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Solution of quasipotential equation with linear 
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Solution of integral equation with linear quasipotential for s-wave is received. Con­
sideration is conducted within the framework of relativistic quasipotential approach 
in quantum field theory, formulated in the relativistic configurational representation 
in the case of two particles with arbitrary masses.
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1. Introduction

Logunov and Tavkhelidze-s relativistic quasipotential (RQP) approach [1] is constructed 
based on a covariant single-time formulation of the two-body problem in quantum field theory 
(QFT). The RQP approach in QFT remains one of the efficient methods for description of 
the bounded system two particles and has been widely used to describe properties of atoms, 
hadrons, and nuclei as bound states. Exact solutions of RQP equations with quasipotentials 
of specific forms (see, e.g., [2]- [21]) are as interesting as the corresponding solutions of the 
nonrelativistic Schrodinger equation.

Our aim here is to derive within the framework of RQP formalism in QFT [22] the solution of 
integral equation formulated in the relativistic configuration representation for the interaction 
of two relativistic particles of unequal masses т^тг [23] with linear quasipotential in the case 
s-wave (£ = 0).

2. The regular and irregular solutions

Our consideration is based on the full covariant RQP integral form of the relativistic 
Schrodinger equation in the configurational representation (г-representation), constructed 
in [23] for the RQP wave function for the interaction of two relativistic particles with 
arbitrary masses mi and mj. This equation for the RQP partial wave function tpi(p, has 
the form (we use the system of units where c = h = 1) [24]
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ere p = -l-ma) is the usual reduced mass, x' is the rapidity of an effective relativistic
srticle which concept appears in RQP approach [23], and that plays the role of a two-particle 
ystem, has a mass m' = ymjms and a relative three-momentum q', and carries the total c.i.s. 
nergy у/s of the interacting particles, proportional to the energy E^ of one effective relativistic 
particle of the mass m' [6], [23])-.

•Уз = i/^i2 + q2 + >/m22 + q2 = —E^, E^ = уm'2 + q^ = m' cosh x’; (2)

V(p/m’) is a local in r-representation a spherically symmetric potential, the function (-p)® = 
і'Г(І-І-ір)/Г(ір) is called the generalized power [25] where T(z) is the gamma-function, and the 
modulus of the radius vector p = тп'г (p = pn, |n| = 1) is a relativistic invariant [6].

We will seek a solution of RQP equation (1) with linear quasipotential

V{p/m') = 0 > 0, (3)

for the case s-wave (t — 0) in the form [20]
a+

<Po (p, /) = У <е'хДо(С, -у}. (4)

a-

where the integration over £ is performed in the complex plane along the contour with the 
endpoints a- and a+-

Substituting representation (4) in Eq. (1) with t = 0 and integrating on variables p' and x, 
we arrive at the equation

(coshx' - cosh£) Ro(£,x') = jP > 0. (5)

Integrating Eq. (5) by parts leads to the equation

with the boundary condition

(cosh £ - cosh x*) Ro(£, x') = °

= 0, Vp > 0.

(6)

(7)

The solution of Eq- (6) is

Ro(£,x') = Co(x')exp [i3(sinh< - £coshx')] - (8)

where Co(x') is 811 arbitrary function of
Substituting solution (8) into representation (4), we obtain the expression for the RQP 

partial wave function <pt>(p, x1)

(9)
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Sommerfelds representations for the Bessel functions are given by expressions [26]

H^(z) = ~^- f 
v ' tn J (10

71,3 

TS

where
-q< argz < n-rj, 0<q < it, (12)

and the integration contours 7* (A = 1,2,3) in Eqs. (10) and (II) are given by
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By using solution (9) and the representations in Eqs. (10) and (11), we find that 

z = i^, -i(p-^cosb/), (14)

but as the integration contours with the endpoints a- and a+ necessary to choose one of the 
curves 7* (k = 1,2,3) in Eqs. (13).

The values of the endpoints a- and a+ in solution (9) and parameters q and z in Eqs. 
(10)-(13) must satisfy the boundary condition (7) and conditions (12) and (14), that leads to 
the system inequality

Re<1± = ±oo, 0 <hna± < n, 0 < q < -, 
n i

-q < arg z < n - т/, arg z =
(15)

Hence, we find q — 0, but then the integration curves 7* (k = 1,2,3) in (13) takes the form

I 71 ■’ f € / 00 + у; -00 + у ) ; 72 : < € ( ~oo + у; 00 - — ) ;

J \ 2 27 \
I , ( in 3in \
( 7J-<€ (00+y;00-y-J-

Therefore, the linear independent solutions of the equation (1) with linear quasipotential (3) 
for case s-wave are given by expressions

' C l^>\ oo+i»/2
^“(a/) = (iff} =

2 -.(p-ScchV) VйJ 2 J
(17)

-^асслх') \v>) 2in J
оо-Зія/2

(18)
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(2) oo-3i«/2
(ід) = _£Ц*2 f (19)

•V» роова^і \ / 27Г /
—оо+«*/2

Since the potential (3) is the potential of confining then in the region of p < 0 the relativistic 
regular solution must be identical is a zero, but in the region of p > о it on the strength of 
oscillations must apply to zero n once [27]. Therefore, solution (17) is the relativistic regular 
solution and satisfies as the boundary condition at zero

(20)

so and condition of the complex conjugacy

= (21)

The real normalization factor CoM is defined from the condition of normalization

00
4ir У dp[<p?(p, /)12 = 1- (22)

о

The regular solution (17) possible express through modified Bessel function (the MacDonald 
function) K„(z), connected with the Hankel function of the first kind H^z) by formula [28]-

K,(z) = (z^), -Jr < argz < ^. (23)

It then follows from expression (17) and (23) that

^(p, /) = (fi) - (24)

The solving of Logunov-Tavkhelidzc quasipotential integral equation in the space of moments 
(or its finite-difference of the analogue in r-representation) with linear quasipotential in the 
case of two interacting relativistic particles with equal masses [16] leads to the similar result as 
in Eq. (24).

3. Bound states and analogues of the Jost solutions

The regular solution in Eq. (24) under p = 0 satisfies the boundary condition (20). Thence 
follows the exact quantization condition for the energies En = (m^/p) cosh of bound states 
of an effective relativistic particle of mass m! that emerges instead of the system of interacting 
relativistic particles with masses mi and m2

(25)

Exactly such the condition as in Eq. (25) but in the case of two interacting relativistic particles 
with equal masses was received in [16]. The MacDonald function /G(z) considered as function 
from v has infinite number of zeroes and all of these are pure imaginary [28].

To research the behavior of regular solution <p§ (p,^ in Eq- (24) at different ranges of 
the relativistic relative coordinate p, we consider large values of 0 (small of 0) and use the
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asymptotic expression for the MacDonald function [28]

[ £ г^Г (m + 1)

xsin + pArcosh j + О (x~N) 1, p > x > 0;

к*{х}=~parcsin 9 *
X £ (—2)т6тГ (m + Л ^x^-^ym + О (x-N) 

rn=D

~ f>ircm(«)sin [(m+ 1)|] Г (^±1)

p~x>p. ® > 0, c = 1 — p e — o (x~^3), СЦех) = 1, C-^tx) = ez,....

(27)

(28)

By using solution in (24) and the asymptotic expression in (26), we then find that the region p ~ 
|p - ^coshx'l > 0 > 0 answer two regions: classical available the region 0 < p < 3coshx' — 0 
(the region /) and the region of the quark pair production p > ^coehy' + Д (the region III). 
In the region I and III wave function (p, У) has the form (|p - ^созЬУІ > 3 > 0)

Vo (p, X1)------ t=^^^S== exp (p ~ Д cosh x' + |p - 3 cosh /l)] x

x sin ^|p — Дcosh/lArcosh——У'! _ ^(p — /Jcoehx') —

(29)
The RQP partial wave function {p, x') on the strength of oscillations in the region I applies 
in this the region to zero n once [27], but its expression under p ^coshy' — 0 in the case of 
large values of the parameter 0 takes more simple asymptotic the form

/ 2тг — ir и I^0 (л /) ~ ^(хЗа/ ■ .■ ? . sin pV + £ (sinh / - %' cosh V) ~ 7 “
y^anhx' 4 2psmhxJ

Rom the boundary condition (20) and the asymptotic expression (30) follows the approximate 
quantization condition for the energies En = (m^/p) coshVn of bound states of an effective 
relativistic particle of mass m'

cosh sinh x(,= (31)

which in the nonrelativistic limit go to the approximate quantization condition of the energy 
levels for Schrodinger equation with linear potential. The approximate quantization condition 
of the energy levels in (31) with linear potential in case of two interacting relativistic particles 
with equal masses was received in [16]. To exactly such the approximate quantization condition
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of the energy levels as in Eq. (31) leads the using of JWKB approximation to solve the finite- 
difference equation in r-representation in the form of Kadyshevsky with linear potential in the 
case of two interacting relativistic particles with equal masses [27].

The value of relativistic relative coordinate p = ^coshy^ = m'3 cosh xj,/(д^) makes sense 
“size” an effective relativistic particle of the mass m! with the total energy En = cosh

The region 0 < p = \p - cosh/] < & (theregion IF) answer two regions: ^cosh/ - 3 < 
p < ^coshx' and & cosh x7 < P < dcoshx7 + &■ The behavior of the wave function 
in accordance with expressions in (24) and (27) has decreasing nature:

R, A г
Po(Лx) ~ -/ . "Лexp I ~

ўЗ2- (p- ^coshx'J

I 5 u 'I ■ ^Р-ДсоаЬх'Ь
—\p — p cosh x I arcsin I--------~-------- j

£ (p - /3coshx') - у P - (p - 3coshx') -

p + О (ji , 0 < [p — /Scoshx'l < 3-

(32) 
At the same time, under p = |p - Д coshx'l » 3, that is in the region of verging to region II, 
where p « Д cosh x7 ± Д tbe wave function <p£ (p, /) in accordance with expressions in (24)
and (28) behaves as follows

V^P- x') ~ 0 exp [-(p - 3 cosh x' + |p - 3 coeh /l) ] x

f/sX-V’ ) (33)
X 1 (б) + ° [(3-ІР - ^coshx'l) ^-2/s] > , p«(8coshx'± Д

that is, the wave function is decreasing in the vicinities of the points p = ДсовЬх7 ± Д.
Analogues of the Jost solutions (p, x7) in the absence of interaction (at values of /3 —► 0) 

and at fixed values of p must go to the corresponding free waves functions (p, X7) = 
[6]. Consequently, the boundary conditions for analogues of the Jost solutions (p,x') we 
choose in the form

Ume^/‘±)(p,x') = l. (34)
0-ьО

Analogues of the Jost solutions (p, x7) must be connected with the functions ў4+) (p, x7) and 
'Ро”1 {p>^} = [^+) (p,X7)] ■ Consequently, the regular solution iPo (p.x7) can be represented 

in the form of a linear combination of two Jost solutions with constant (independent of p) 
coefficients [29]:

^{p,X7) = [/’<-)(х')/Г)(р, x') - X7)], (35)

where analogues of the Jost solutions (p, x7) and the Jost functions F^ (^) are given by 
expressions

... , sinh^coshxOe-’^*^^  ̂ . .
fo {p^} =----------------- :----------------- ; i z |2 ’ (3®)

sinh[rr(p- ДсовЬх7)^^”***')

2sinh(7r3coshx7) piPcoshx- (*3)| (37)
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Analogues of the Jost solutions /0(±) (p, У) in (36) satisfy both the equation in (1) with linear 
quasipotential in (3), and the boundary conditions in (34). By using the asymptotic expression

W, ЛЙ TA X) ~ ~r=^= 

+Д (sinh/ - /cosh V) + V ~ огА-:)] 1' P 3coehx', 
4 2pembx/J )

(38)

easy make sure that for the Jost functions (V) in (37) limiting equality is executed 

lim ІГ0(±)(/)І = 1.

4. Conclusion

Within the framework of considered RQP approach in quantum field theory formulated in 
the relativistic configurational representation in the case of two relativistic spinlees particles 
with arbitrary masses пц and mj, a method has been constructed for the finding of regular 
and irregular solutions of integral quasipotential equation in the case s-wave (f = 0) with local 
linear quasipotential.

Exact and approximate quantization condition for the energies of bound states of an effective 
relativistic particle of mass m' that emerges instead of the system of two interacting relativistic 
particles with arbitrary masses are received. The behavior of regular solution at different 
ranges of the relativistic relative coordinate p in the case of large values of Д (small of 0) was 
investigated. Analogues of the Jost solutions and the Jost functions were defined.

Considered here method is directly connected with the possibility of representing the total 
c.m. energy of two relativistic spinless particles of the unequal masses as a quantity that is 
proportional to the energy of an one efficient relativistic particle of mass m'.
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