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Abstract

Within the relativistic quasipotential approach to quantwmn field theory, a method of
solving a finite-difference quasipotential equation involving a non-local separable quasipo-
tential simulating the interaction between two relativistic spinless particles of unequsl
masses is generalized to the case where the total interaction is the superposition of a non-
local separable quasipotential and a local one, Besides, the local component of the total
interaction is supposed to be known and that it can not admit bound states, This has
permitted to find an explicit expression for the additional phase-shift, to determine the
conditions under which bound states may exist, and to generalize the Levinson theorem.

1 Introduction

Non-local separable potentials are widely used in nuclear physics and in many-body prob-
lems. In particular, non-local separable interactions were used in solving Faddeev equations to
the three-body problem. The given approach proved to be fruitful in solving iuverse problems
{1-4]. However, this approach cannot be applied to essentially relativistic systens [5, 6]. For
instance, for systems consisting of light quarks, the contribution of relativistic corrections to
the interaction Hamiltonian is comparable to the main, non-relativistic, term. A relativistic
deseription is also necessary for investigation of radiative decays of mesons and nucleon reso-
nances, where the energy of the emitted photon may be comparable with or even larger than
the constituent quark mass.

The quasipotential approach proposed in {7] proved to be an effective tool for constructing
a relativistic description of two-particle systems [8-11]. In the present study, a method for
solving a finite-difference quasipotential equation in coafiguration space is constructed within
the relativistic quasipotential approach to quantum field theory developed in [12]. It is designed
for the case when the total quasipotential simulating the interaction between {wo relativistic
spinless particles of unequal wasses my # mg is the superposition of a non-local separable
quasipotential and a local one.

The necessity of such interaction is a consequence of the meson theory of nuclear forces.
This theory suggests that the interaction between fwo nucleons is local at large distances, but
becomes non-local and singular if two nucleons come close together. Besides, we can suppose
that the local part w(p) of the total quasipotential is determined to agree with experimental
data at low energies. Because of the absence of exact theoretical information about the nuclear
forces at small distances, it is likely to assume that, near the origin, the non-local component
of total quasipotential is separable.

We take a total quasipotential of the form:

V(i) = V(5,7) = w07 - 9+ S0+ DewoideP (22

1=0
e =+1p=|i0 =7l

Here, ¢; = 1 corresponds to a repulsive quasipotential and e; = —1 to attractive one; Pi(2)
is & Legendre function of the first kind. Accordingly, in the system of units where h = c =1,
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Intivistic analogy of the differential Schridinger equation for the wave function \I'g'(ﬁ') in

the re.

configuration space with a quasipotential (1) constructed in- (13 is given by

2

m’ . 0 i 0 A o O
o [cos%x (w\ 5;) + Y sinh (1./\ 5;) - EZEAB’W exp (zz\ 5;) - cosh x’] Yo+ (2)

+ [ dvia A, (7) =0,

where Ay, is the angular part of the Laplace operator, X' = 1/m’ is the Compton wavelength
connected with the effective relativistic particle of mass m' = | 71m,, and g = m?/(m, + my).

Obviously, Eq.(2) describes scattering of an effective relativistic particle of mass m’ with
a relative 3-momentum ¢’ on the quasipotential (1} and the total c.m. energy of the particles
which is proportional to the energy of one effective relativistic particle of mass m/ 13},

VSy = (m//W)Ey = (m?/u)cosh !, By =/m? + 3", 3)
Expandiug the wave function ¥4 (5) in terms of partial waves [14] as
[ed i ot AN N
Vo () = S+ 1) WX p (q—,—‘f) . =1, (4)
=0 P qp

we can recast £q.{2) into the form

[v + (1 iCs 1)) V* cosh ¥’ + W(r)] Wir, X} + %\E;Vz(r) [ @it x) =0, (5)

7(2)

where V = exp (wia‘ir), V* = exp <ij‘;), Vi(r) = /8aNu/m2pu(p),
W(r) =2uw(p)/m?, rD=r(r+i), p=XNr, o =xr

Thus, the fact that, within the relativistic quasipotential approach, the total c.m. energy of
two relativistic spinless particles of unequal masses can be represented in a form proportional
to the energy of one effective relativistic particle of mass m/, makes it possible to reduce the
relativistic problem of two bodies of unequal masses to an one-body problem. The present
study is devoted to solving Eq.(8) with the boundary condition

Wt(OyX’) = 0) (6)

to obtaining the expression for the additicnal phase-shift, to investigating the conditions of
existence bound states and to generalizing the Levinson theorem in the case of the superposition
of a non-local separable quasipotential and a local one. Besides, the local part W{r) of the
tota! quasipotential, being known from the low-energy experimental data, does not admit bound

states.

2 Some properties of régular solution and the spectral
density for the local quasipotential

In order that Eq.(5) with the boundary condition (6} have a unique solution, V}(r) and W(r)
must satisfy conditions

V(1) € Ly{0,00), rWir) € L; {0, 00). (7
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We further introduce the regular solution @(r, x') satisfyving the boundary condition

@(0,x) =0 (8)

and the Jost solution fi{r,x') of Bq.(5) at ¢, = 0
lim Qu{coth x)ei(r, ')/ si(r X') = 1, ©)
i H 0 =1 (1)

where .

S[(T, X/) t‘\‘. en“+l)Q((C0th X’)(‘-T)(Hl)/r(l + 1)’ (11)
(1) ~ o i 12
{r, x) ’_’mexp[z(rx wl/2)]. 12)

Here, ['(z) is the gamma function, Qy(z} is the Legendre function of the second kind, and
(=r)™ = D + A)/T(ir).

1t should be noted that the functions s(r,x') and ef")(r, x" {15, 16) ate solutions of Fq.(5) in
the case when the interaction is switched off (W(r) = 0,¢; = 0}.
The regular solution ¢;(r, x') can be represented in the form

1 ; /
ol X) = gy B (X)) + IR OOl =X (13)

where F¥(x') is the Jost function of the local quasipotential W(r) connected with its phase-
shift 6} (') and the Jost solution by the expressions

FY(X) = |FY (xX)| expl-is (<)), (14)
e (21 4 1)@y (coth X')
= lim
B0 = 730 T( + 1) simh x (—7) - Sy filrx x)
Besides, the Jost function has the following property:
[FF 6] = FY (-x). (15)
Hence it follows that
o] =8 "), &(=x) = -8" (X)- (16)
It is easily seen from (10}, (12)-(16) that
{F""( )| d  w ] '
( -+ (17)
(P[(fr, X )7')( —)OOQl(COthX ) sin [TX 3 + (X )

Finally, in absence of bound states of W(r) the regular solution wilr, %) satisfies the or-
thogonality property

7 » 8(cosh x' — cosh ) 1o
) « "N -, {18)
O/dTWl(r) X)‘p! (1", X) dp[(COSh x’)/d(cosh X') , .

where

doi{cosh x') W) 'L E b= x> 19}
" d{cash x') Twsmnx‘Q‘(w'“hx')/F (X)‘ E .E'f/m- e,msr‘x 21, .09



is the spectral density. On the other hand, the s i
3 d ad, spectral function pi(coshx’) enabl
the completeness property Al X enables us Lo get

[ daeosh Xyt i, X) = 80" = 7). (20)
1

The relat.ions {18) and (20} are obvicus generalizations of the orthogouality and complete-
ness properties for the functions s;{r, X'} {16, and reduces to them when W(r) = 0.

3 Wave function and phase-shift for the superposition of
a non-local separable and a local quasipotentials

The properties (18} and (20} permit us Lo introduce the relativistic integral transformations

Glx,x) = Z drin(r el l (21)
#irx) = fdﬂl(COShX)?ZI(X',X)%(T,X)» (22)
1
Vi(x) = 7dﬂfz{r)w?(r,x), (23)
0
Vi(r) = 7dpz(coshx)17:(x)sox(nx)- (24)
1

1t is necessary to note that the integral transformations {21) ~ {24) are generalizations of
the relativistic integral Hankel traunsformations introduced in 114}, and reduce to them when
W(r)=19.

The total phase-shift §,(x’) is represented in the form

5(x) = 8" (x') + & (X)), (25)

where &Y (X'} is the additional phase-shift due to the separable quasipotential, which also de-
pends on W (r), and should not be corfused with the phase-shift of the separable quasipotential.
Using transformations (22) and (24), the equation (5) reduces to

N 1 -
* (cosh x’ ~ cosh x)dh(x, X) = §axN;(x Wil (26)
where o
N(x) = [ ar Vi x). (27)
D .
Let ns now set
Wi(r) = wir)Uir), (28)

where ,
w(r) = explim(l + D))/ (=),

Suppose that the relativistic integral transformation is valid for the function Ui(r):

OG0 = [@Uimeiir0, , (29)



o0 ~ . N - \'
Ui(r) = [ dpi(eosh )Ui(x)au(r, X)- ~{30)

We further suppose that for real-valued ! and x' we may write:
fer(r, X = w(r)a(r, X'}

Instead of (27), we therefore have
M(x) = [ darleosh X)X X)L 0)- (31)
1

Now note that the conditions in {7) means that the function Vi{x) is continuons everywhere,
whereas the function Qi{coth x)Vi(x)/| /¥ (x}| is differentiable for ali nonregative . Moreover,
it follows from (23) that

Quleoth X} Vi)/IRY (0= 0Q1),  Ix] - oo; (32)

Vi) =00), x—0, (33)

provided that the condition (7) is satisfied. It is obvious that, by virtue of (28), the function
Ui(x) also possesses the aforementioned property.
For scattering states (E' = Ey/m/ = cosh x’ > 1), solution of equation (26) is given by

; (/!
8{cosh x’ — cosh x) i 1 2N, (X:)p____‘ﬁQQ_.__

” ’ —_ - 4
WX = sk ) d(cosh ) | 2 cosh x' - cosh .

where P means the princiﬂl& value. The factor in front of the d-function was chosen in ac-
cordance with the normalization of the wave function; that is, in the absence of separable
interaction (g; = 0), the representation (22) must lead to the regular solution ¢ (r, /). Setting
(34) into (22) and (31), we get .

; ' 1 r 7 ‘_’I(X)‘P."T, X)
i(r,x) = ‘PI(T,X)+EglNl(X)PfdP!(COSh X)aﬁm, (35)
r oo -1
3 ! 1 AI(X) qi
N(X) = Gilx) |1+ P3 “/ ey e | (36)
2 - 12 - ~
Alx) = jr€aiQt(C0t'hX)/F¢W(X)l ViboUi(x)- (37)

Since the functions V;(x) and U;(X) are differentiable, the principal values of the irxtegrals exist.
By virtue of the conditions in (32) and (33), each integral involved .is converggnt both at the
upper and at the lower limits. Thus, the relations (35)—?.3.7) dete?mme. the unique soluiion of
Eq.(5) with the boundary condition (8), if only the COI:ldlthn (7) is satisfled. 4

Using the asymptotic expression {17), the asymptotic behavior of the wave function ¥4(r, x’)
can be found by representing expression (35) in the form

n RO T we A
Tﬁz(r,x)= Q[(COﬁhX') St | TX 3 t 4 (X)l

-

1 Qu(coth x) Vi(x) [ Tl oy
- N e e X) B _exp li(rx — 5 + 87 ()| -
SIM(X){%{[O dx [ (x)| coshx —coshx' —1n pL( g Y &)
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4 Bound states and Levinson theorem

Suppose that there exists at least one bound state at energy E' = Ey/m’ = cosh x’ > 0. The
solution of Eq.(26) is then given by

Vi
coshy ~ E'

- 1
Wl x) = —5aN0OP (42)

Substituting this solution into {31), we arrive at the following equation for the eigenvalues:

Ailx) } —o.

cosh x — cosh x’/ (43)

! 1 7
®y(coshx') = & [l + Pio/dx

From the condition requiring the existence of bound states, it follows that Eq.(43) must
have at least one solution. Hence, the function A;(x) must be real-valued which leads to the
condition (40). From (41) and (43).it follows that the values of &, = —1 correspond to the true
bound state of the total interaction whose energy F; lies in the range

0<E =FE =coshy; <1, x¢=ik, 0<r <mf2 (44)

At the same time, Eq.(43) may have solutions at £; = +1 for the "spurious” bound states of the
non-local separable component of total interaction {1] at energies Ey, satisfying the condition

L2,y a=-1,
E’::Efk :COShXﬂc Z 1, IC = {0;1’”"1}1 _1’ £ = +1. (45)
Suppose that there exists a bound state at energy Ei satisfying the condition (44). From
(42) and (43), it follows that a bound state at this energy exists, provided that

=1, 2 / ax [iG0/FY Gaf > 1. (4)

Obviously, the boundary condition (6) is then satisfied. At the same time, the asymptotic
behavior of the wave function determined from (22) and (42) at & = ~1 can easily be calculated
by applying the residue theorem and performing integration along the boundary of region
0 < Imy < 7/2. As a result, we arrive at .

o Queothx)PiC) [_@ T s
1[)1(7‘) Xt) - N‘(Xt) F{W(Xt) sinh Xt €xp 2 K"‘J y T Q.

Let us now consider the "spurious” bound states at energies Ej,, satisfying the condition
(45). In this case, Eq.(43) can have solutions at & = 1. If such a solution exists, it can be
shown with the help of (37a) that the asymptotic behavior of the wave function is given by

’ Qu{coth x ) Vi (xsx) _ T sw —
\Tﬁt(T,ka):—EzM(Xjk)mCOS TXfh T + 0" (xp) | +O (e ), 7;—-)00,

Hence it follows that the wave function asymptotically tends.to zero, provided that

ViGen) = 0. @)

Since the boundary condition (6) is also satisfied, "spurious” bound states correspond to the

energies Ej; = cosh Xsx- -



Summarizing the above results and using expression (38), we conclude that, if the additional
phase-shift curve intersects the straight line §7 = wk, where k is an integer, from above, that
is conditions (43) and (47) are satisfied, there are "spurious” bound states with the binding
energies Fy, = coshxs.. By using the estimate (32) and expression {38), we now conclude
that tandy (co) = 0. For this reason and from the continuity of the function 8/ (x'), we choose
8Y (00) = 0. From here, we obtain the Levinson theorem for the case of the superposition of
a non-local separable quasipotential and a local one, where the latter does not admit bound
states

&Y (0) — 8 (00) = 8/ (0) = 0.

This reads
57(0) = 8¥ (00) = 8 (0) = (o1 + wa), (48)

where o; is the number of true bound states of the total interaction (o, = 0, 1) with the binding
energy satisfving the condition in (44), while »; is the number of "spurious” bound states
provided the non-local separable component of total interaction satisfies the condition (45).

5 Conclusion

Within the relativistic quasipotential approach to quantum field theory, a method for solving a
finite-difference quasipotential equation is developed. It is designed for the case when the total
quasipotential simulating the interaction between two relativistic spinless particles of unequal
masses is the superposition of a non-local separable quasipotential and a local one, both of them
being central. Besides, the local component of the total interaction is supposed to be known
and that it can not admit bound states. The proposed approach relies on the possibility of
representing the total c.m. energy of two relativistic particles of unequal masses as an expression
proportional to the energy of an effective relativistic particle of mass m'. This has permitted us
to find an explicit expression for the additional phase-shift, to determine the conditions under
which the true and "spurious” bound states may exist, and to generalize the Levinson theorem
to the case where the local component of the total interaction does not admit bound states.
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