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Based on the Mellin-Barnes representation technique, new exact expressions are
obtained for the contributions to the anomalous magnetic moment of a lepton L
(L = e ,u and 7) from a class of Feynman diagrams with insertions of the vacuum
polarization with three lepton loops. The corresponding analytical expressions are
obtained as functions of mass ratio mg/my of loop leptons £ to the external one in
the whole region 0 < my/my < 0o. The obtained results are checked for consistency
with known analytical expansions available in the literature.
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1. Introduction

Our knowledge of the physics of elementary particles is based on comparisons of theo-
retical predictions with corresponding experimental data of processes involving elementary
particles. The measurements of anomalous magnetic moments for both, electron a., and
muon, a,, become more and more accurate. This serves as additional motivation to
improve theoretical predictions, especially considering that there is a long-standing dis-
crepancy between experimental data and theoretical predictions. This may indicate on
limitations of the Standard Model (SM) in describing these data and probably, on the
presence of new physics beyond the SM. There is a huge amount of articles and reports
dedicated to the subject, see e.g., Refs. {1, 2] and references therein quoted.

Nowadays, the measured discrepancy for the electron anomaly Aa, = a®f — oM ~
(—87 £ 36) x 107 exhibits a significance ~ 2.5 standard deviation of the calculated
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anomaly from the experimental one (see, e.g., [3, 4] for details). The most recent measure-
ment of the Muon (g—2) Collaboration by E989 experiment at Fermilab [5] combined with
the previous results of the E821 experiment at the Brookhaven National Laboratory [6]
point on Aa, = (251 £ 59) x 107 which implies that the discrepancy is ~ 4.2 standard
deviation [5]. This circumstance, as well as the unexpected sign of Aa,, opposite to Aa,,
stimulates further theoretical investigations and search for reasons of possible deviations
from the SM predictions. It is important also that in the near future this discrepancy
will be further explored at Fermilab {7] and J-PARC [8] experiments. According to the
SM, the contributions to a; can be divided into the quantum electromagnetic (QED),
electroweak and hadronic parts. Currently, calculations of the eighth- and tenth-order
QED corrections to az, which are important in reduction of the theoretical uncertainties,
are mainly performed numerically. Independent re-examinations of existing theoretical
calculations of a; can improve significantly the reliability of the quite cumbersome and
computer time consuming numerical results.

Here we present an approach based on the well-known Mellin-Barnes integral trans-
form of parametric Feynman integrals combined with dispersion relations, with the goal
of obtaining exact analytical expressions for the higher order QED corrections, up to
the eighth order, to the anomalous magnetic moment from the Feynman diagrams with
vacuum polarization insertions of up to three lepton loops, as depicted in Fig. 1. The cor-
responding technique was presented in detail in Ref. [9], where it was applied to calculate
explicitly radiative corrections up to the sixth order to the muon anomaly and asymptot-
ical expansions for the eighth order corrections. In this paper we present a generalization
of the method to be applied to any kind of leptons and to find analytical expressions to
the lepton anomaly including also the eighth order.

L L 11

Figure 1: The 8-th order diagrams considered in the present paper. From left to right:
three identical lepton loops (£4£), | # L, left panel; two identical lepton loops formed by
leptons £ different from the external one, (L££), central panel; two lepton loops formed
by the same leptons as the external one, (LL#), right panel.

2. Basic formulae

As commonly adopted, the QED contributions to the anomalous magnetic moment ar,
can be classified as (see, e.g., Ref. [1] for details)

a(LQED) = A+ A <%@> + Ay (Z:fz) + A <Tﬁ' 'TEZ—Z> : o)
L

)
L myp ML

Each term in Eq. (1) can be represented as an expansion in the fine structure constant .
Obviously, the coefficients for A; are universal for all kinds of leptons. The leading order

coefficient A§2) = 1/2 was firstly obtained long ago by Schwinger [10]. The exact analytical
results for the coefficients A and A{® are also available [11-13] (see also Refs. [2, 14]
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for more details). Here we focus on the mass-dependent part A, which is given as

Ay = AP (2) 4 4P (%)3 + AP (5;-)4 +o 2)

Evidently, the coefficient A; immediately follow from the explicit expressions for
Ay(mg/my) as the limit my/my, — 1.

Among all possible diagrams contributing to A, we restrict ourselves to those which
correspond to diagrams (the bubble-like diagrams) with photon vacuum polarization in-
sertions, as depicted in Fig. 1. In what follows, for the coefficients in Eq. (2) corresponding
to the considered diagrams we use the notation .Agz"). The exact analytic expression for

Agl) firstly has been reported in Ref. [16] and confirmed later in a variety of approaches,
including the Mellin-Barnes transform, cf. Refs. [17-20]. The exact form for the coeffi-
cient .AgG) was obtained for the first time in Ref. [21], see a brief history in Ref. [22]. The
analytical expansions for .Ags) in terms of the lepton mass ratios and the numerical values
are known (see, for example, Refs. {2, 9, 24-29]). Analytical expressions for A§8> are not
yet known in the literature. However, knowledge of the corresponding exact formulae is
of a great importance for, it presents a serious test of the previously reported results,
e.g., test for asymptotic formulas and numerical calculations. The main purpose of this
work is to find exact analytic forms for the coefficients A§8> using the dispersion relations
and the Mellin-Barnes technique for the Feynman parametrization of the corresponding
diagrams.

The use of dispersion relations for the vacuum polarization insertions in the considered
Feynman diagrams leads to an expression in which the dressed photon propagator is
formally replaced by a propagator of a virtual massive photon. Then, further calculations
are based on the Mellin-Barnes representation for propagator functions, cf. Refs. [19, 20,
30-32|.

c+ioo
11 _T(RT(B - 2)
(T+X)F ~ 2mi J (X) OB (3)

As mentioned in Ref. [19], the application of Eq. (3) together with the converse mapping
theorem [33], which relates the asymptotic behavior with the singularities of the integrand,
provide an effective way to obtain analytically asymptotics of the Feynman diagrams in
terms of a mass ratio.

The Mellin-Barnes representation for 8-th order coefficients Aés) corresponding to di-
agrams shown in Fig. 1 are given as

c+io00

At = [z @) TEr( - 2) %u(e) Rule), @
c+ioo

. / dz (48 * D)1 - 2) u(2) Ba(z), (5
ctioo

Ags»w:é% / dz (48 T(2)T(1 - 2) Oy(2) Ra(2), (6)

where ¢ denotes the ratio of squared masses:
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The expressions for Qg;2(z) and Ry 53(2) can be found in Refs. [9, 34]

3. Analytic result

With explicit expressions for £(s) and R(s), the integrations in Egs. (4)-(6) can be
performed by the Cauchy’s residue theorem. Closing the integration contour in the left
hemisphere, for t < 1, or in the right one, for ¢ > 1, we obtain the desired analytical

expressions.

3.1. Three identical closed lepton loops

In the case of three identical lepton loops, the integral (4) reads as
c+ico : (1 )
A / - —z x (8
t) = omi / (z+2)(22+1)(22+ 3)(22 4+ 5)(22 + 7)(22 + 9) (8)
[—(1 — 2)(—3492 + 52562 + 3183122 + 410452 + 226502* + 563225 + 5122°)
272(z+ 1)%(z + 2)

2
— 7%(35 + 21z + 32%) + sw(l)(z)(35 +21z 43z )} sin W(WZ) dz

where ™M (2) is the polygamima function of the first order.
The result of integration we present in a series of powers of In(t)
AP < 1) = Colt) + Co(t) Int + Cat) In ¢ + Cs(8) In*t + Cy(t) In*t + £4(8), (9)

8609 257 (1760 26m%) (13786139 1277 i\ , (183313181
44651250

0% The32 T 162 + 793800 162 5
77r2> 6 _ mt

567 = 27
*2247#) . (145307 . 105172 a4 _ (681 13372 o [ 499
225 63000 ' 2880 1050 2880 4200 800 1536

1202159 1172 1\ 11 1
X (q1(t) + 11t%) v ~ - 4 — A _:
00+ 16 Vi (12700800 1536>t ? (t’Q’ ) Tt ? (t 4 2)

-1 (Q3(t) - %ql(t)) 10 (t,2, g) + 3—15 o) t'e <t14’ %) +2(t) Liz(t)

2
—-3£t( 12+ 7¢) Lig(t) — 2 t2Lig(t) + J2, 16, 8, 16, s
315 973 15 15 )P

(10)

317 % (1301567 721n? 77341897 235977\ , 314708203
324 27 * A * + \ 95256000
181440 ' 2304 6350400 2304 95256000

21 1292159 4 7’

2637r2> 441989 1172 539
+o—_ t3 _ L - 5 __ 4+ 6 o
2304 ( 254016 768) 7200 © ~ 2000 © | 2+ 53500000 ~ 768

11
x (a1(t) + 11t%)] vt arctan (\/E) 3 — t'® (t, 3, ——%) - E%ql(t) t4® (t,3, -;-)

16 . . 236 1672
+ @2(t) In(l — ¢) + — (= L 2 — (= _
(t) In( )+ 3T (12 + T7t) t Liz(t) + 2 t2Li3(¢) (27 + — - 4¢3> (11)

(12)
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25 13 (127 a?\ , 112, 1051
Co= ~— 4+ =t 2 ¢ ¢4
T T (108 )t T T Ton! (12

—t i\ T 7 L .
1920 + 1600t + 102415 [ll@ (t 2,— 2) +qi(t) @ (t,2, 2)} t“Lis (1) ;
1 721 2981 , 263 1 1
= %608 't iseaa T oo | T Tset T o (@@ 1) VE (1)
X arctan (\/Z) - % 2 In(1 —-t) ;

Cy= 1—12- t? ; (15)
o0
Z [ n) HY + Xy(n)yp?, — Xg(n)HY lnt] " (16)
X3(n) = (—295995 + 836500 n — 787336 n? + 206366 n> + 131386 n* ~ 114304 n°
+35216 n® — 5088 n” + 288 n®) /[Ya(n)]?,
Xa(n) = (1+n) (35 — 21 n + 3 n?)/Ya(n),
Yo(n)=(n~2)(2n-9) (2n—7) (2n —5) (2n —3) (2n - 1).
APt 5 1) = Do(t) + Dy(t) Int + So(8) (17)
Doy 1 1292159 , 1,13 272 o\, (1
O(t) = gs5(t) 546 —q3(t) — mt ) L] (t,z, 5 ) + <q2(t) - '3—t Lis 7 +
32, 128\ . (1Y)
( 45 + io—st) L13 (?) s (18)

Dty = qa(t) — (qg(t) + %gg% t4) Vtarctan (%) + (qz(t) + 3;—2#) In (1 - %)

64 16 1
(105 15 )”“2 (t) ’ (19)

oo

o) = 3 [X3(—n) HP, = Xy(—n)pp? — Xy(~n)HP, 1nt} g (20)
n=2
With qi(t) = —101+ 820 ¢ + 210 ¢2 + 84 £,
97 10348 . 5524 , 272,
el)= ~eEtTonttT o5 ! 3
101 | 1025 1813 , 3229 ,
Bt)= ~gr+ = Tzt a0t
Qult) = _ 1202150 , 30585647 , 137496269 , 1620853807 307987
6350400 19051200 31752000 222264000 = 893025’
as(t) = 8004, 61333 58364 661005811 241718237 61579 _ 101
675 ' 33075  59535¢ 1152597600 £2 = 691558560 ¢5 ' 313632 14 38725
32, 128
ge(t) = —th +1—O—5t.

Functions ®, Li, and H, are the Lerch function, the Harmonic sum and the Polylog-
arithm func’clon respectively.

435



Leonid Kaptari, Vasil Lashkevich and Olga Solovtsova

3.2. Two identical lepton loops formed by leptons different from the external

one

For the case the corresponding expression can be represented by a single analytic
function defined in the whole domain ¢ € (0, c0).

ADL () = Fy(t) + Fu(t) Int + Fy(t) In t + Fy(t) In®t, (1)
_ 7627 175 54346 , 31168 4 32 ., 4n® .
Fo= 1ot 18 ' 51875 13505625 © 15435 0 4% (1 +2t%) (22)
72 12 4\, 9 . .
- T a0+ (F )t o (483) + AO O+ 0 L
+ 4 (1 + 2%) Lig(t) ;
61 w2 136 4r? 3734 1372 5312 16
Po= 2 D 2T 2 2 _ 3 4
= im Tt 9 10125 97 ¥ " 3sse7s b T oa0p ! (23)
12 4\ . 9 . 2 v
~l == -2t )t @ (4,2, | 4+ fi(t) In(1 —1t) — f3(t) Lia(t) ~ 2 (1 + 2 t*) Liz(t);
35 45 2
2869 29 208l , 1 5 n? 2 12 4\ 1
= gt oot Tt g )+ {5 gt _tarda“h(\/‘:’)
1
- fa®)In (1 —t)+§(1+2t2) Lig(2) , (24)
4, 4
Fy= —ti 4 ont (25)
with 13 67 5 2 3
)= —— 44t - — 2 — = ¢
1 73 88
D= = +4t— — 2+ — ¢t
f(®) 5t Bt
2 8 154 88
)= S t——— 22— 3
B)=g+3t-F ¥ 33

3.3. Two lepton loops formed by the same leptons as the external one

The coefficients Aés)’lLL have been calculated in the same manner as the previous one.
Since the final expression is too cumbersome, we do not present it here and postpone for
a more detailed paper. Nevertheless, the asymptotic expression ¢ > 1 is more readable
and, for comparison with other known results , we present it below

ABAL gy (203 16 (3)) 1 _( 40783 n(f) + 37 m2(¢) +_1___1n3(t) (26)

86 °%)) 7 \ 2630500 44100 1260
1023526159 17 1 [ 1243103 1061 . 2
T 5186160000  105°" )> 2 (187535250 In{t) - Fo5350 ™ V) + Zggs (1)
8 4744350631 \ 1 1013327141 166657 _ , 2
“oa5° ) * 472588830000) B (199687534200 In(t) ~ S7620880 © O+ gz O
8 8721404003611 977387988901 UL,

1
— (3 - - —
20794( )+ 2767669224012000) t¢  182797296932250 n(t) 2029052025 o
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. 4
) + 23356591160482123 6 c(s)) 1 0( 1) ‘

(135135 16468208480626402500 45045 ] 15 6
Other limiting cases (t « 1, and ¢ — 1) can also be easily obtained from the main
analytical expression. So, as mentioned, the limit ¢ — 1 of ,Aés)’eu’(t — 1) defines the

4
coefficient A1 in (1), .Ags)’lLL(t = 1) = 3Ags), where Ags) = M - 27_1'_+ 32C(3)

o .. 40824 45 63
It should be noted that all our limiting cases exactly coincide with the ones previously
reported in the literature.

3.4. Discussion

Here below we compare our results with the known analytical expansions. Our ex-
pansions for Ags)’m, A?)’“L and Aég)’e‘w’, obtained for case t < 1, reproduce exactly the
corresponding expressions reported in Ref. [9], cf. Egs. (A1), (A3), and (A5), for ¢t > 1 the
expansions in Ref. [28]. In Fig. 2 our expansions are presented by dotted and short-dashed
curves.

L8]
L
10"

10°

10*

10t 10° 100 19" 100 10" 107 19
m, /m,

o m, /m,
Figure 2: The behavior of 8-th order coefficient .Ags) vs. the mass ratio my/my. From
left to right: for case (££¢), Eqs. (9) and (17) — left panel; (£4¢) Eq. (21) — central panel;
¢# L (LL{) - right panel. The dotted lines represent the asymptotic expressions for the
exact analytical formulae.

Figure 2 shows the general behavior of the coefficient Ags)(mg/mL) corresponding to
the diagrams in Fig. 1. The solid line represents the exact result, the dotted line is the
result of using the corresponding expansion for the case my/my, < 1, and the short-dashed
line ~ for the case my/my > 1. Open circles indicate .A;(f)(mg/ my,) values for the physical
masses of leptons. For a better illustration of the combination of leptons corresponding
to the physical masses in this figure, we additionally labeled the open circles by alL‘M”.

The closed circle corresponds to the universal value Ags) (t=1).

4. Summary

The Mellin-Barnes representation technique combined with dispersion relations to the
Feynman parametrization of diagrams has been, for the first time, applied to obtain
analytical expressions for the radiative corrections from the three loops diagrams to the
lepton anomaly. It has been shown that the new expressions reproduce all previously
known expansions and fully agree with direct numerical calculations. We argue that, in
spite of the obtained explicit expressions in the case t < 1 and ¢ > 1 are, at first glance,
quite different, they represent two branches of the same analytical function.
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