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The new relativistic Coulomb-like threshold resummation S- and L-factors in

quantum chromodynamics are received. Consideration is conducted within the

framework of quasipotential approach in quantum field theory formulated in the rel-
ativistic configurational representation in the case of two particles of unequal masses.
We also suggest & new model expression for R(s) in which threshold singularities are
surnmarized into a main potential contribution.
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1. Introduction

At the description of quark-antiquark systems close to threshold we can
not cut off the perturbative series even if the expansion parameter, the
QCD coupling constant as, is small (1]. The problem is well known from
QED [2]. The reason consist in that the real expansion parameter in the
threshold region is a/v, where v = /T — 4m?/s is a quark velocity, and m
is a quark mass. Obviously, it becomes to be singular, when the velocity
v — 0. To obtain meaningful result thesc threshold singularities of the
form (a/v)™ have to be summarized. In the nonrelativistic of case for the

Coulomb interaction

V(r) =~a/r (1)
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Summation of threshold singularities in quantum chromodynamics

this resummation is rcalized the known S-factor Gamov Sommerfeld
Sakharov [3-5]

an T
Snr =TT T o =
1 . eXp(-an) 3 an o s (2)

which is related to the wave function of the continuous spectrum at the

origin by [¥(0)[?. Here 2vy, is the relative velocity of two nonrelativistic
particles. The corresponding nonrelativistic expression can also be ob-
tained for higher £ states (see, e.g., [6]).

In the relativistic theory the nonrelativistic approximation needs to be
modified. For the first time the relativistic modification of the S-factor (2)
was cxecuted in (7] (sec also [8]) and it consisted in the change v, — v.

This factor was used for the description of effects close to the threshold

in QCD in the case of two particles of equal niasscs (m; = ms = m)

of pair production in the processes ete™ — tf and ete™ — WHW-.
Just the same form of the S-factor for the interaction of two particles of
equal masses was later suggested in [9]. Another form of the relativistic
generalization of the S-factor also in the case of two particles of equal
masses was obtained in {10]. The relativistic S-factor for two particles of
arbitrary masses (m; # mp) was presented in'[11]. This factor was derived
within the framework of relativistic quantum mechanics on the basis of the
Schradinger equation.

The new method to relativistic generalization of the S-factor in the case
of two particles of equal masses was developed by Milton and Solovtsov
in [12]. Their the method is based on the relativistic quasipotential (RQP)
approach proposed by Logunov and Tavkhelidze [13] in the form suggested
by Kadyshevsky [14]. In the method developed by them, the possibility
of transformation of quasipotential (QP) equation from momentum space
into relativistic configurational representation in the case of two particles
of equal masses (see [15]) has been used also. Moreover, it is important
the potential (1) that used by them possesses the QCD-like behaviour
(see {16]). The solution containing arbitrary frnctions of r with period
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7. the so-called the i-periodic constants, with the same potential was in-
vestigated in [17]. However, the using of such solution is suitable for the
spectral problems only. Other forms of the QP equation with the Coulomb
potential were considered in [18].

Thus, in [12] a new step to application of the quasipotential approach
in QCD was made. This approach gives the following expression for the
relativistic S-factor:

560 =y L

e X000 Sy 9
where x is the rapidity related to the total ¢. m. energy of intcracting
particles, /s, by 2mcoshx = /s. The function X(x) in Eq. (3) can be
expressed in terms of v as X(x) = 7 av1 —v?/v. The method proposed
by them in [12] has been gencralized in [19] successfully to get the following
expression for the relativistic L-factor (£ > 0) in the case of two particles

: 1T Xk
H { (Qn sinh x) :\ 1—exp[-X(x)]’ )

n=1

of equal masses:

where the function X (x) is determined in (3). Applications of the factor (3)
for describing some hadronic processes can be found in [20-22]. Recently,
the relativistic S-factor (3) has been applied in {23] to reanalyze the mass
limits obtained for magnetic monopoles which might have been produced
at the Fermilab Tevatron.

We should like to remind that the resummation factor appears in the
parametrization of the imaginary part of the quark current correlator, the
Drell ratio R(s), which can be approximated in terms of the Bethe-Salpeter
(BS) amplitude of two charged particles xps(z) at z = 0 (see [24]). The
nonrelativistic replacecment of this amplitude by the wave function, which
obeys the Schrodinger equation with the Coulomb potential (1), leads to
formula (2) with a substitution @ — 4ag/3 for QCD. The possibility
of using the QP approach for our task is based on the fact that the BS
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amplitude, which parameterizes the physical quantity R(s), is taken at
z = 0; therefore, in particular, at the relative time 7 = 0. Thus, the QP
wave function in the momentum space is defined as the BS amplitude at
7 =0, and, therefore, R(s) can be expressed through the QP wave function
in the momentum space, ¥,(p), by using the relation

xps(z = 0) = (23;—) [ 9, v.). (5)

where d2, = (mdp)/E, is the relativistic three-dimensional volume ele-
ment in the Lobachevsky space realized on the hyperboloid E2 — p? = m?,

The purpose of this paper is to generalize the previous study started
in [12] to the case of the interaction of two particles of unequal masseés
(my # mg). The paper is organized as follows. In the next scction, we
present the formalism of the RQP approach in quantum field theory for-
mulated in the relativistic configuration representation for the intcraction
of two relativistic particles of unequal masses [25]. In Sec. III, within the
framework of this approach we derive the new relativistic S- and L-factors.
In Sec. IV we analyze their behavior in the following cases: the nonrela-
tivistic and relativistic cases, the casc of equal masses, the case of one
particle being at rest, and the ultrarelativistic case. Also, we study the
behavior of the function R(s) that is expressed in terms of these factors in
the casc of vector current for two quarks of unequal masses. Summarizing
comments are given in Sec. V.

2. The integral form of quasipotential equation in the case of
two particles of unequal masses

The basis of our consideration is QP equation into the momentum space
. constructed in [25] for the RQP wave function ¥, (p) of two relativistic

particles of uncqual masses. This equation is given by (in the following we
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will use the system of units ¢ = A = 1)

! 2# X 7 ' !
(2Fy — 2By) WolB) = ks / AV (9K Ey) Uu(K), (6)
where o
A — m' dk
k/

is the relativistic three-dimensional volume element in the Lobachevsky
space, Ey = Vm'2+ K2 om = Vg g, and p = mymy/(my +mg) is the
usual reduced mass.

Eq. (6) represents s relativistic generalization of the Lippmann-
Schwinger equation in the spirit of the Lobachevsky geometry, which is
realized on the upper half of the mass hyperboloid E% — k'? = m’2. This
equation describes the scattering over the quasipotential 1% (P, K Ey) of
an effective relativistic particle having mass m’ and a relative 3-motuentum
k’. emerging instead of the system of two particles and carrying the total
¢. m. energy of the interacting particles, /s, proportional to the energy
E;. of one effective relativistic particle of mass m' (see {25, 26]):

\/§=\/m12+k2+vm22+k2:%Eku Fp=vm?+k?2 (7)

The proper Lorentz transformations means a translation in the
Lobachevsky space. The role of the plane waves corresponding to these
translations are played by the following functions:

' ~1—irm’
o = () ®

m

where the module of the radius-vector, r. (r = rn.|n| = 1) is a rclativistic
invariant [26]. These functions correspond tc the principal series of unitary
representations of the Lorentz group and in the nonrelativistic limit (p' <
1, 7> 1) £(p',r) — exp(ip’ - r). The functions (8) ohcy the following
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conditions of completeness and orthogonality [26]:
1
5 [ 4 € I ) = 8 -7,
1 ©
— / * ! — . ’
@ [arew me@ o =5,
where 6(p'( = /1 +p'2/m'25(p' — ) is the relativistic 5-function

in momentum—space. Moreover, these the functions satisfy the equation in
terms of finite differences

(2B, ~ o) &' .1y =0. (10)
Here
. /‘ o i\ N2 A() b
¢ / . ., ,_ o A——— . P N N /___
Hy=2m [co;h kz/\ Br> + b]llh (z \ oxXp (z/\ 61‘)}
(11)

is the operator of the free Hamiltonian, while Ay, is its the angular part
and N = 1/m’ is the Compton wavelengs associated with the effective
relativistic particle of mass m'.

We note that Eq. (6) differs from of the QP equation considered in [27]
by means of introduction into it of the relativistic reduced mass. However,
in [27] was shown that it is possible to use the different expressions for the
relativistic reduced mass by means of the choice of functional relationship
between the relative 3-momentum k and the relativistic relative velocity of
interacting particles, v, connected, as is well known, with their the total c.
m. energy of interacting particles, v/s, by relation (see, for instance, [10,
1))

v|=2

5 — (mi+mg)? (1 L 3= (my + m2)2> ! (12)

— (my — ma)? 58— (my —my)?
In particular, if the dependence between the energy of the relative motion
and the relativistic relative velocity v is given by expression (see (25, 26])

SRR SR S ,
5;’“( —= 1), (13)
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this together with relation (12) leads to the expression (7). Such the choice
of functional relationship has allowed to cnter the concept of an effective
relativistic particle. emerging instead of the system of two particles and
having mass m’, the relative 3-momentum k’ and carrying the total ¢. m.
cnergy of interacting particles, \/s. Notice that the relative 3-momentum
k' of an effective rclativistic particle, according to the expression (13), is
invariant of the Loretz transformations.

The QP wave functions in the momentum space and relativistic config-
urational representation {25, 26] are related os follows:

b (x) = (771;35 / 4y £(p' 1) Uy ('),

(14)
T,(p) = / dr€°(p' 1) vy (r).

For a spherically symmetric potential the application of transforma-
tions (14) (Shapiro transformations or &-transformations) to Eq. (6) leads
to the equation, which is the integral form of the relativistic Schrédinger

equation in the configurational representation:

(;;)—3 [ a9 28, - 280) @ ) / dr' € (', ¥) Yy (v

_ 2
-y Vir; Eq’) wq’(r) »

(15)

where the right-hand side is already local in the configuration representa-
tion and the transtorm of the potential, V(r; Ey), is given in terms of the
same relativistic plane waves.

We note that the using of relations (14) and Eq. (10) allows us to express
the left-hand side of Eq. (15) in terms finite differences

(2Eq’ - HO) Yg(r) = %‘ V(r; Ey)dy(r). (16)

Solutions of this equation, in principle, can contain arbitrary functions of

r with period i, the so-called the i-periodic constants, which appear in the
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e —

solutions due to the finite difference nature of the Hamiltonian (11). For
some problems, such as defining the bound state spectrum, this i-periodic
constant is not important. However, for the purposc of extracting resum-
mation factors one must develop a method which avoids this ambiguity.
For this instead of Eq. (16) we will to use Eq. (13).

The integral Eq. (15) can be reduced to the form

(_2;_)5 /de (2E, - 2E,) £(p . p) /dp’ﬁ*(p,p’)wq(f">

a7)
= 22y (0, £ uqlo),

where we introduced the following notation:
q =m'q,p = m'p,q=sinh(xq) 0y, p = sinh(x,) n,,
Ing| = |ny| =
p=mr, p-—mr,p lol, o = 1P|, r =1}, 7" = |r'],
dr' =m’ dp ,
40, = mdQ,, S, = glsz@J%zw&ﬂﬁnh+&,
Ep =41+ p2 ,
V(i Eg) = Vio/m' i By) = m'V (03 Ey),
&', r) = (B —p-n) ¥ =gPp.p),
1—3
g (1) = mg(p/m) = Gy(p) . Yo (P)) = m' " ¥q(p) .

By using the expansions

Ep,p) =) (2U+1) i pe(p, cosh xp) Pﬂ<%p£> ,
=0

(19)
2P Xq) (q - p)
Z 2+ s T\ gp
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e

and also formula [15]

pe(p,coshx) = (=D° (Sinhx)ﬂ< d )“(sinpx> |

pteth) dcoshx ) \sinhx
Eq. (17) transformed to the form
[s. 9}
2 ,(sinh x/)26+2 (—~1)¢+1 d £/ sin py’
2l d 2¢ I, PN T PX
7 b/ X plth) (2coshx ~ 2cezhx) <dcosh x’) <sinh ¥ x

i \' 1 [ 0sinpy 20 V(p; Eg) welp, x)
X<dcoshx’> sinhx’/dp( —p D) oelex) = m' p '
0

(20)
Here P)(2) is a Legendre function of the first kind, and the function

(=Dt = (e+1) p=1/2-¢
pe(p,cosh x) = o Jsinh x {(-p)! P_1/2+ip(cosll x) (21)

is the solution of Eq. (16) in the case when the interaction is switched off,
V(r:Ey) = 0; X’ and x are the rapiditics which arc related to E, and £,
as E, = coshX', Ey = coshx, and the function

T+ 1 +1ip)
_ o)D) e
(=e) ['(zp)

is the generalized power [15] where ['(2) is the gamma-function.

(22)

Thus, Eq. (20) differs from the corresponding equation in the case of
two particles of equal masses (see (28]) ouly by the factor 2u/m’ turning

into 1 at my = ma.

3. Relativistic threshold resummation S- and L-factors

For the first time, the solution of Eq. (20) in the case of the interac-
tion of two relativistic particles of equal masses at £ = 0, not containing
the i-periodic constants, was received in [12]. This approach leads to the
relativistic S-factor (3).
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We note that the applying of ¢-transformation (14) to the Coulomb

interaction (1) gives the potential in momentum spacc (see {12})
1

xasinlixa’
where the relative rapidity xa corresponds to A = p/(—)k’ and is defined
in terms of the square of the momentum transfer by Q? = —(p' — k')? =
2(coshxa — 1). For large Q? the potential V(A) behaves as (Q*In Q%!
which reproduces the principal behaviour of the QCD potential propor-
tional to &s(Q?)/Q? with &s(Q?) being the QCD running coupling. This
property of the potential (1), its QCD-like behaviour, was noted in [16].

To solve the RQP equation (20) with the potential (1), we use the
method developed in [12] (see also 28, 29]). Generalising this method,

we will seek a solution of RQP equation (20) with the potential (1) in the
form

V(A) ~

oy F
welp,x) = —p—-~/d< " Re(¢, x) 5 (23)
where the {-integration is performed in the complex plane over a contour

with end points o and ., (see Fig. 1). Substituting (23) into (20) and
taking into account that

v/dpbm G#C = L X/
imx? =

we arrive at the equation

1 a4t d ¢ |
-l)[/dC Rg({,)d(dcoshC) [(Sinh ¥ (2cosh x — 2 cosh () x

d fr eint _ 2a,u »
x<dC05hC> (Sinh(” B H(,O o+ n? /dCf’ Re(¢.,x).

nl

(24)
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1t should be noted that solutions of this equation, and hence of Eq. (20),
do not contain any more the i-periodic constants which appear in the solu-
tions of Eq. (16) due to the finitc difference nzture of the Hamiltonian (11).

Eq. (24) at £ = 0 which, when we integrate by parts, leads to the fol-

lowing equation

2 [fcosix = cosh O Rafc 0] = SE R0 =0, (29

with the boundary condition

(=0

€% (cosh x — cosh ¢) Ro(C, %) =0. (26)

(:(‘l..

As a result the solution of Eqg. (25) is

eg [ec _— e‘X} ~-14iA

RO(C : X) = G()(X) (ec — ex)g (27)

el — eX

where A = ap/(m’ sinhx), and Co(x) is an arbitrary function of x.
The branch points of the function (27) are x + 2mni (see Fig. 1).

1
- i® ! o 441
¢-plane x4 | y+4nd
~+2ni ® o y+2ni
__.?J.L~M~ Lg .
a | % L
x-2ni o x-2mi
4nl o L. x-4ni

Fig. 1. Contour of integration in Eq. (23) and singularities of the function (27) in the complex
{-plane.

The contour of integration must not intersect cuts which we take from

—00 + 27ni to £x + 27ni. In the case when the interaction vanishes,
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a ~ 0, the solution ¢¢(p,x) should reproduce the known free wave func-
tion pp¢(p, cosh x) — sin(px — m€/2)/sinh x. Taking into account these
remarks and the boilnodolary condition (26), we take a_ = —R —is.a, =
—R + ie with R — +00.e — +0. The vertical part of the contour to the
right is given by Re( = +R. It is also convenient for finding a connection
to an integral representation of the hypergeometric function to take the
horizontal parts of the contour to be characterized by Im ¢ = +7 (see Fig.
1).

Substituting the solution (27) into (23) at £ = 0, we obtain the following
expression for the RQP partial wave function ¢u(p. x):

ay 3
(ip+1)C ¢ =X —1+74
p e € € QL
) = Col) 2 [ d , = ——.
wolp > X) o(x) p(l) / <(e< — eX)2 [ €6 — ex ] m' sinh x
-
(28)

Performing in Eq. (28) {-integration in the complex planc along a contour
with end points o and oy (in the same way as in {12, 28, 29]) we obtain
the resulting solution which does not contain the i-periodic constant in the
form

o

2 p sinh{r p) eliptDT [T 4 =X —1+iA
X0 = Gl =5 - .29
80()(,0 X) 0<X) p(l) / dI (em + ex)Z et 1} ex ( )

The solution (29) can also be represented in terms of hypergeometrical
function as

eo(p,x) = =No(x)(—p)V eixtiAx F (1~ iA,1—ip; 251 — ) . (30)

The normalization constant Ny(x) in Eq. (30) can be obtained (also as
in [12]) from the condition

sin(px — 7 (/2)

lim @e(p, x) =
L e, X) = ppi(p, cosh ) — e

(31)
at £ = (0, where the function pe(p,cosh y) is determined in (21).
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We should like to remind that the Bethe-Salpeter amplitude xps(z = 0)
is associated with the RQP wave function in the momentum space, ¥y(p),
by the relation (5). Taking into account the transformations (14) and
notations (18), the relationship of the Bethe Salpeter amplitude with the
RQP wave function, ¥,(p), is

XBS(ir = O) = wq(p)lp:i-

The generalized power (22) in the solution (23) vanishes at p = 4 for all
¢ # 0. Thus, the expansion (19) for the wave function 1,(p) contains only
s-wave (£ = 0). Hence, by using relations (30) and (31) we can calculate
[4,(2)]2, which leads to the following expression for the relativistic S-factor
in the case of two particles of unequal masses:

2
. . Jwoles x) X uneq (X)
une =1 = :
S q(X) I’I‘IE 14 1 1 —exp ["'Xuneq(X)] (32)
2mau
-Xune = . H
a(X) m’ sinh x

where x is the rapidity which is rclated to the total ¢. m. energy, /s, as
(m'? /1) coshy = /5.

The L-factor in the nonrelativistic case is defined by derivative of the
order £ of the the wave function at r = 0. In the relativistic case, instead

of the derivative, one has to use its finite difference analog [15]:

A= [exp (ia%) - 1] . (33)

Thus, the relativistic L-factor is connected, as one can expect, with the

RQP partial wave function (p, x) as follows:

2

L yneq(x) = lim

p—i

(34)

2¢+2) wt [velp.x)
(&) [ ]

(2 sinh x)fT2(¢ + 1 p

The resulting solution Eq. (24) at arbitrary £ > 0 which does not contain

the i-periodic constant, can also be represented in terms of hypergeomet-
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rical function by

@e(py X) = Ny(x)(—p) 1 g tax+minl) o o
X F(04+1—3A 0 +1—ip;20+2;1— ) . (35)
The normalization constant Ne(x) in Eq. (35) can be obtained (also as in
case s-wave, £ = 0) from the condition (31).

By using Eqgs. (31) and (33)-(35), we finally find the following expression
for the relativistic L-factor in the case of two particles of unequal masses:

¢

Lunea(x) = [ [1 + (——i‘i—ﬂ Sunea(X) - (36)

el m’ n sinh x

The functions sinh x and X yp(x) in Egs. (32) and (36) can be expressed
in terms of the “velocity” u determined by the relation

4m'?
b V L s~ (my — mg)?’ (37)

2uu x )mwa\/l*u"’
wvioa e E T

We note that the square of relative 3-momentum k' for an effective rel-

in the form

sinhy = (38)

ativistic particle, having mass m/, the total ¢. m. energy of interacting
particles, /s, and emerging instead of the system of two particles, is de-
fined by formula (7) and connected with the relative relativistic velocity
of intcracting particles, v, by the expression (13). In turn the relative ve-
locity v of interacting particles is expressed through their the total c. m.

“energy of interacting particles, /3, by relation (12). Thence, taking into
consideration the determination (37), we find

2u

= . 39
V= (39)

Then expressions (13) and (39) give
K7 = 4 ()2 (10)
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where y is the usual reduced mass, and

/ 2u
Upe = Tia (41)
is the relative velocity of an effective relativistic particle with mass m'
emerging instead of the system of two particles. This result is found to
be in full agrement with the physical meaning of Eq. (6), which is a
relativistic generalization of the Lippmann-Schwinger equation in the spirit
of Lobachevsky geometry. This equation describes the scattering of an
effective relativistic particle on quasipotential V (p', X'; Ey). The effective
relativistic particle emerges instead of the system of two particles, has the
mass m’, the relative 3-momentum k' and carries the total c. m. energy of
interacting particles, 4/s. Notice that the 3-momentum k' of an effective
relativistic particle and hence its relative velocity (41), according to Eqgs.
(13) and (40), are an invariants of the Lorentz transformations.
Thus, in terms of relative velocity of an effective relativistic particle (41),
the S-factor (32) and L-factor (36) are given by expressions

7

, X uneq (tet)
s - uneq \ Yrel - , 42
ul\eq(uml) 1- exp {—Xuncq(urel)] ( )

4 2
, o : ; 2m«
Luneq(urel) = H {1 + ( 7 ) ] S uneq(urel) v X 'meq(urel) ="

n=1 T Ue) Usel
(43)

The S-factor in Eq. (42) only formally has the same form, as the nonrel-

ativistic S-factor (2). However, the S-factor in Eq. (42) has an obviously

relativistic nature since as the argument r (the module of radius-vector r)
in the Coulomb potential (1) and the relativistic relative velocity of inter-
acting particles, v, (see [26]) both arc relativistic invariants and hence the
relative velocity of an effective relativistic particle (41), according to Eqgs.

(13) and (40), possesses this property as well.
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4. Analysis relativistic threshold resummation S- and L-
factors and summing up of the threshold singularities

The relativistic threshold resummation factors (32) and (36) [or (42) and
(43)] has the following important properties:

o In the nonrelativistic limit, u <« 1, they reproduces the well-known
nonrelativistic result.

e In the relativistic limit, v — 1, the factors (32) and (36) [or (42) and
(43)] go to unity.

o In the case of equal masses they coincides with S-factor (3) and L-
factor (4).

e The case when one of the particles is at rest means that m; — oo.
This gives the following limited expression for the “velocity” u:

||

oo \/m + my ‘

¢ In the ultrarelativistic limit, as it was argued in {30, 31], the bound

U

state spectrum vanishes since mass of an effective relativistic particle
m’ — 0. This feature reflects an essentialdifference betwcen potential mod-
els and quantum field theory where an additional dimensional paramecter
appears A. One can conclude that within a potential modec}, the S- and
L-factors which correspond to the continuous spectrum should go to unity
in the limit m’ — 0. Thus, in contrast to the nonrelativistic case. the
relativistic resummation factors, the S-factor (32) and L-factor (36) [or
(42) and (43)] reproduces both the known nonrelativistic and the expected
ultrarelativistic limits.

To illustrate the differences between the nonrclativistic S-factor (2) and
the new relativistic S-factor in Eq. (42) in more detail, in Fig. 2 we plot
the behavior of these factors as functions of u at different values of the
parameter o (the numbers at the curves). The solid lines correspond to
the S-factor in Eq. (42) and the dashed lines to the S-factor (2) with a
substitution vy, — u. From this figure one can see that in the region of
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nonrelativistic values of u, u < 0.2, where the influence of the S-factor is
big, the difference between (42) and (2) is practically absent. However,
when o increases, the nonrelativistic expression (2) gives a less suitable

result in the region of large values u, in particular, as u — 1. Thus,

Fig. 2. Behavior of the S-factor at different values of the parameter o (the numbers at the
curves). The solid lines correspond to the new relativistic S-factor (42) and the dashed lines to

the nonrelativistic S-fac.or (2)

the above analysis demonstrates that the relativistic S-factor in Eq. (42},
as would be expected, coincides in form with the nonrelativistic S-factor
(2). However, the relative velocity of an effective relativistic particle (41)
emerging instead of the system of two part;icles, now plays role of the
parameter of velocity, but not the relativistic relative velocity of interacting
particles, v.

We note that these the new relativistic threshold resummation S- and
L-factors could have a significant impact in interpreting strong-interaction
physics. In many physically interesting cases the function R(s), which is
determined by the imaginary part of the quark current correlator, occurs
as a factor in an integrand, as, for example, for the case of inclusive 7
decay, for smearing quantities, and for the Adler D-function.

The principal contribution to the function R(s) for the vector current
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with the S-factor can be written as
R(s) — RY(s)

272 44
= [1 . (ml —mZ) } ,:'U, (3;1'1’2) + (ml ;‘sz)? ’U,S S(U,a)v ( )

8

where the total c. m. energy of interacting particles, /s, according to Eq.
(37), can be expressed in terms of the “velocity” u as s = [(my + ma)? —
(m1~mg)? u?/(1—u?). The corresponding expression without the S-factor
can be found in paper [32].

By using this formula, we study the influence of the S-factor to the
function Rg?) . For Fig. 3 is shown dependence of the behaviour of the
value Rg)) with the new S-factor (42) as a function of dimensionless vari-
able \/s/(m, + my) for different values of a (the numbers at the curves).
Here a dashcd line corresponds to the behaviour R$) without S-factor that
corresponds the case a = 0 since S(a = 0) = 1. This figure shows that the
influence of the new S-factor (42) is much stronger in the threshold region

and with growing energy /s weakens, and all curves approach unity.

14t ' T T ]
©
RV
12}
10}
08}
0.6
3 4 5 [
v§ /(ml+ mz)

L& Fig. 3. Behavior of the function Rﬁn with the S-factor (42) as a function of dimensionless
. variable v/3/(m1 + my) for different values of o (the numbers at the curves), The dashed line
represents Rg)) without the S-factor.
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5. Conclusion

The new relativistic threshold resummation S- and L-factors (42) and
(43) for the interaction of two relativistic particles of unequal masses were
obtained. For this aim the relativistic quasipotential equation in relativis-
tic configuration representation [25] with the Coulomb potential for the
interaction of two relativistic particles of unequal masses was used.

The new relativistic threshold resummation factors obtained here repro-
duce both the known nonrelativistic and expected ultrarelativistic limits
and correspond to the QCD-like Coulomb ;Sotential. The Coulomb po-
tential only formally has the same form as the nonrclativistic potential
but differs in the relativistic configuration representation since its behav-
ior corresponds to the quark-antiquark potential Vg ~ a5(Q?)/Q* with the
invariant charge &,(Q?) ~ 1/InQ?. So, the principal effect coming from
the running of the QCD coupling is accumulated.

The new S-factor coincides in form with the nonrelativistic S-factor (2);
however, the role of the parameter of velocity is played not by the relative
velocity of interacting particles, v, but by the relative velocity (41) of an
effective relativistic particle emerging instead of the system of two particles.

It was shown that there is a differencc (see Fig. 2) between the expres-
sion (42) obtained here and the nonrelativistic S-factor (2). As the new
relativistic resummation factors (42) and (43) were obtained within the
framework of completely covariant method, one can expect that these fac-
tors takes into account more adequately relativistic nature of interaction.

We have suggested new expression for R(s) in which threshold singu-
larities are summarized by a potential contribution. It was demonstrated
that the new relativistic resummation S-factor has the influence on the
behavior of the function R(s). Here the behaviour of S- and L-factors at

intermediate values of u becomes important.
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