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1. Introduction

By considering the total cross section for the production of a fermion-antifermion (or a
quark-antiquark) pairs in eTe” annihilation in the kinematic region close to the threshold we
can not cut off the perturbative series in powers of the fine structure constant « (i.e., in the
number of loops), even if the expansion parameter « is small [1]. These state interactions lead
to a large enhancement of the cross section if the particles are subject to a strong attractive
interaction; they can lead to a large suppression under a strong repulsive interaction. The
problem is well-known from QED [2]. This can be seen by considering the contributions of the
magnetic, GG,,,, and electric, G., form factors to the total cross section for the production of a
fermion-antifermion (or a quark-antiquark) pairs in e*e” annihilation in the kinematic region
close to the threshold s = 4m? (we use the system of units ¢ = h = 1) [3]:
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where v = /1 — 4m?/s is the relative velocity of fermions (or quarks) in the c.m. frame above
threshold, s being the total c.m. energy of interacting particles and m is them mass.

The leading term, am/2v, of the expansion in the number of loops (i.e., in the powers of the
fine structure constant «) of the moduli squared of the magnetic and electric form factors close
to the threshold having the form [3]
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is the familiar Coulomb singularity [3, 4] which represents a long-distance effect and diverges
for v — 0. In expressions (2) also contains the well-known soft photon divergence oc In(m?/\?)
with a fictitious small photon mass A (A/m < v < 1) which arises from the masslessness
of the photon. This divergence have the order v? and would cancel with the corresponding
soft photon divergence coming from the process of real radiation of one photon off one of the
fermions according to the Kinoshita—Lee-Nauenberg theorem [5, 6]. The next term to leading
contribution in the velocity expansion in Egs. (2) is —4«a/m. It contribution represents a short-
distance correction (of order 1/m) to the production of a fermion-antifermion pair (the region
of factorize). Therefore, the leading contribution in the velocity expansion is obtained by a
resummation of Feynman diagrams with any number of exechanged photons where a diagram
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with a large number of loops corresponds to a large number of exechanged photons is needed
to arrive at a sensible description of the interaction between the fermion-antifermion (or a
quark-antiquark) pairs. In the nonrelativistic of case for the Coulomb interaction

Vi) =-2 3)

these threshold singularities in the form (a/v)™ can be explicitly summarized by the known
S-factor Gamov—Sommerfeld—Sakharov [7-9]
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which is related to the normalizated wave function of the continuous spectrum at the origin by
|4(0)]2. Here 2wy, is the relative velocity of two nonrelativistic particles. The corresponding
nonrelativistic expression can also be obtained for higher ¢ states (see, e.g., [10]).

The problem of the final-state Coulomb interaction between the components of the electron-
positron pair was first raised within the noncovariant perturbation theory based on the non-
relativistic Schrodinger equation in the well-known work by Sakharov [9]. In this work the
interaction that brings to the production (annihilation) of pair, acts on distances < 1/m while
an essential distances for the Coulomb interaction are ~ 1/ma > 1/m. This approach leades to
the nonrelativistic S-factor in (4). Another solution of the final-state (or initial-state) Coulomb
interaction problem for an arbitrary process involving charged particles with small relative
velocities (i.e., nonrelativistic particles for which oo/v 2 1) was obtained in [11] by summing
perturbation theory diagrams of the leading order in a/v.

In spite of the fact that S-factor in form is the same for different approaches and spins,
in the relativistic theory the nonrelativistic approximation needs to be modified. For the first
time the relativization of the S-factor (4) in QCD in the case of two particles of equal masses
(m1 = mge = m) was executed in [12, 13] and it consisted in the change v, — v. This factor
was used for the description of effects close to the threshold of pair production in the processes
ete” — tt and ete” — WHTW~. They have shown that the instability of W bosons would
not change the Coulomb enhancement factor of the efe™ — WTW ™ total cross section. Just
same form of the S-factor but with the change vy, — v, = 2v/(1 + v?) for the interaction
of two particles of equal masses was later suggested in [3]. Another form of the relativistic
generalization of the S-factor also in the case of two particles of equal masses was obtained
in [14]. The relativistic S-factor for two particles of arbitrary masses (m; # msy) was presented
in [15]. This factor was derived within the framework of relativistic quantum mechanics on the
basis of the Schrodinger equation.

The new method to the relativization of the S-factor in the case of two particles of equal
masses was developed by Milton and Solovtsov in [16]. Their the method is based on the rela-
tivistic quasipotential (RQP) approach proposed by Logunov and Tavkhelidze [17] in the form
suggested by Kadyshevsky [18]. This approach is a new step to application of the quasipotential
approach in QCD and it gives the following expression for the relativistic S-factor:

X X(y) = 2 (5)

sinh x’

S0 = e X T

where y is the rapidity related to the total c.m. energy of interacting particles, /s, by
2mcosh y = /s. The function X(y) in Eq. (5) can be expressed in terms of v as X(x) =
a1 —v? /v,

We note that in the method developed by them, the possibility of transformation of quasipo-
tential (QP) equation from momentum space into relativistic configurational representation in
the case of two particles of equal masses (see [19]) has been used also. Moreover, it is important
the potential (3) that used by them possesses the QCD-like behaviour (see [20]). The solution
containing arbitrary functions of r with period i, the so-called the i-periodic constants, with
the same potential was investigated in [21]. However, the using of such solution is suitable for
the spectral problems only. Other forms of the QP equation with the Coulomb potential were
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considered in [22]. Applications of the factor (5) for describing some hadronic processes can be
found in [23-25]. Recently, the relativistic S-factor (5) has been applied in [26] to reanalyze the
mass limits obtained for magnetic monopoles which might have been produced at the Fermilab
Tevatron.

We should like to remind that in the nonrelativistic approximation the total cross section
in the leading order in the velocity expansion proportional to the resummation factor S, =

[$(0)* [3]:

olete = ff) v (3—?)
Opt = 2

Shr- (6)

The resummation factors appears too in the parametrization of the imaginary part of the
corresponding quark current correlators, in the Drell ratio R(s) [10], which in the two-particle
approximation can be approximated in terms of the Bethe-Salpeter (BS) amplitude of two
charged particles xps(z) at = 0 [27]. The nonrelativistic replacement of this amplitude by
the wave function, which obeys the Schrédinger equation with the Coulomb potential (3), leads
to formula (4) with a substitution a — 4as/3 for QCD. The possibility of using the RQP
approach for our task is based on the fact that the BS amplitude, which parameterizes the
physical quantity R(s) and is taken at x = 0 and hence at the relative time 7 = 0, can be
expressed in the case of the interaction of two relativistic particles of equal masses m through
the wave RQP function in the momentum space, ¥,(p), as

vos(e = 0) = ﬁ / 092, 0,(p), (7)

where d), = (mdp)/E, is the relativistic three-dimensional volume element in the Lobachevsky
space realized on the hyperboloid E} — p* = m?.

The purpose of this paper is to generalize the previous study started in [16] to the case
of the interaction of two particles of unequal masses (m; # my). The paper is organized as
follows. In the next section, within the framework of the RQP approach in quantum field theory
formulated in the relativistic configuration representation for the interaction of two relativistic
particles of unequal masses [28] we derive the new relativistic S-factor. In Sec. III we analyze
their behavior in the following cases: the nonrelativistic and relativistic cases, the case of equal
masses, the case of one particle being at rest, and the ultrarelativistic case. Also, we compare
the obtained factor with the factors considered in Refs. [3, 12-15]. Summarizing comments are
given in Sec. IV.

2. RQP equation and the new relativistic S-factor in the case of
two particles of unequal masses

The basis of our consideration is the completely covariant RQP equation into the momentum
space constructed in [28] for the RQP wave function W, (p’) of two relativistic particles of
unequal masses. This equation is given by

20 ~
(2Eq/ — 2Ep/> \I/q/(p/) = m /ko/V (p,7 k/7 Eq/) \Ijq’<k,)7 (8)
where ~
A0 =

Ek/
is the relativistic three-dimensional volume element in the Lobachevsky space, Ep =
m? + k2, m' = \/myms, and p = myms/(my + my) is the usual reduced mass.

Eq. (8) represents a relativistic generalization of the Lippmann-Schwinger equation in the
spirit of the Lobachevsky geometry, which is realized on the upper half of the mass hyperboloid

E? — X? = m'*. This equation describes the scattering over the quasipotential V (p, K E,)
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of an effective relativistic particle having mass m’ and a relative 3-momentum k', emerging
instead of the system of two particles and carrying the total c.m. energy of the interacting
particles, /s, proportional to the energy Ej of one effective relativistic particle of mass m’
(see [28, 29]):

/
\/g = \/m12 + k2 + \/m22 + k2 = %Ek/, Ek/ = \/TTL/2 + k’2. (9)

The proper Lorentz transformations means a translation in the Lobachevsky space. The role
of the plane waves corresponding to these translations are played by the following functions:

’ —1—irm/
Ep/ — P - 1’1)
)

m/

wn = (10)

where the module of the radius-vector, r, (r = rn, |n| = 1) is a relativistic invariant [29]. These
functions correspond to the principal series of unitary representations of the Lorentz group and
in the nonrelativistic limit (p’ < m, r > 1/m) &{(p’,r) — exp(ip’ - r). The functions (10)
satisfy the equation in terms of finite differences

(2Ep, - ﬁo) £(p',r) = 0. (11)

2 / -y / 0 i)\/ . N/ 0 )\/2A97¢ N/ 0
Hy =2m [cosh (2)\ E) +-- sinh (z/\ E) o OXP (z)\ E)] (12)

is the operator of the free Hamiltonian, while Ay, is its the angular part and A’ = 1/m/ is the
Compton wavelengs associated with the effective relativistic particle of mass m'.

We note that Eq. (8) differs from of the QP equation considered in [30] by means of introduc-
tion into it of the relativistic reduced mass. However, in [30] was shown that it is possible to use
the different expressions for the relativistic reduced mass by means of the choice of functional
relationship between the relative 3-momentum k and the relativistic relative velocity of inter-
acting particles, v, connected, as is well-known, with their the total c.m. energy of interacting
particles, /s, by relation (see, for instance, [14, 15])

v| = 2\/3 — (m - mp) <1 Bl U0 +m2)z>_l. (13)

Here

s — (mq — my) s — (my —my)

In particular, if the dependence between the energy of the relative motion and the relativistic
relative velocity v is given by expression (see [28, 29])

K" 1

this together with relation (13) leades to the expression (9). Such the choice of functionalrela-
tionship has allowed to enter the concept of an effective relativistic particle, emerging instead
of the system of two particles and having mass m/, the relative 3-momentum k’ and carrying
the total c.m. energy of interacting particles, \/s. Notice that the relative 3-momentum k'
of an effective relativistic particle, according to the expression (14), is invariant of the Loretz
transformations.

The QP wave functions in the momentum space and relativistic configurational representa-
tion [28, 29] are related as follows:

1

Yy (r) = W

/defé(p',r)‘I’q'(P'), Uy (p) = /drf*(p',r)@bq'(r)- (15)
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For a spherically symmetric potential the application of transformations (15) (Shapiro trans-
formations or &-transformations) to Eq. (8) leades to the equation, which is the integral form
of the relativistic Schrodinger equation in the configurational representation:

ﬁ / Ay (2B — 2E,) £(p, 1) / dr'e* (p',¥)ig (') = %W“ Felbale), 16)

where the right-hand side is already local in the configuration representation and the transform
of the potential, V(r; Ey), is given in terms of the same relativistic plane waves.
We will introduce the new variables and functions:

q' =m'q,p’ =m'p,q = sinh(x,)n,, p = sinh(x,)n,, [0, = n,| = 1,
p=m'r,p =m' p=pl.p =|p|,r = r[,r = [t'|,dr' = m'dp,
dQp = m'*dQy,, dQ, = ‘;—p, Ey=m'E, Ey =m'E, E, =1+ @ E,=+\/1+p?, (17)
V{rs Ey) = Vip/m's By),€(0x) = (B, —p-n) " = £(p. p),
Yo (r) = Yuvg(p/m') = 1by(p), Uy (') = m' ", (p).
By using the expansions

Ep.p) = 3 (20 + 1)itpy(p, cosh Xp)Pz<pp;pp),

< (0. -
Yo(p) = S (20 + 1)it 2R Xa Pg<q p),
=0 P qp
and also formula [19]
(—1)*(sinh x)* d “/ sin py
h =
pe(p, cosh ) pU1) d cosh y sinhy /)’
the integral Eq. (16) transformed to the form
2 [ ,(sinh /) #F2(—1)%+1 , d “/ sin py/
- /dX D (2 cosh xy — 2 cosh x') Joosh ¥ Sl X
0 o (19)

d \' 1 p'sinp'y' 2p V(p/m's Eg)ee(ps X
Y Sy POV T AR
dcoshx’ ) sinh x (—p)D m p
0

Here PY(z) is a Legendre function of the first kind, and the function

(=D T (t+1) p—1/2—¢
pe(p,cosh x) = P 2sinh x (—p) P—1/2+ip<COSh X) (20)

is the solution of Eq. (11); x’ and x are the rapidities which are related to E, and E, as
E, = coshx’, E, = cosh x, and the function

(_p>(2+1) _ ZléJer (21>

is the generalized power [19] where ['(z) is the gamma-function.
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For the first time, the solution of Eq. (19) in the case of the interaction of two relativistic
particles of equal masses at £ = 0, not containing the i-periodic constants, was received in [16].
This approach leades to the relativistic S-factor (5).

We note that the applying of &-transformation (15) to the Coulomb interaction (3) gives the
potential in momentum space (see [16])

1

via) Xa sinh xa'
where the relative rapidity xa corresponds to A = p’(—)k’ and is defined in terms of the square
of the momentum transfer by Q* = —(p' — K')? = 2(cosh ya — 1). For large Q* the potential
V(A) behaves as (Q*InQ 2 which reproduces the principal behaviour of the QCD potential
proportional to ag(Q?)/Q with as(Q?) being the QCD running coupling. This property of
the potential (3), its QCD-like behaviour, was noted in [20].

Generalising the method developed in [16] (see also [31, 32]), we will seek a solution of RQP
equation (19) with the potential (3) in the form

_ 2\ (+1) of )
ei(p.x) = %/dcewcm(é,x), (22)

[

where the (-integration is performed in the complex plane over a contour with end points a_
and o (see Fig. 1).

¢-plane -y +4ni ® ® y+4ni
-+2ni ® o y+2ri

a | * K
_X-Zni ° ° X'Zﬂ:i
'X'4Tti ° ° X-47’[i

FIG. 1. Contour of integration in Eq. (22) and singularities of the function (25) in the complex (-plane.

Substituting (22) into (19) at ¢ = 0 and taking into account that

o
/

1 1 X
d / ip'¢ __
— [ dp'sin(p'x')e S o

0

we arrive to the following equation

cosh x — cosh ¢) Ry(¢, )] ! (¢, x) =0, (23)

d
K
¢
with the boundary condition

"¢ (cosh x — cosh ¢) Ry((, X)‘C - (24)

o
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As a result the solution of Eq. (23) is

ec |:6€ — e_X:| —].+iA

RO(<7 X) = CO(X) (GC . GX)2

7 (25)

QC—QX

where A = ap/(m'sinh x), and Cy(x) is an arbitrary function of .

The branch points of the function (25) are £x+27ni (see Fig. 1). The contour of integration
must not intersect cuts which we take from —oo + 27ni to £x + 27ni. In the case when
the interaction vanishes, o — 0, the solution ¢y (p, x) should reproduce the known free wave

function:
. sin(px — 7¢/2)
p—00 sinh y

lim @0 (p, x) = ppe(p; cosh x) : (26)
where the function py(p, cosh x) is determined in (20). Taking into account these remarks and
the boundary condition (24), we take . = —R — ie,a, = —R + ie with R — 400, — +0.
The vertical part of the contour to the right is given by Re( = +R. It is also convenient for
finding a connection to an integral representation of the hypergeometric function to take the
horizontal parts of the contour to be characterized by Im{ = +m (see Fig. 1).

Substituting the solution (25) into (22) at ¢ = 0 and performing (-integration in the com-
plex plane along a contour with end points «_ and a; (in the same way as in [16, 31, 32])
we obtain the resulting solution which does not contain the i-periodic constant in terms of
hypergeometrical function as

20(p, X) = =No(X)(=p) Ve HNXE (1 —iA, 1 —ip; 2,1 — 7). (27)

The normalization constant Ny(x) in Eq. (27) can be obtained (also as in [16]) from the con-
dition (26) at ¢ = 0.

We should like to remind that the Bethe-Salpeter amplitude yps(x = 0) is associated with
the RQP wave function in the momentum space, ¥,(p), by the relation (7). Taking into account
the transformations (15) and notations (17), the relationship of the Bethe-Salpeter amplitude
with the RQP wave function, ¢,(p), is

xBs(7 = 0) = Ug(p)p=i-

The generalized power (21) in the solution (22) vanishes at p = ¢ for all £ # 0. Thus, the
expansion (18) for the wave function v,(p) contains only s-wave (¢ = 0). Hence, by using
relations (26) and (27) we can calculate |1,(7)|?, which leads to the following expression for the
relativistic S-factor in the case of two particles of unequal masses:

2ma

SRQP (X) = lim ) XRQP (X) = (28)

pP—1

©o(p, X) ’2 _ Xrar(X)
p 1 —exp [—Xrqp(X)]

m’ sinh y’

where  is the rapidity which is related to the total c.m. energy, v/s, as (m/>/u) cosh x = /5.
The functions sinh x and X grqp(x) in Eq. (28) can be expressed in terms of the “velocity”

u determined by the relation
4m/?
=4/1— 29

_ 2uu Ty 1 —u?
sinh y = L Xrqp(x) = ———. (30)

m'v/1 —u?’ u
We note that the square of relative 3-momentum k’ for an effective relativistic particle,
having mass m/, the total c.m. energy of interacting particles, 1/s, and emerging instead of the
system of two particles, is defined by formula (9) and connected with the relative relativistic
velocity of interacting particles, v, by the expression (14). In turn the relative velocity v of

in the form
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interacting particles is expressed through their the total c.m. energy of interacting particles,
Vs, by relation (13). Thence, taking into consideration the determination (29), we find

2u
= , 31
vl= 1)
Then expressions (14) and (31) give
kK™ = 1% (uge)”, (32)
where p is the usual reduced mass, and
2
wly = (33)

Yy

is the relative velocity of an effective relativistic particle with mass m’ emerging instead of the
system of two particles. This result is found to be in full agreement with the physical meaning
of Eq. (8), which is a relativistic generalization of the Lippmann-Schwinger equation in the
spirit of Lobachevsky geometry. Notice that the 3-momentum k' of an effective relativistic
particle and hence its relative velocity (33), according to Egs. (14) and (32), are an invariants
of the Lorentz transformations.

Thus, in terms of relative velocity of an effective relativistic particle (33), the S-factor (28)
gives by expression

X RQP(U, 1) 2ma
S ') = re , X ') = . 34
RQP (urel) 1 o [ X b (u;el)] RQP (urel) u;el ( )

The S-factor in Eq. (34) only formally has the same form, as the nonrelativistic S-factor (4).
However, the S-factor in Eq. (34) has an obviously relativistic nature since as the argument
r (the module of radius-vector r) in the Coulomb potential (3) and the relativistic relative
velocity of interacting particles, v, (see [29]) both are relativistic invariants and hence the
relative velocity of an effective relativistic particle (33), according to Egs. (14) and (32),
possesses this property as well.

3. Analysis relativistic threshold resummation S-factor

The relativistic threshold resummation factor (28) [or (34)] has the following important
properties:

e In the nonrelativistic limit, u < 1, it reproduces the well-known nonrelativistic result.

e In the relativistic limit, v — 1, the factor (28) [or (34)] goes to unity.

e In the case of equal masses it coincides with S-factor (5).

e The case when one of the particles is at rest means that m; — co. Todorov [33] suggested
that any QP equation for scalar particles in the case m; (or ms) — oo has to give the same
result as the Klein—-Gordon equation with the Coulomb interaction. This means that the relative
relativistic velocity of interacting particles, v, in this case has to be equal to the relativistic
velocity of the “light” particle:

K|
vl 4

7 .
/ 2
mi1—00 m22 + k

For the “velocity” w this gives the following limited expression

(35)

IS

mi—o0 \V/ m22 —+ k2 + mg’
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that according the expression in (31) leades to (35).

e In the ultrarelativistic limit, as it was argued in Refs. [34, 35], the bound state spectrum
vanishes since mass of an effective relativistic particle m’ — 0. This feature reflects an essential
difference between potential models and quantum field theory where an additional dimensional
parameter A appears. One can conclude that within a potential model, the S-factor which
correspond to the continuous spectrum should go to unity in the limit m’ — 0. Thus, in
contrast to the nonrelativistic case, the relativistic resummation factor, the S-factor (28) [or
(34)] reproduces the known nonrelativistic and the expected ultrarelativistic limits.

To illustrate the differences between the nonrelativistic S-factor (4) and the new relativistic
S-factor in Eq. (34) in more detail, in Fig. 2 we plot the behavior of these factors as functions of
u at different values of the parameter o (the numbers at the curves). The solid lines correspond

FIG. 2. Behavior of the S-factor at different values of the parameter « (the numbers at the curves). The
solid lines correspond to the new relativistic S-factor (34) and the dashed lines to the nonrelativistic
S-factor (4)

to the S-factor in Eq. (34) and the dashed lines to the S-factor (4) with a substitution v, — w.
From this figure one can see that in the region of nonrelativistic values of u, v < 0.2, where
the influence of the S-factor is big, the difference between (34) and (4) is practically absent.
However, when « increases, the nonrelativistic expression (4) gives a less suitable result in the
region of large values u, in particular, as u — 1. Thus, the above analysis demonstrates that the
relativistic S-factor in Eq. (34), as would be expected, coincides in form with the nonrelativistic
S-factor (4). However, the relative velocity of an effective relativistic particle (33) emerging
instead of the system of two particles, now plays role of the parameter of velocity, but not the
relativistic relative velocity of interacting particles, v.

It should be stressed that the S-factor in Eq. (34) differs from the S-factor for the interaction
of two relativistic particles of unequal masses

X a(v) 2ma
T exp =X AV =N (36)

Sa(lvl) =

which was obtained in Ref. [15], by the meaning of the relativistic relative velocity, v, which
here is given by expression (13). This the S-factor was derived within the framework of rel-
ativistic quantum mechanics on the basis of the Schrodinger equation in suggestion that the
3-momentum of the relativistic particles, p1, p2, will satisfy condition ps = —pims/m; <
Vi = —Va.

In the case of equal masses (m; = mg = m), the new S-factor (34) differs also from the

factor
X1 (Vrer) 2Ty v

S rel) = > X rel) — s rel — 7T o>
H(U l) 1-— exp [—XH(Urel)] H(U 1) Urel Urel 1 -+ U2

(37)
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which was presented in Ref. [3]. The same form of the S-factor can be found in earlier paper [12].
Indeed, the factors (36) and (37) in form and in the nonrelativistic limit (|v|, vy, v — 0)
coincide with the factor (34). However, the relativistic limits (|v|, v, — 1) of the factors (36)
and (37) differ essentially from the relativistic limit of the factor (34) equal to unity as u — 1.
Furthermore, in the case of the interaction of two relativistic particles of equal masses the
S-factor (34) differs from the factor

K = G(n)k, (38)
where
Gn) = 1-— ex2;r(n—27rn)’ (39)

which was obtained in Ref. [14], not only in form but also in a different behavior in the nonrel-
ativistic (v, u — 0) and the relativistic (v, w — 1) limits (see Figs. 3 and 4). The function

T VL T T T T T T

30F

25F

20F

1.5F

FIG. 3. Comparison of the S-factor behavior. The solid curve corresponds to the relativistic S-
factor (34). The nonrelativistic S-factor (4) is presented by the dashed line, the factor (36) is presented
by the dash-dotted line, and the factor (38) is shown as the dotted line.

G(n) in Eq. (39) is the nonrelativistic S-factor (4) with 7 = a/v.e, and & is a correction factor
the expression for which contains the series and infinite products as multipliers and is highly
cumbersome. According to Ref. [14], the influence of the k is essential since kK — 1 only as
a— 0.

To illustrate the difference between the above factors, we show in Fig. 3 the behavior of the
S-factors (4), (34), (36) and (38) as functions of u for a fixed value of @ = 0.16. The solid
line represents the relativistic S-factor (34); the dashed line the nonrelativistic S-factor (4);
the dotted line the factor defined by formula (38); the dash-dotted the factor (36). This figure
demonstrates that the S-factors considered have an essentially different behavior as u — 1.

To compare the relativistic factors (34) and (38) in more detail, we plot in Fig. 4 the
ratio, which is denoted as N(n), of the relativistic factor (34) or (38) to the nonrelativistic
S-factor (39) for different values of o (the numbers at the curves). The solid lines correspond
to the S-factor (34). The dashed lines, which are taken from Ref. [14], represent the ratio of
the factor (38) to the nonrelativistic S-factor. As can be seen from Fig. 4, there is an essential
difference between the relativistic factors (34) and (38). For example, in the nonrelativistic
limit, when 7 increases (v, — 0), the relativistic S-factor (38) reproduces the nonrelativistic
limit only as o — 0 (see Ref. [14] for additional details).

Thus, the above analysis demonstrates that the relativistic S-factor (34), as would be ex-
pected, coincides in form with the nonrelativistic S-factor (4). However, the relative velocity
of an effective relativistic particle (33) emerging instead of the system of two particles, now
plays role of the parameter of velocity, but not the relativistic relative velocity of interacting
particles, |v].
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FIG. 4. Ratio of relativistic S-factor to nonrelativistic one, N(n), for different values of o (the numbers
at the curves). The solid lines correspond to the S-factor (34) and the dashed lines taken from Ref. [14]
correspond to the factor (38).

4. Conclusion

The new relativistic threshold resummation S-factor (34) for the interaction of two relativis-
tic particles of unequal masses was obtained. For this aim the RQP equation in relativistic
configuration representation [28] with the Coulomb potential for the interaction of two rela-
tivistic particles of unequal masses was used.

The new relativistic threshold resummation factor obtained here reproduce both the known
nonrelativistic and expected ultrarelativistic limits and correspond to the QCD-like Coulomb
potential. The Coulomb potential only formally has the same form as the nonrelativistic poten-
tial but differs in the relativistic configuration representation since its behavior corresponds to
the quark-antiquark potential V,; ~ as(Q?)/Q?* with the invariant charge ag(Q?) ~ 1/1In Q>
So, the principal effect coming from the running of the QCD coupling is accumulated.

The new S-factor coincides in form with the nonrelativistic S-factor (4); however, the role of
the parameter of velocity is played not by the relative relativistic velocity of interacting particles,
v, but by the relative velocity (33) of an effective relativistic particle emerging instead of the
system of two particles.

Our analysis has shown that the new expression (34) differs significatly (see Figs. 2-4) from
expressions (4) and (36)—(38) which were proposed earlier. As the new relativistic resummation
factor (34) was obtained within the framework of completely covariant method, one can expect
that this factor takes better into account relativistic character of interacting particles.
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