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Abstract
Within the relativistic quasipotential approach to quantum field theory, a method of 

solving a finite-difference quasipotential equation involving a non-local separable quasipo­
tential simulating the interaction between two relativistic spin less particles of unequal 
masses is generalized to the сазе where the total interaction is the superposition of a non­
local separable quasipotential and a local one. Besides, the local component of the total 
interaction is supposed to be known and that it can not admit bound states. This has 
permitted to find an explicit expression for the additional phase-shift, to determine the 
conditions under which bound states may exist, and to generalize the Levinson theorem.

1 Introduction
Non-local separable potentials are widely used in nuclear physics and in many-body prob­

lems. In particular, non-local separable interactions were used in solving Faddeev equations to 
the three-body problem. The given approach proved to be fruitful in solving inverse problems 
[1-4]. However, this approach cannot be applied to essentially relativistic systems [5, 6]. For 
instance, for systems consisting of light quarks, the contribution of relativistic corrections to 
the interaction Hamiltonian is comparable to the main, non-relativistic, term. A relativistic 
description is also necessary for investigation of radiative decays of mesons and nucleon reso­
nances, where the energy of the emitted photon may be comparable with or even larger than 
the constituent quark mass.

The quasipotential approach proposed in [7] proved to be an effective tool for constructing 
a relativistic description of two-particle systems [8-11]. In the present study, a method for 
solving a finite-difference quasipotential equation in configuration space is constructed within 
the relativistic quasipotential approach to quantum field theory developed in [12]. It is designed 
for the case when the total quasipotential simulating the interaction between two relativistic 
spinless particles of unequal masses mi 0 m2 is the superposition of a non-local separable 
quasipotential and a local one.

The necessity of such interaction is a consequence of the meson theory of nuclear forces. 
This theory suggests that the interaction between two nucleons is local at large distances, but 
becomes non-local and singular if two nucleons come close together. Besides, we can suppose 
that the local part w(p) of the total quasipotential is determined to agree with experimental 
data at low energies. Because of the absence of exact theoretical information about the nuclear 
forces at small distances, it is likely to assume that, near the origin, the non-local component 
of total quasipotential is separable.

We take a total quasipotential of the form:
t 00 / О • ri \

V{p,^-,Et) = V(p,^ = - p) + 22(21 + l)e(v((p)v({p')P; ( ~-I, (1)
i=o \ PP )

et = ±l,p= П,р' = Й-
Here, ei = 1 corresponds to a repulsive quasipotential and eq = -1 to attractive one; Pi(z} 

is a Legendre function of the first kind. Accordingly, in the system of uni ts where Л = c = 1,
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tn^reTkti-vistJc analogy of tlie differential Schrodinger equation for the wave function in
configuration space with a qtiasipotential (1) constructed in [13] is given by ’

m t I $ 1 , ■ и ( v 9 1 A'2 A 7 3 \ ,1— [cosh ^A -J + ---smh ^A -) - ^Д^ехр ) - cosh/j *,.(#+ (2)

+ /d^V(pl^p,^)=Q,

where Д^ is the angular part of the Laplace operator, A' = 1 /m' is the Compton wavelength 
connected with the effective relativistic particle of mass m' and p — тпРЦгп^ + т?).

Obviously, Eq. (2) describes scattering of an effective relativistic particle of mass m' with 
a relative 3-momentum q' on the quasipotential (1) and the total c.m. energy of the particles 
which is proportional to the energy of one effective relativistic particle of mass m' [13] ,

•SS? = (m'/p^Ef = ]m'2/p) cosh V, E^ = '/m'2 + q'2. (3)

Expanding the wave function in terms of partial waves [14] as

*Ap) = № + : я' = (4)
/=:0 p \ 4 P J

we can recast Eq. (2) into the form

V+ + V*-£cosh/ + W(r^^ /drV((r')VH<x')=0, (5)

where V = exp = exp 14W — л/8”X'p, Im'2 pvt(p),

W(r) = 2pw(p)/m'2, = r(r + i), p — X'r, p' = X'r'.

Thus, the fact that, within the relativistic quasipotential approach, the total c.m. energy of 
two relativistic spinless particles of unequal masses can be represented in a form proportional 
to the energy of one effective relativistic particle of mass m’, makes it possible to reduce the 
relativistic problem of two bodies of unequal masses to an one-body problem. The present 
study is devoted to solving Eq. (5) with the boundary condition

Шх') = 0, (6)

to obtaining the expression for the additional phase-shift, to investigating the conditions of 
existence bound states and to generalizing the Levinson theorem in the case of the superposition 
of a non-local separable quasipotential and a local one. Besides, the local part W(r) of the 
total quasipotential, being known from the low-energy experimental data, does not admit bound 
states.

2 Some properties of regular solution and the spectral 
density for the local quasipotential

In order that. Eq.(5) with the boundary condition (6) have a unique solution, Щг) and И^г) 
must satisfy conditions

rVi(r) e Li(0,oo), rIV(r) e ЛдО.оо). (7)
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We further introduce the regular solution x' J satisfying the boundary condition

и(о,х') = о (8)
and the Jost solution /і(г, x') of Eq.(5) at e, = Q-.

limQ^cothxO^r.xOMLxO = 1, (9)

= 1, (1°)

^(r, x') «/’^’’Qdcoth x'X-r)(,+1)/n* + 1). (n>

eP(r, x'l^^explifrx' - nd/2)]- (i2)

Here, T(z) is the gamma function, Qi(z) is the Legendre function of the second kind, and 

(-r)W = ?Г(гг + А)/Г(іг).

It should be noted that the functions S;(r,x') and ep\r, x') [15, 16] are solutions of Eq.(5) in 
the case when the interaction is switched off (IV(r) = 0,s; s 0).

The regular solution Уг(г, x') can be represented in the form

= 2W^h^ . (13)

where is the Jost function of the local quasipotential W(r) connected with its phase- 
shift 6™ (х') and the Jost solution by the expressions

F^M = |^(х')|ехР[-і5Г(х')]І (14)

F^M = !im x').
1 v r-»o Г(і + l)smhx (-г/ 1

Besides, the Jost function has the following property:

[^'(х')]’ = ^(-х'-)- (15)

Hence it follows that

[ТОрПх'*), (16)

It is easily seen from (10), (12)—(16) that

, о КИ . г ( ^wil /2 1 ( г (17)

Finally, in absence of bound states of W(r) the regular solution ipt(r, х') satisfies the or­
thogonality property

7, , r A 5(coshx'- cosh x)
/ drW(r, x)^ (Г, X) = ’ (18)

where
dPiCcqsh^ = __J^lQ1(coth# = E^m’; = coshx' > 1, . (19).
' c/(cosh х') 7Г 8ШП x 1 1 ' , _ ■ *



is the spectral density. On the other hand, the spectral function pt(cosh x') enables us to get 
the completeness property

oo
/ dp((cosh x'Wdr, xW {т\ x') = 6(r' -r). (20)

The relations (18) and (20) are obvious generalizations of the orthogonality and complete­
ness properties for the functions s^r,/) [16], and reduces to them when W(r) = 0.

3 Wave function and phase-shift for the superposition of 
a non-local separable and a local quasipotentials

The properties (18) and (20) permit us to introduce the relativistic integral transformations
oo

Mx'>x) = J dr^l(r,x')v>i(r,x), (21)
0 
oo

^i(r,x) = У ^совЬ^С/,*)^.*). (22)
I

W) = J drV^rjipi^x), (23)

0

Vi(r) = У dp((coshx)Vi(x)¥>i(r,x)- (24)
i

It is necessary to note that the integral transformations (21) - (24) are generalizations of 
the relativistic integral Hankel transformations introduced in [14], and reduce to them when 
W(r) s 0.

The total phase-shift 5itf) is represented in the form

+ (25)

where S^x') is Ae additional phase-shift, due to the separable quasipotential, which also de­
pends on W(r), and should not be confused with the phase-shift of the separable quasipotential. 
Using transformations (22) and (24), the equation (5) reduces to

(cosh/ - coshx№(x\x) = ^^(x'li/x). (26)

where „
W^y^WW'.x')- (27)

0

Let us now set z v
b(r) = ^(г)У|(г)> (28)

Where г^елрМГ + іМг)^^

Suppose that the relativistic integral transformation is valid for the function Ui(r):

, UiM = JdrUt(r)^(r,x), / (29)

0



Щг) ~f dp^coshxWAxyMbX)- (30)
J

We further suppose that for real-valued I and / we may write:

Hix'))' = НН'Нлх')-

Instead of (27), we therefore have
GO

M(x') = / dpi(cosh х)Ых',х)Щх)- (31)
1

Now note that the conditions in (7) means that the function Й(х) is continuous everywhere, 
whereas the function Q^coth х)Й(х)/|^(x)I is differentiable for all nonnegative %. Moreover, 
it follows from (23) that

^соІЬ/Ш/Юх)! = 0(1). Ixi oo; (32)

y->0, (33)

provided that the condition (7) is satisfied. It is obvious that, by virtue of (28), the function 
Oi(x) also possesses the aforementioned property.

For scattering states (S' = E^/m' = cosh / > 1), solution of equation (26) is given by

7, , , <I(cosh / - cosh x) , ____ Й(х)
(x , x) - (cosh /d(cosh x') 2' ‘ ‘' cosh x' - cosh X ’

where P means the principle value. The factor in front of the <f-function was chosen in ac­
cordance with the normalization of the wave function; that is, in the absence of separable 
interaction (ej = 0), the representation (22) must lead to the regular solution <р((г,х')- Setting 
(34) into (22) and (31), we get

+ (35)

№(/) = UiM I1 + [dX , (36)
' пл / I 2 J coshX“ coshx

Mx) = l^№M)/r”(x)\^ (37)

Since the functions Й(х) and &i(x) are differentiable, the principal values of the integrals exist. 
By virtue of the conditions in (32) and (33), each integral involved is convergent both at the 
upper and at the lower limits. Thus, the relations (35)-(37) determine the unique solution of 
Eq.(5) with the boundary condition (6), if only the condition (7) is satisfied.

Using the asymptotic expression (17), the asymptotic behavior of the wave function x') 
can be found by representing expression (35) in the form

ФМх) =
jW^sinf 
Q;(cothx)

/ /J 1 7 j Qi(cq^x) v>(x)____
-‘•^(x)) 2тгі J dX coshx-cosh/

i{rx ~ у + ^(x))] -
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4 Bound states and Levinson theorem
Suppose that there exists at least one bound state at energy Е' = E^/m' = cosh У > 0. The 
solution of Eq.(26) is then given by

(42)

Substituting this solution into (31), we arrive at the following equation for the eigenvalues:

Ф^совЬ/) =e< 2 J cosh x - cosh x о
= 0. (43)

From the condition requiring the existence of bound states, it follows that Eq. (43) must 
have at least one solution. Hence, the function Л(х) must be real-valued which leads to the 
condition (40). From (41) and (43) it follows that the values of e; = -1 correspond to the true 
bound state of the total interaction whose energy Et lies in the range

0 < Е' = Et = cosh xt < 1, Xt = ««*> 0 < Kt < tt/2. (44)

At the same time, Eq.(43) may have solutions at = ±1 for the ’’spurious” bound states of the 
non-local separable component of total interaction [1] at energies EJk satisfying the condition

E' = E{k = coshXfk > 1, е; = 4-1. (45)

Suppose that there exists a bound state at energy Et satisfying the condition (44). From 
(42) and (43), it follows that a bound state at this energy exists, provided that

£i = -l, ..^рх|Ш/^(х)| >1- (46)
0

Obviously, the boundary condition (6) is then satisfied. At the same time, the asymptotic 
behavior of the wave function determined from (22) and (42) at Ei = —1 can easily be calculated 
by applying the residue theorem and performing integration along the boundary of region 
0 < Inix < ^/2- As a result, we arrive at

, , . ,<?|(соЛхОЙ(х*)„п[. _,.п

Let us now consider the ’’spurious” bound states at energies E/k satisfying the condition 
(45) In this case Eq.(43) can have solutions at e: = ±1. If such a solution exists, it can be 
shown with the help of (37a) that the asymptotic behavior of the wave function is given by

- h - f+<4+o

Hence it follows that the wave function asymptotically tends.to zero, provided that

Й(х/*) = о- - (47)

Since the boundary condition (6) is also satisfied, ’’spurious” bound states correspond to the 
energies Efk = cosh Xfk-



Summarizing the above results and using expression (38), we conclude that, if the additional 
phase-shift curve intersects the straight line = irk, where к is an integer, from above, that 
is conditions (43) and (47) are satisfied, there are ’’spurious” bound states with the binding 
energies = cosh^. By using the estimate (32) and expression (38), we now conclude 
that tan 6Y (co) = 0- For this reason and from the continuity of the function &YbYY we choose 
&Y (o°) = 0. From here, we obtain the Levinson theorem for the case of the superposition of 
a non-local separable quasipotential and a local one, where the latter does not admit bound 
states

5^(0)-^(00) = 5^(0) =0.

This reads
= + (48)

where .7; is the number of true bound states of the total interaction (<7i = 0, 1) with the binding 
energy satisfying the condition in (44), while vi is the number of ’’spurious” bound states 
provided the non-local separable component of total interaction satisfies the condition (45).

5 Conclusion
Within the relativistic quasipotential approach to quantum field theory, a method for solving a 
finite-difference quasipotential equation is developed. It is designed for the case when the total 
quasipotential simulating the interaction between two relativistic spinless particles of unequal 
masses is the superposition of a non-local separable quasipotential and a local one, both of them 
being central. Besides, the local component of the total interaction is supposed to be known 
and that it can not admit bound states. The proposed approach relies on the possibility of 
representing the total c.m. energy of two relativistic particles of unequal masses as an expression 
proportional to the energy of an effective relativistic particle of mass m'. This has permitted us 
to find an explicit expression for the additional phase-shift, to determine the conditions under 
which the true and ’’spurious” bound states may exist, and to generalize the Levinson theorem 
to the case where the local component of the total interaction does not admit bound states.
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