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Abstract

In the framework of the relativistic quasipotential approach to the quantum field
theory, a method is developed according to which a non-local separable quasipo-
tential describing interaction between two relativistic spinless particles of unequal
masses can be reconstructed by of the phase ghift and bound-state energies.

It was proven by Gelfand and Levitan [1, 2], Marchenko [3], and Krein [4, 5] that the
inverse problem can, in principle, be solved in the framework of non-relativistic theory.
They obtained the linear integral equations in two versions, which served as a basis for
a further development of the inverse-problem theory. The most complete survey of this
theory was given in the monographs of Chadan and Sabatier (6] and Zakhariev and Suzko

7}

[ In most of the studies, however, the problem of reconstructing interaction is formu-
lated on the basis of the non-relativistic Schrédinger equation. Therefore, the problem -
of reconstructing interaction for essentially relativistic systems, in particular, within the
relativistic quasipotential approach (8}, still remains important.

Within the relativistic quasipotential approach proposed in {9}, in this paper the prob-
lem is considered for the case where a non-local separable quasipotential simulating in-
teraction between two relativistic spinless particles of unequal masses (m, # m,) must
be reconstructed on the basis of the phase shifts and bound-state energies. The given
approach is based on the expression that was found by the present author for the phase
shift and which has the form [10] (we use the system of units where /i = c =1)

Alx) ] -

chy — chy’ )

tghi(x) = --Sh"x'A«(x') [1 +P3 fdx

where the quantity ¥’ is defined via the relation By = m'y/1+ (¢/m)? = michy!, m' =
s, and

A(X) = %etQ?(Cthx')lff}(x')lz, g ==%l1. @)

Here, Qy(z) is a Legendre function of the second kind.
In order to find the quasipotential Vi(r) on the basis of the phase shift &(x’), it
is necessary to solve the integral equation (1) for the function A;(x’). After that, the
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function V;(x’) is determined from Eq.(2). The quasipotential V;(r) is then reconstructed
by performing the relativistic Hankel transformation

Vitr) = 2 [ x@ueh)iGoSior) @)
0

Here, the function Si(x,r) is a free solution of a finite-difference quasipotential equation
in configuration space [11}.

In particular, the relativistic Hankel transformation (3) at I = 0 reduces to the con-
ventional Fourier transformation

27, . .
Volr) = = / dxxVo(x)sinrx.
0

We assume that the phase shift &()’) in Eq.(1) is a function continuous in the sense of
Holder with a positive index and that, for X' — oo, it behaves as

) =0[0)"], 120, v>1 @
These constraints are necessary and sufficient for the quasipotential to satisfy the condition
rVi(r) € Li(0, 0), (5)

which ensures the uniqueness of the inverse-problem solution. We therefore assume
that, as x' increases, the phase shift &(x') intersects the straight lines §i(x’) = mn
(n=0,1,2,...) from above.

Suppose that there exist 1 (I > 0) scattering states at energies satisfying the conditions

Ehp =m'chyp, 2 m, n=01,.,u-1L (6)
We then have
51(0) =Y. (7)
In this case g; = +1, while the scattering state energies Ep, > m’ are found by relation
§(Xpn)=7n, n=0,12,.,y-1 (8)

The integral equation (1) can be reduced to the form

Ai(archz)g (= )—1+—P/dtw'£ (), )
where T = chy’ an_d where we introduced the following notation:
Vi(z) = Alarcha)g (@) 1+ (in/Daz)(=* — 1)), (10)
a(z) = —(2/r)( - 1)"*tgA(z),
Afz) = &(archz),
h(z) = (7/Q)gi(z)(z? - 1)~1/? [1 - (in/2)gi(z)(z? - 1)"1/2] -

= —sinAy(z)exp [-iAi(z)].
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Using the representation
1/{e — i0) = ind(a) + P(1/a),
Eq.(9) can be recast into the form

‘I’t(t)ht {t)

—10

W) =1+~ / a8t (11)

If the function ¥,(z) is continuous in the sense of Holder and if the integral in Eq.(11)
converges, then the function

W, (t)hi(t)
t—=z

Hi(z) =1+ % / dt (12)
1

is analytic in the complex plane of the variable z with the cut from 1 to +o0, and besides
the relation

lim Hi(z) =1 (13)
|z| =00
holds in all directions. Hence, a solution of the integral Eq.(11) can be represented as
Vi(z) = Hi(z4) = "E%Hz(x +in), 1<z <00. (14) .

By substituting solution (14) in the expression for the discontinuity of the function Hj(z)
over the cut,

Hy(z,) — Hi(z.) = 2i¥(z)hi(z) = —2isin Ay(z) exp (iA,(x)) Ti(z), (15)
we arrive at the homogeneous Riemann-Hilbert equation for the function Hi(z):
Hy(z,) exp (2i0(z)) — Hi(z-) =0, 1<z <oo. (16)
A particular solution satisfying Eq.(16) and the condition in (13) has the form
Ay(2) = exp (wi(2)], 17
where
wz) = —= / A‘(t)- (18)
Besides
lzl[i‘{)nww,(z) =0, (19)
and 1
wz) ~ ;r-Az(l) Infl-z for z—1, (20)

which holds in all directions, as follows from the assumptions on the behavior of the phase

shift and from conditions (4) and (7). Therefore, the function H;(z) has a zero of order
v; at the point z = 1.
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Thus, according to (14), (17), and (18), a particular solution to the non-homogeneous
integral equation (11) has the form

L 3

¥y(z) = exp lou(x) — ilu(2)], (21)
where o
auz) = -—;lr-P / dt{‘—i(-%. (22)

It should be noted that the function given by (21) is regular at z = 1 (it has a zero of
order v, at this point), continuous in the sense of Holder with the same index as the phase
shift, and limited for z — +oo. All this is consistent with the a priori assumptions on its

properties.
A general solution to the homogeneous equation
Ui ()it
V(o) = /d~—————‘()_‘£o) (23)
has the form (14), as before, while the function
‘I’la(t)hl (t
Huol2) = / a =g (24)

is analytic in the complex plane of the variable z with the cut from 1 to +oo, and besides
the relation
lim H(.,(Z) =0 (25)
|z}~+00

holds in all directions. Finally, this function satisfies the homogeneous Riemann-Hilbert
equation (16). A general solution to this equation will be sought in the form

Hio(z) = kz_le Aol [“"1()",?] (26)

Substituting (26) into (16) and requiring that the function Hi,(z) is finite at z = 1, we
obtain m = ;. Hence, we have

It is obvious that, as in the case of a particular solution, the function in (27) satisfies
Eq.(16) and possesses all the required properties.

Therefore, by using notation (10) and transforming the sum as a product, we can
recast the general solution to the integral equation (11) in the form ‘

27

A0) = ~Zansnii ) explntetl) x 11 [1 - Ml )
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where

ar(ehy) =~ 2P [ dx s"”‘iﬁ; (20)

We note that, in accordance with definition (2), the function A;(x') is of a fixed sign
at all values of ¥/, and for g = +1 it must be positive.

Thus, the solution in (28) is completely determined by the phase shift so far as x5,
is also determined by its behavior. Moreover, it follows from expressions (28) and (29)
that the function A;(x’) is continuous in the sense of Hdlder and that, for x' — +oo, it
behaves as

0 [e"' (x’)"’] , 7>, (30)

provided that the phase shift satisfies condition (4).
This in turn implies that the quasipotential Vi(r) satisfies condition (5).

The case where ¢; = —1 and there are v, the scattering states at energies satisfying
conditions (6), and n; bound states whose energies lie the in the range

0 Bl =m'coskly <m', Xy =iKki,k=01,.,m—1, (31)

is considered in the same way.
Besides, by the Levinson theorem, we have

6[(0) = 7I’(V¢ +ny). (32)

In accordance with expression (20), the function H;(z) therefore has a zero of order (vi+my)
at z = 1. Further, in the same way as for the case of g, = +1, noting that the function
A(x') must now retain a minus sign for all values of X’ for ¢ = —1, we obtain

(33)

y~-1
AX) = ~Zshy’sindi(x) explon(chx)] 130[ chxt — 1

-1
X H [1 + IChxciosnﬁk]

chyp, — 1] N

Thus, the function A;(x’) is completely determined by the phase shift and bound states,
and its sign is opposite to the sign of the phase shift for X' = +o0.

In order to reconstruct the quasipotential Vi(r) by means of the transformation in (3),
we can introduce the function

N B -1 sh(x’/?) + isin(nﬁ /2) N "
7100) = 11 | S0 gy QRO 4700, a4

where Af*(x') is the asymptotic form of the function

|@uetix)Vie)| = Vim/Desaux)

for |x'| = oo.
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The function Vi(x) is analytic in the region Imy’ > 0, it is continuous for Imy’ > 0
and satisfies the condition
Vi(X) =1+o0(1), [x|— o0, (35)

provided that is satisfied condition (5). Besides, the function Vi(x') vanishes nowhere for
Imyx > 0. Hence, the function InVi(X’) is analytic in the region Imy' > 0 anfi tends
to zero at infinity because of the estimate in (35). Therefore, we can apply the 1ntfzgral
Hilbert transformation to the real and imaginary parts of the function In V{(x’) setting

Qulcthx')Vi(x') = [Qulethx)Vi(x)| exp [i€:(x)]- (36)
We then obtain

Imln V() = —%P / dsh(x/z)gﬁ(;};-%“_—‘:(ﬁ’f—)m = (37)

. ® In [|@i(cthx)Vi(x)| /A8*(x)
= i1a [|Quethx)Vi(x)] /400)] - = [ dsbi(x/2) “s[}ll(,‘( e S,i(ﬂz) e |

Combining (37) with the expression for
ReLenVi(x) = In [|Qu(cthx)Vi(x')| /48 ()] » (38)

we now obtain the formula

. 1% In [(r/2)e. Ai(x)/ (43 (%))
i) = 5 | WO/ iy (39)

which is valid in the region Imy’ > 0. Finally, from expressions (34) and (39), it follows
that

Qe )Vi) = 40) 11 S s3] )

k=0

1% In [(x/2)eAi(x)/ (43 (X))
’“’"”{iﬁ_[o B~ e ) }

which is valid for Imy' > 0.

Thus, a solution to the inverse problem exists and is completely determined as soon
as the function A((x') is found by the phase shift and bound-state energies for [ > 0.

To summarize, we note that the method proposed here to reconstruct a non-local
separable quasipotential simulating interaction between two relativistic spinless particles
of unequal masses actually reduces to a one-body problem. This is thanks to the possibility
of representing, within the relativistic quasipotential approach to quantum field theory,
the total c.m. energy of two relativistic particles of unequal masses as an expression
proportional to the energy of an effective relativistic particle of mass m/.
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