg,mQAp ShBkymarg + (bml amz) <5Ak2-m2'\1> + SAkmmzf\Q)}

2 _m2
X [1 - 2;42 + o 2 J ( SBky,marg LRVAZYS '"2"1’)

\/SAkz,mzl\P SBrgmarg

Tao(Biamara) 11 5 9),

X
Mo = \fimrmng *

221G(XA / dAkz malo
t(47r \/77),2 -+ Akz maig \/—— k2 ,maio \/le + AkZ ma2Aip

Litp (At mare) [4amfm2 — 2bm, (mi +m3) +

X .
MP - vV SAkQ,m2)\'p — 1€

t P
+2am; (1 — 2M2) \/§Ak2’m2ApsAk2mAQ + (bm1 amz) (5Ak2,m2,\P + SAkQ’mzxg) J X

2

2_m
X [1 — ¢ + o 2 J (\/SAkz,mzz\Q Y SAk2vm2"P) x

2
2M ‘\/SAkg,mQ/\p SAky,marg

FMQ(Akz,mzf\Q) — + (1 o 2)’
MQ = /SBkymarg + €

X (21)

F(—) (t)

where we introduced the notations
FMP (sz) = PM’P (Akz,mzAP)a FMQ(QkI") = FMQ (Ak'-”mZ’\Q)'
Farther, in expressions (20) and (21) we shall perform the change of variables [17, 18]

[42 + A% n
Aramare = 9 Brmire || LA 2

and shall take into account correlations

\/m = g,f;l(Ak’,m'/\Q(“P))’ \/mg + A’%:”mz'\g(m = g’f:l(Ak"m’/\Qm))’ (23)
my = m'(g + /g7 — 1) >me=m (g — /g%~ 1);
m = ¢ fT Ak mirgm); m = 97 (A mrgm);
my=m'(g ~ /g7~ 1) <mz=m(¢g + Vg% —1);

Mg = 2¢'A", Mp = 2glAp',m’/\‘P’ [$Bkgimpr ) = 2g’Aol,

@'\ m’Ag? o) m'Ag(p)
dA
A ! k' \m'Ag
d k2,m2A g ‘;g\o__f(Ak’m’/\Q),

A
m ﬁ m2 A 2 k'sm/Ag
\/ 2+ ka,maXg \/ 1t ka,maio
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where

A ) \/mfz + A%’,m’)\g(p)

f:i: K ,m/ Ao(p) = ’
m? + A g T m'\/m™? = 42

\/;1M2 * A%’amlAQ

m? + AL g

(24)

f(Ak’,m’Ag) =

Then, considering correlations (22)-(24), the expressions in (20) and (21) takes the form

AY-] 29 2
PO = O t)(%f)(f ) (1“5575) [ s Bir By (25)

9 0 02 02
X{ [2&9’23&@1%12‘2- + ___}__{_ (’d + B _ 25912 + gl2 (E _ ,.,) Akl,m/)‘P + Akl’mIAQ>] %

m'? 1 — —— m'2

2M?
) [f+<Ak,,m,,> o Brng) |, VI (Avns) = L (Ar)) |,
2f (A mxp) ¢
J(@mis 29'f (Brming) AL irp Bk ming (1 B 2_J\ZE>
0 02 0
+ \: - ng'Q{EEﬂL’;_A_(’:l’Q‘_Q_ + .._1_.— (& +b— 25912 + g2 (5 + 5,) Ak',m’Ap + Ak%m’)c)i‘ %

m'2 1 — t )

2M?

. [ m™(g* — 1) (f+(Ak,,m,/\P) + f—(Ak’,m'Ap))
t
26 (Beir s Mg (1= 537

\/QT—_—I(f-i-(Akl’m')\P) ~f- (Ak’,m’h)) A%’,m’/\P + Ag”ml’\g v
29 F (Brrmine) m

+ J\I(Ak’,m’)\g)a

_ n4 1 2
F )(t) - (2m)H(z + zz)G(XA). (1 — '2_5) /dQAy,muQ‘VM(Ak',mo\p)X (26)

—it(27)? M
> 02 02
x{ [Q&g’zﬂ"li’\_”ﬁgﬂi\_% + 1 G4+b— 2%g” + g? (j) _ &) AY gy + Ak/,m'/\a>] X
m'? 1— ¢ m/2
2M?
< [w_ﬁﬂﬁl VP T Armng) = f-(Aemos) | 4
Qf(A ! !\ ) t
K miap 29 (bt YN ire B ing |1~ 5772
Ay, AD - . _ 02 02 %
+{ — Qag’Qw + 1 (a + b~ 2892 4 g7 (b + &> A np T Bimiie ]
m2 1 ¢ m'?2

- 2M?
y [ m?2(g"? - 1) (F+(Brming) + f-(Armng))

¢
2g12f(Ak/’ml,\p)A2’,m’)\PAg’,m'kg (1 - 2)\42)

m(f+(Akl’m"\P) _ fﬁ(Ak"mU‘P)) A%’,m’)«p B A%’,m'AQ ¥ (A )’
QQIf(Ak',m'/\'P) m’ M k' m'Ag

+

-+
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where we have defined the wave function of system in momentum space as

\IlM(Ak’,m’,\Q) = f(Aklv";/)‘Q)FMQ (A/;’,m'/\g) —
23/2‘/m’(2A ’ 2Ak’,m’/\g _|_ 7/5)

g’ \m'dg -

and dQa,, ., = MdAp g /A i, 15 the relativistic three-dimensional volume ele-
ment in Lobachevsky space. All 4-momenta now belong to the upper sheet of the mass
hyperboloid (7). This sheet is embedded in 4-dimensional momentum space and serves as
a model of the Lobachevsky space momentum, and the Lorentz group is its motion group.
The Lorentz transformations proper mean translations in Lobachevsky space. The role of
plane waves corresponding to these translations is played by relativistic plane waves [25]

—1—ir/N
AOI ’ — Ay -
K'm/Ao — kmAo ) X (27)

g(Ak’,m'/\Qpr) = (

The functions in (27) correspond to the main series of unitary irreducible representations
of the Lorentz group and satisfy the conditions of completeness and orthogonality
1
(27)3

1 . AY
(2m)3 /drg(Ap,’m”\Q’r)g (A ming, T) = p;n/ £8(Awmirg — By ming)s

/dQAk/’mIAQ f(Ak',m’AQa r)g* (Ak’,m’)\m rl) = 5(1‘/ - r)’ (28)

and the finite-difference equation [15, 16]
(ﬁo - zAgl’mIAQ> £(Akl’mIAQ, r) =0. (29)

The vector Ay vy, from the Lobachevsky space can be represented in the form

! - m’
Apminp =K (2)mdp = ATK = V(Asg, P)Armre(~) 37 A0 (30)

Here V(Ay,,P) = A;;A,\QAA,,’Q is Wigner’s rotation matrix, and Ap g = A;éP is the
4-momentum transfer in the Lobachevsky space:

Apg= Aél’P =P(-)Q=P - L (’Po - P-Q ) = M sinh yana, (31)

M Qo+ M
A%,Q _ (A-él,P)O _ PoQo ;/['P- Q _ 7;/[Q — M cosh ya,

P = M sinh xpnp, @ = M sinh xgng, Py = M cosh xp, Q¢ = M cosh xg,
Inp| = Ing| = |na| = 1,AR, — A} o = M?,

where xa,Xxp, and Yo are the respective rapidities, and that the square of the 4-
momentum transfer ¢ is connected to the 3-momentum transfer Ap o and rapidity xa

by correlation

Q* = —t=—2M>+2M /M2 + A} , = 2M? (cosh xa — 1). (32)

From Egs. (30)-(32) we have
m?Ap o

A ~ T h (33)
e 2MA]2',m’/\Q

A},
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and the factors (f4(Aw map) £ f-(Armag))/2f (Bkmias) can be simplified to the form

f+(Ak/’mf)\,P) -+ f—(Ak',m’)«p) ~ 8M4 (9'2 - 1) Aol,ml)\,‘)Agl’mIAQ

2f(Ak/’ml)\,P) 912 (2M2 _ t)2 m2 ; (34)
f+(Ak,’mIAP) — f— (Ak,’mIAP) ~ — 16M* gl2 -1 A(k]?’,m’/\'p Ag',m’)\Q
2f(Ap mirp) g' (2M?2 — t)? m'? '

m'\/m'? — 4u? 1 m'2 — 42

<l
m?2 4+ A% s 4p? + A} s

<1

Therefore, taking into consideration expressions (30)-(34), the components of the elastic
form factor in (25) and (26) we can consider as functions of the invariant variable A% .,
which is the square of the 3-momentum transfer in the Lobachevsky space, and conse-
quently, are convolutions of the covariant wave RQP-functions in this space. Then, by
using the Shapiro transformations [25]

1
Yar(r) = (_27_1_}'3_/dQAkl’m//\Qg(Ak',m’)\Qar)\Il]\f(Ak’,m’AQ),
\I!M(Ak’,m’ko) = /drg*(Ak’,m'AQ’r)wM(r)’

the completeness condition in (28), the equation (29), the addition theorem for relativistic
plane waves (27) in the form [16],

/dwﬂg (AP':m')\Q(—)Aklam’)‘Q’r) = /dwnf(Ap',m’Aga )¢’ (Ak’,m'/\Q>r) 5

and the fact that the free-Hamiltonian operator (3) is Hermitian, we can represent the
components of the elastic form factor in (25) and (26) into the form of relativistic Fourier
transforms of covariant RQP wave functions in the configuration representation s (r)
(details see in [17-20]):

F(t) = 2(2m')4ij\1{:-j2t)G(XA) (1 -~ 5}—&—2> /drf* (%A'p7g,r) X (35)

XRe{R§+) (T’, Xl) - 'é]tl_z'RO(n XI) + 2(9 — 2) 2 [Rg” (’l", X,) - ?XZER3(T, Xl):l }7
. 72
(2 i)
FO() = w (1 - '2'1\14“2> / dre* (%AP,Q,r> x  (36)

_ t 2(g” 1) (=) t
XIm{R& )(ra XI) - '2—M_2'R0(7" XI) + o . £ ) R2 (T> XI) - 2]\42 R3(T‘, X,) 3
T 2M2>

where we introduced the notations:
2 *

Pul)| ), (37)

N———’

H
Ro(r, X) = 2a9” (57727
RP(r,x) = (ZL +b— 259/2) P (r) (%%ﬁM(r)) +
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g (&+5) [(g%) Q/JM(I‘)} %¢M(r)+g' ( —a) Y (r) [( il )3¢M( )}*,

REV () = (45— 2597 dus(r) ( W(r))*

+g? (b-3) [ (%) ¢M(r)J o -

*

2 N
' ~ H
R3(r, X') = —2ag"” [’(‘2-;10—,) @/)M(r)J ?T;:,wM(r)‘l‘

N 3 * N 2
+6ag"™ l:(%) ¢M(l‘)} (2};) Yu(r),

_ n_ =~ 712 }AIO
R§ )(T,X) = (a+b— 2bg )dfM(r) <%¢M(r)) + (38)

*

e (3@ —- 5) [(%) ¢M(r)} ;'1/’M(r) +4?% (b ( - a) Yu(r) ’-<2]3n,)3¢M(1‘)J *

RO) = (a4 B 250) () (2’%‘;%@)) *_

—g* (33+D) [ ( 2%-) 2 sz(r)J * %wmr)—
- (a +b— 25g'2) [ ( 2]:;) ¢M(r)J * %’,W(r) +47? (d + 5) Yu(r) { (2%") 3¢M(r)J *+
e[ (8] () o

A 4 o
_g? (3& + 5) [ < QIZ;),) I/JM(r)J ;Z:,

For s-state (¢ = 0) of the composite system the integrations in (35) and (36) respecting
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of angles gives

F(+)( t) = 167(2m')* (21 + 22)G{xa) 1— 1 /d sm(pr)
&= AM? —t 2M? psinh xa

2(¢% - 1)

xRe{R§+) (P, Xn) = 5375 Ro(p xn) +

2M2

2M?2

F};&(t) _ 167(2m/)3 (21 + 22)G(xa) (1 _ _2_t_> /d sin(pxa) N

—1 M? psinh xa

2(g” ~ 1)

(39)

3 [f?é”(p, Xn) = 5 M2 = Rs(p, Xn)] }
T

(40)

xlm{f%ﬁ_)(p, Xn) — 2—;—4—21?0(/), Xn) + P (1 — 2) [ 2 (p,xn) — o1 sl Xn):\ }

2M

where p = rm’, the radial part H3 of free Hamiltonian operator (3) is defined in (2), the
rapidity xa is connected to the square of the 4-momentum transfer t and the 3-momentum
transfer Ap g by correlation (32), and the rapidity x» corresponds the level n for s-state
of the composite system with the energy M = M,, = 2m/¢’ cosh x,,, and were introduced

the notations

Ro(py Xn) = 2ig" {(H 2_0) 900(07Xn):‘*ﬂ(§?=0¢0(ﬂa Xa);
BD(pxn) = (a+B— 2bg") eolp,xn) ( oe_ocpo(p,xn)> +
o (5 ~) [(B50) oloxo)]| Bt (oo

#0(p, Xn) [( “?»o) #olp, xn)]* ,

b — 2bg" )cpo(p,xn)( oe_osoo(P,Xn))*"'

b-a)
BP0, Xn) - (a+
[ o @o(p,xn)] 6ct020(P; Xn)—
’)

._<a+b 2bg {Hoe—o SOO(P,Xn)} oe_oSDO(P,Xn)’*’

+4” (d ~) @o(p, Xn) \:(ﬁ(ﬁ?fzo)g ®olp, Xn)]* +

g ( b [ Hg? e—o %(p, xn)] HiL 000, xn)s
3P Xn o.z_o o(P> Xn oe-OPO(Pa Xn)F

©6ag" [(ﬁgﬁ‘,io) oolp, xn)] (H520)” oty o).
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RO (o) = (a +h— 2Bg’2) Po(p, Xn) (ﬁg;@zm(p, xn))* + (42)
g (3& _ 5) ( (’;j’f_ﬁ_o)2 vo(p, Xn)] * H 00(p, xn)+

+¢? (5 - &) ©o(p Xn) [(ﬁéf‘eio)s o(p, xn)] B

R exn) = (345 =2807) 0, ) (g, )

*

—g* (3a + b) (ﬁsf;io)2 #0(p, xn)} Hiii oea(p, Xo) =

_ (a +bh- 259’2) [(1?15?2’=o)2 va(p, Xn):l ) HER o po(p, Xn)+

+g? (a + B) 00(p, Xn) [(15’6310)3 o(p, xn)] +

A (3& + 5) [(ﬁé?i"y #olp, X")] * HEL oo (p, Xn).

We note that, the transverse component F etg (t) of the elastic form factor for a real-
valued potential V(r) vanishes.

4. Form factor and root-mean-square radius for the Coulomb
interaction

The expression for the invariant root-mean-square radius (r.m.s.) of the vector current
of composite system of two relativistic fermions with arbitrary masses in terms of the
wave function s-state according to (39) and (41) has the form |24, 26)

60F ) (t) /0t 1 |1

P £=0 =0 _ -]z
o0 B N 2 2 __ 1 ~ ~
/ dp {p2R§+)(p, Xn) = 3Ro(p, Xn) + A 72 : [(p OB (0 x0) - 3Relp, X")] }

L0
R 2(9%-1) »
/dp[RgH(p, Xn) + ( g2 )Ry)(p, Xn)]
0

As example, we consider the form factor (39) and the r.m.s. (43) of meson in the case
of the Coulomb (chromodynamic) interaction

o

VCoul = _—;'iaas > 0. (44)
The radial wave function of exact solution of the integral analogue of the finite-difference
RQP-equation (1) with interaction (44) for the s-state and ground level (n = 1) with the

energy M, not containing of the i-periodic constants, has the form [21]

o0, k1) = C(r1)(p = pleJe 7™, (45)
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where

~1 I
&a
3 _ I3 ~1 ’

5 cos k1, My = 2m'g’ cos k1,0 < Ky < /2, &, = m'a,

Pl =
and k; defines by the following quantization condition of the energy levels for the s-state
and ground level of a composite system formed by two relativistic spinor quarks having
arbitrary masses and interacting via the Coulomb chromodynamic potential (44) [21]:

&L(V + a cos® ky) = 4sin K. (46)
The normalization factor |G (k,)|? gives by expression
(G0 (1) P = e [ (26107, — 2816l + 1), 47)

and it can be found from the normalization condition
[o 0]
47r/dr|<p(()l)(r, k)2 = 1.
0

! i i ~(47), the longitudinal component of
Then, in accordance with expressions (41) and (45)-(47),
forlen factor (39) and the r.m.s. (43) with interaction (44) for the ground level of bound

s-state with the energy M; can be represented in the form

()G 8(z1 + 2)(2m)* 3G (xa) (1 ~ ;4) {Flm,m— (48)
=~0,n=1 )= (4M12 — t)(2n§p’2 — 2K1pPk, T 1) sinh xa i

F,

K1

t
2 l2_1) - —F KJ,XA):\}a
L Fo(k1, xa) + ———(—‘(]-#”’E{F2(“1’XA) 2M} 3(m

2M12 ” _ ___t_4
A YV ,
By + 20"~ 1) E;
D fr, - “
2 Coul __. __— ¢ —+ 773 -1
< TO,V >[=O,n=1 J\/112 2 2&% Dl + ?Lg—ﬁ‘—lD2
2 __ 1)
g ~2D }}
3{Do A= [Dy— 2D }
. 2 _
2= p,
1 g/2
where were introduced the notations XA 1,2,3 (50)
A- B@XA + Cz arCtaIl " 1= 01 ) <3
4K/1 iXA +~/_2 2K1
Fi(ku,XA) = 75 o | xa T4k ' cos?
(x4 + 4k7) 3y — a’ cos” K1 (51)

b

- 2 i
_ B, = 2™ €08 KSR gt cos? kn

Aq = 2ag” cos® k1,

) by — a cos? K1 ;
. """ s
CO — 4&blg/2 COS K1 sin K1 (b’ + al 0082 K‘l)
B, = sin k1 (a+b—2bg

2
12 cos K1 ST K1

2 _ ohg'? cos® 51) ,
Ay = cos K1 (EL 4 b— 2bg” sin® m) ,
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Ay = COS K1 sin® k1 (& + b — 2bg'?sin® /{1) ,
(& + b — 2bg™sin’ /-61) —2(a+ b) cos” m] )

By = sin ki1 [sin2 K1
sinZk, — (8 + 0)g” (3 cos® K1 1)] )

S ofa 2
Cy = —2cos K1 sin? K1 [a +b—2bg"
2&9’2 COS2 K1 Sin K1 [a/ 0052 . (3 COS2 K1 + 1)+

A = 2ag™ cos® ka1 (3cos® k1 — 1), Bs == + a’ cos? K;
4t g cos y sin® sy [20/(300s” k1 = 1) | 3006 1 + 1},
+3b’(5 COS2 K1 — 1)], 03 = Y +a COS2 K1 V+a COS:2 K1

Ez' = 5Az -+ 2"'31Bz'7 1= 1, 2, Dz = A.L' + KlBi + 2[{,?0“2 = 0, 1, 2, 3 (52)

We emphasize that, in expressions (51), we excluded the coupling constant a, bydmeqns
of not only the quantization condition of the energy levels in (46), but also of ,th? 1~ entity
that we installed in the process of the calculations for the spin parameters a’, b,a and b

(are given in (9) and (13)) and which has the form®)

d'(a+b) — 2bg”(a’ +¥') = 0. (53)

Table 1: Values of the r.m.s. and parameters for #*-, K*- and Ko-mesons

Mesons| My, GeV|my, GeV[ma, GeV|m,, GeV|m/, GeV| 4 K1 al
7T | 0.13957 [ 0.12802 | 0.15632 0.14147 |1.00499]1.05773]14.93515
KT 10.49368 | 0.12802 0.46733 | 0.24460 [1.21700[0.59308] 4.16075
K, | 0.49760 0.15632 [ 0.46733 | 0.27028 |1.15370(0.64702| 4.66997

Mesons|< 73 .+ > theor fm?| < rg’v Sexp, fm?
= 0.43642 0.439 + 0.007
K* 0.33946 0.34 +0.05
Ky -0.10969 —0.090 £ 0.021

By using obtained in (49), (51) and (52) the results, we calculate the r.m.s. for the
ground level of bound s-state of pseudoscalar 7*-, K*- and Ky-mesons (n = 1,{ = 0,d' =
g% b =1—4d,d = b= 1) with masses: M,+ = 0.13957 GeV 4 = : ,
My, = 0.49760 GeV [27]. For this the r.m.s. (49) for the gero,uﬁgklfevel ?)f42?)?1?1(? es\-/stiitl:g
with the energy M, (in units of GeV) we represent in the form

. 2 _
> _com _ 003894 )1 1 (1+tan2ry) &, + 24 - 1) 2,
< Tov = t=0n=1= —]MT* 5 + 2_2_ 1+ (54)
1 K 2 _
] (I +tan’r;) Dy 4 ¢ /2— 2 D,
9 -~ 2(912 . ) X
_3 [(1 +tan‘k;) Dy + — ) (D3 - 2D2)
2
(1 +tan2pey) P, 4 2897 = 1) fm?.

3) Analogous identity was installed ang for the component
masses (g’ == ]_) in [20J s
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Here we introduced the notations
E, = 5A; + 2kitank By, i = 1,2,D; = A; + k1 tan k1 B; + 2x3 tan? k:1Cy i =0,1,2,3, (55)

Ay=6, By = 0(3/21 4), Co = 25, /11%(141 2)»

A, =0'(1+tan2n1)+1, Bi=A-2C=6~ 1,
Ay = A tan’ Ky, B, = A;(tan? k1 — 2) — 2tan’ k;, Cp = —24; ~ (5 + 1)(tan® k1 — 2),
4(A; — 1)(tan2 g, — 2)}
A ’
2(A; — 1)(tan®k, — 2)}
Ay ’

A; = —5(tan® k) — 2), By =4 [tan2 K1 +4-—

63: M tan2,{,l+4—
Ay

where the spin parameters ¢’ = b'/a’ and & = a/ b satisfies the identity

F+1-29%(c"+1)=0 (56)

with the values

(1 .
pi 1 for O = 75 (pseudoscalar); 1 for0 =
3 - - ~
o = ¢ §g_’2- —1 forO = 7, (vector); o=192 forO=+y,; (57)
L _5.172 — 1 for O = 757, (pseudovector); =2 forO =5y
g

The results of calculations for the r.m.s. (54) and the values of all parameters for the
ground level of bound s-state of pseudoscalar 7%-, K*- and Ky-mesons are provided in
Tabl. 1. The values of r.m.s. for the ground level of bound s-state of pseudoscalar 7*-,
K#*- and Ko-mesons belong to the confidence intervals of their experimental values [28—30].

In Fig. 2 we built the graphs of function < 7§, >£%! =< 72 >, represented by
expression (54), as the function of variable x; = & for the ground level of bound s-state of
pseudoscalar 7¥-, K*- and K,-mesons with the values of parameters from Tabl. 1. From
Fig. 2 we see that graphs to functions < r3 > for the r.m.s. (54) of the ground level of
bound s-state of pseudoscalar 7*-, K*- and Ky-mesons with the values of parameters
from Tabl. 1 has singularities at “critical” values of the rapidity x. The “critical” values
of the rapidity m;‘i‘f ~ 1.47110, nﬁ?if =~ 0.96437, nﬁ?;‘f ~2 1.04870 are defined the boundary
of the quarks confinement region, forming mesons: at kK > & (i = n%, K% K;) the
Coulomb constant a; < 0. The “critical” values of the rapidity x&% ~ 0.83910, K%, =~
0.60387, kg, ~ 0.63973, probably, are defined or the boundary of the phase transition
of quarks-gluon matter, or the boundary of the change to spatial configuration of the
quarks, or at transition through these “critical” values of the rapidity «§* (i = n%, K*, Ko)
takes place change as the phase of state for the quarks-gluon matter, so and its spatial
configuration: at x = x§ (i = 7, K=, K;) their the Coulomb constant &, > 0, and for

small values of the rapidity their the Coulomb constant are small.
In conclusion, we shall note, that for large —~t = Q* > M? the rapidity behaves

as xa ~ In(Q/M;)® and, consequently, the leading behavior of form factor F.(t) =
Fggf:il(t) /F, 3(:37?2‘;1(0) gives by expression
8k} tan® k1 (1 +tan? k)G In(Q/M;)?
. 2(d2 _ 1) . 2
(1 + tan® k1) D1+\(g — 1)D2 (Q/M1)
g

Fv(t) l—t>>M12 ~

[1+0 (I (Q/M)D)] . (58)

119



Yu.D. Chernichenko

— nt.meson: g'=1.00499 “**+* ()= 0.43642
— = K*.meson: g'=1.21700 - - {r)=0.33946
— = K -meson: g=1.15370 ----- <,(2)>= ~0.10969

Figure 2: Behavior of function < rZ > as a function of the variable & for the ground level of
bound s-state of pseudoscalar 7*- K*- and Kj-mesons with the values of parameters from
Tabl. 1.

Such behavior of the form factor F,(t) for large —t complies with the prediction of
the dimensional quark counting rules [31, 32], which gives F(¢) ~ |t|~!. In the case
of relativistic spinless particles the decrease of the form factor occurs under the law
F(t) ~ (|t|n® [¢])~" [17].

5. Conclusions

In the present study, we have obtained a new covariant expressions for the elastic form
factor components and mean-square radius of a bound system formed by two relativistic
spin 1/2 particles with arbitrary masses for the case of vector current. The pseudoscalar,
vector and pseudovector composite systems were considered. For them is received iden-
tity, which installs the dependency between masses and quarks spin, forming composite
systems.

As example, the expressions for the longitudinal component of form factor and mean-
square radius of a bound system that formed by two relativistic spin 1/2 particles with
arbitrary masses in the case of Coulomb potential were obtained. It is installed that the
covariant wave RQP-function of Coulomb potential at Q? = —t >> 1 give the decrease
for this form factor under the law F, ~ |¢|~!, which predicts the dimensional quark
counting rules. Values of the mean-square radius for the ground level of bound s-state of
pseudoscalar w*-, K*- and Ky-mesons with the Coulomb interaction are calculated and
its belong to the confidence intervals of their experimental values. The influence of quarks
masses on the behavior of mean-square radius for the ground level of bound s-state of
pseudoscalar 7%-) K*- and Ky-mesons are learned.

The consideration is conducted within the framework of relativistic quasipotential ap-
proach on the basis of covariant Hamiltonian formulation of quantum field theory, by
transition to the three-dimensional relativistic configurational representation in the case
of bound system of two relativistic spin particles with arbitrary masses.
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