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1. IntroductionIn the two-particle approximation the square of the module of the Bethe-Salpeter (BS) wave function of two charged particles, Xbs(^), at x = (жо>г) — 0 and hence at the relative time x0 = 0 is connected with the leptonic decay widths of 1~ states, Гп^=о(е+е~), as [1] (see also Refs. [2-5])
Гп,«=о(е e ) — Ібтга eg------ —-------1/=0, (1)where a is the fine-structure constant, eq is the quark charge in the units of e with the number of its colours Nc — 3, and Mn is the total c.i.s. energy for given level n of the composite system of two relativistic particles (qq or e+e~ system) with equal masses mi = m2 = m.
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Leptonic Decay Widths for the Composite System of Two Spin Particles...
Presentation of the square of the BS wave function in zero, |xbs(^ = 0)|2, through square of the wave function in zero for the £ = 0 state, |-0or(0) |2, corresponding to the nonrelativistic Schrodinger equation in the case of two particles of equal masses with the potential

V(r) = Vconf(r) - (2)
rwhere KonfW is the confining potential (VConf(0) = 0), and a3 is the strong coupling constant, was executed in Refs.[6, 7]. Their result as at En > 0, so and at En < 0 is 

(h = c = 1) К(0)|2 - F^^v^, (3)4?rz anwhere iTr — y/En/m is the nonrelativistic velocity of free quark with mass m and kinetic energy En)2 for given level n, and the Coulomb 5-factor F(y) is determined by expression(4)
moreover, for as = 0 (F(v) = 0) the nonrelativistic expression (3) moves over to expres­sion, obtained in Refs. [8, 9].Generalization of the nonrelativistic expression (3) was executed in Ref. [1]. Their method is based on replacement of the full BS interaction kernel by an appropriate in­stantaneous qq interaction (the Salpeter approximation). In terms of a first approximation for the Salpeter wave function, Фде1(г) (£ = 0), they obtained (Konf(0) = 0, h = c = 1)

Ю0)|2 = Mn £ 2m, (5)lb7rz anwhere 
is the relativistic velocity of a free quark with mass m and the total energy ЛГ/2 = (2m + E)/2, moreover, for as = 0 (F(y) — 0) the relativistic Eq. (5) moves over to expression, obtained earlier in Refs. [10, ll]1).Other approach for findings leptonic decay widths of vector mesons is founded on using of the relativistic quasipotential (RQP) approach [13] in quantum field theory. In the RQP approach [14] via a transition to the relativistic three-dimensional r representation [15] in the case of two relativistic spin particles with equal masses m, the BS wave function in zero, Xbs^ = 0), can be expressed through the RQP wave functions in the Lobachevsky momentum space, Фд/С(к), with a relative three-momentum к and in the r representation, V’Me(r), as Xbs(z = 0) = /^кФме(к) = fim V'MaW) (7)
where dQk = m^dV/Ek is the relativistic three-dimensional volume element in the Lobachevsky space realized on the hyperboloid E^ — c2q2 = m2c4, A — h/mc is the Comp­ton wavelengths of the relativistic particle with mass m, a relative three-momentum q
D The existence of such a relation for the relativistic case was earlier offered but is not proved in Ref. [12]. 93
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and the energy E4 = q0 = cy/m^ + q2, that is connected with the total c.i.s. energy л/s by expression Mq ~ y/s — 2cy/m2c2 + q2 = 2Eq [15]. Thereby, Eq. (7) provides the correct relationship between BS function and RQP wave functions in the Lobachevsky momentum space and in the relativistic three-dimensional r representation.

2) We shall remind that the relativistic spinless resummations Coulomb L and S factors in (11) and (12)
have the correct relativistic and ultrarelativistic limits unlike the relativistic S factors, presented in
Refs. [22-24] (for details, see Refs. [19-21]).

The relativistic modification of the formula (1) in RQP approach [14] via a transition to the relativistic r representation [15] for the case of interaction between two relativistic spinless particles with equal masses m by potential V(r) = —cts/v + ffrs,a,s > 0, it was performed in Ref. [16]. Their result is, . ч 16тга2е2 , , . ,21Гп^о(е+е-) = —|z=0= (8)
_ 2 2 mas dMn F A______as _ _ 2iK\

чтгК3М2 dn \ 2sin«n’ ’ ’ / ’where ds = as/hc, &n = arccos(Mn/2mc2), and F(a,b\c\z} is the hypergeometric func­tion.We shall note also Refs. [17] in which the RQP approach [14] via a transition to the rel­ativistic r representation [15] for the system of two relativistic fermions with equal masses 
m, that interacts by means of the singular confining potential (2), is used to calculate the leptonic decay widths for the vector and pseudoscalar mesons in the semiclassical (WKB) approximation. Moreover, the Coulomb part of potential (2) that is used in Refs. [17], i.e. VCoul = 

r (9)is the image of scalar part of one boson exchange potential and its possesses the QCD-like behaviour in the Lobachevsky momentum space [18]. Their result for the vector mesons with relative orbital moment £ > 0 can be presented through the hypergeometric function in the form, , x 16тга2е2 . „ .ог„,(Л-) = —|,MO)I
2а2е2Г4(^ + 1) (2 sinh yn)2f+1 e-2*^+1) 7гА3тс2Г2(2^ + 2)M2

xFrqp (Xn) + i-------,^ + 1;2^ + 2;1-е~2*Л\ 2 smh Xn / dnwhere Г(г) is gamma-function,
Srqp(x)= n=i L xArqp(x)

л 2"Оз A 
2n sinh x J

1 - exp[—Xrqp(x)] ’ ^RQp(x) = )smhy

(10)

(И)
(12)

t ■Lrqp(x) ~ П 1 +

are the relativistic spinless resummations Coulomb L and S factors as functions of the rapidity x — arcosh(M/2mc2), which appears in considered RQP approach2^ (see [19— 21]), moreover, sinh^ = u/vT^u2, and the expression (10) for £ = 0 and Xn = =г arccos(Mn/2mc2) moves over to expression (8).
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Leptonic Decay Widths for the Composite System of Two Spin Particles...
In RQP approach [14] the relativistic WKB expression for the leptonic decay widths of vector mesons with energy Mn and with relative orbital moment > 0 for the case of two relativistic spinless particles with arbitrary masses mi, m2, that interacts by means of potential (2), has, taking into account the formulas (1) and (7), following the form [25]

r„Xe ) ^Л/зт/2с2Г2^ + 2)Л/2 ^2sm lX^ dn • ( )Here Ц = mim2/(mi + m2) is the usual reduced mass, А' = h/m'c is the Compton wavelengths of the effective relativistic particle with mass m' = у/т^, a relative three- momentum q' and the energy Eq> = c\/m'2c2 + q/2, emerging instead of the system of two particles and carrying the total c.i.s. energy y/s of the interacting particles proportional to the energy Eq> (see [26, 27]): M — y/s — cy/m2c2 + q2 + су/m^c2 + q2 = {т'/ц)Е^, and the relativistic spinless resummations Coulomb L and S factors as functions of the rapidity y', which appears in considered RQP approach [19-21], are given in Eqs. (11) and (12), where now у -> х' = arcosh(^M/m/2c2), -> = 2^as/hm'c.In this paper within the framework of completely covariant of the quasipotential RQP approach in Hamiltonian formulation of quantum field theory for the case of two rela­tivistic spin particles with equal masses m [14], we obtain the expression for the leptonic decay widths of vector mesons with relative orbital moment I — 0. For this we generalize the relativistic modified WKB method proposed in [16] on the case of two relativistic spin particles (quarks) with equal masses, that interacts by means of potential (2).
2. The solutions of RQP equation in WKB approximationThe basis of our consideration is completely covariant RQP equation into the г repre­sentation in terms finite differences constructed in [28] for the RQP wave function (r) of two relativistic spin particles with equal masses m. For spherically symmetric potential this equation has the form

(mq - H„) (r) = У(г)Л ( (U (14)
Here Mq = Q2 = (qj + q2)2, the operator

Hq = 2mc2 cosh iA . ,-I-----smh 
r

A2 ( d—A^expliA— (15)
is the operator of free Hamiltonian while is its the angular part, potential V(r) is local in the sense of Lobachevsky geometry and for simplicity depends not from energy 
Mq, but the operator A is defined by expression

(16)
where the spin parameters a and b for vector meson has the following importance
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By using the expansion of the RQP wave function Mc(r) on a Legendre function P^z) of the first kind, Ma(r) - £(2^ + ^^2^-P, ^=o r ^q,mXQ ‘△° . r5,mAgEq. (14) transformed to the form[^ad - coshy + V(r)A (н^ТОx) = 0, (18)where = cosh A2l(l + 1) + 2r(r + i\} exp
is the radial part of operator free Hamiltonian (15), operator A is determined in (16), and X is the rapidity, which is connected to the 3-momentum Aq,mxa and the energy Mq as3)Мг = me sinh хпд^, ІПд^І = 1, Mq = 2Д0дтЛс, = mc2coshx-We will seek the WKB solution of RQP Eq. (18) in the usual form [16, 17, 25]

P^r,x) = exp , , , , h , 4 (h\ , .
, g(r) = s?o(r) + -gi(r) + I - gz(r) + ....2 к 2 / (19)

With two first terms of the expansion in (19) the WKB solutions with the left, гл, and the right, rR, of the classical turning points in the inner region Tl < r < rR has then the form (r,x) = ~ .. - - exp МЛН T v + <2°)2V[^2(r) - R2(r)][l + aV(r)X(r)] 1 1 4 1
where ^■й(г) = 1 у dr'x^r1), = In [<ВД ± ^TO - TO] > (21)

rL,R

= 1 T ’’/ГП/І WET C°sh% ~ = Л + V2,1 + yl + aV(r)X(r) 4 ’ '
Cl,r are the normalization constants, and the turning points, rL<R, are branch points of root in the WKB solutions (21) that lead to the condition

X(tLir) ~ R(rL,R)' (22)

3) We shall remind that here all the 4-momentums belong to the upper sheet of the mass hyperboloid 
^g,mXa = ^42mXa~c2^lmXa = where Ag = (A^; Ag) = S/x/Q^ is the 4-velocity of a composite 
particle with the 4-momentum Q = qi + 92, and Д“тА((, Д.ч,тхй are, respectively, the time and spatial 
components of the 4-vector = Ag,mxa from the Lobachevsky space (for details, see Ref. [28]).96
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Condition of applicability of the relativistic WKB solutions (20) has the form coshxeff(r) dx+(r)

X+(r) sinh Xeff (r) dr < ’ whereWff(r) = arcosh^eff^) = In (^(r) + - 1), X^r) = coshxeff(r) = ^2.
In the case of I = 0, the condition (23) is converted in inequality cosh %s(r) dxs^) ...Xs(r)sinhxs(r) dr ’ where Xs (г) = arcoshX’(r) = In ^(r) + уСт^г)”^ (25)is the rapidity of relativistic particle of the mass m that moves in the field of potential P(r).We note that at a = 0, b = 2/тс2 the Eqs. (20)-(25) has coincide with the analogous expressions obtained in the spinless case for arbitrary masses in [25] and taken at mi = 
m2 = m.

3. The relativistic leptonic decay widths in WKB approxima­
tionIn the RQP approach the leptonic decay widths of the vector mesons for the state with energy Mn = 2mc2 cosh Xn for given of level n and of relative orbital moment I = 0, in accordance with expressions (1), (7), and of WKB solution with the left, Гц, classical turning point in (20), we define by formulaГ„/=о(е+е“) = lim е"^/2Г(1 + 2, (26)

М/ r-^iX rwhere
asa cosh x ~ as

P------- 4------Thus, we see that, in the spinor case, the functionV'oC’', x) = е^/2Г(1 + ip)^o(r, x)is the physical wave function of s-wave state of the composite system that consistes of two relativistic spinor particles of equal masses, interacting by means of potential (2).For potential (2) the WKB approximation of the RQP radial wave function tpt (r, Xn) in region r E rR) in accordance with Eqs. (20) and (21) can be presented in the form
{

r \T [ dr'[x+(r')-In R(r')]A J LA+V 'J 4 J 
rL (27)
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where the normalization constant СДхп) is found from the normalization condition4k J dr ^f(r,Xn)|2 = M > 0. (28)оIn the region of applicability of the relativistic WKB method the argument of sine in (27) is the quickly oscillating function. Therefore, the square of sine in (28) can be replaced, either as in the nonrelativistic case, on its the average importance equal 1/2 [25]. Instead of Eq. (28) we then obtain27r|Q(Xn)|2 7 , = = I- (29)

71 J ^[X^r)-R^r)][l + aV(r)X(r)] 1
TLDifferentiation of the WKB quantization condition of energy levels [29]

rRУ dr [x+(r) — In R(r)] = kA (n + | Y n = 0,1,.. •, > 0,
on the total energy Mn = 2mc2 coshXn in accordance with the expressions (21) and (22), gives condition

(30)
J V[*2(H - R2(r)][l + aV^X^r)] dMn
ГЬFrom Eqs. (29) and (30) we find

IOWI2 = Pl)4k2 Attic2 dnThen, either as in the Refs. [6, 25], the WKB radial wave function (27) of the potential (2) at £ > 0 for enough of the large value of p = r/A,r e (fl^r), but such, where the Coulomb interaction (9) will dominate in the potential (2), can be approximated by the Coulomb radial s-wave function for which its the exact form is the known [28, 30, 31]
№и\р, x) = гкСо^хк^-^-^р - ft x (32)xF(l — iB, 1 — г(р — p);2; 1 — e-2*)-Here is the normalization constant, the parameter В is defined asв _ аф cosh2 x + b)4 sinh xand at x = it is connected with the quantization condition of the energy levels by expression [28, 30] аДасоз2 nn + b) ,------ —------------= n, n = 1,2,..., 0 < «n < ^/2-4 sin an
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Comparing of asymptotic expression for the Coulomb wave function in (32), 

Coulz 'll r rCoulz^0 sinhxn|r(l-tB)) ^Хп + ^° (Хп^’
with the asymptotic form of WKB solution in (27), taken at I = 0,

(P’Xn)Ui ~ C^inhx^ \PXn + 0 ’
gives the relationship between the normalization constants127гС0Сои1Ы|2 = sinh yne“B |Г(1 - ІВ)|2 |СоЫ|2 , (34)where ^o°ul(x) = Bln(2psinhx) - px + argF(l - iB)is the phase of the Coulomb wave function in (32), and jCouJ,WKB(^ = B jn (2pginh _ ~x _ B jn B
is its expression in the WKB approximation [29].Finally, taking into consideration Eqs. (26), (31), (32), and (34), we get expression for the relativistic leptonic decay widths of the vector mesons in s-wave state and with energy 
Mn for the case of the potential (2):„ , + 4a2e2 sinh Xn Q dMnr"-"“(e e ’ = Ш (35)
HereSrqp,s(x) = .------ -е-р|Г(2 + ip)F(l + iB, -ip-, 2; 1 - e-2*)|2 (36)1-exp[-XRQP,s(x)] 1is the resummation Coulomb S factor for the system of two relativistic spin particles with equal masses m, that interacts by means of the potential (9), which appears in considered RQP approach4), where the value Xrqp„s(x) is connected with parameter В in (33) by

4) We shall remind that the S factor in (36) reproduces both the known nonrelativistic limit in the case
spinless (a = 0,6 = 2/mc2) and the expected relativistic (v -> 1) and ultrarelativistic (m -> 0) limits
for the importance of parameters a and 6 in (17) (for details, see Refs.[30-33]).

expression -^RQP.s(x) = — 7ras(a cosh2у + b) 2 sinh xwhich can be expressed through the relativistic velocity (6) as
^RQP,s(v) — 7ШЯ (a + b — bv2) 217^1 ~ v2 , sinh x — (37)V

Vi — v2We note that at a — 0, b = 2/mc2 Eq. (35) moves over to Eq. (13) for the case spinless, taken at £ = 0, ттіх = m2 = m-
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Figure 1. Ratio R = R(v) of the relativistic Eq. (35) for the leptonic decay widths of vector mesons (in 
the system of units where Й = c = 1 ) at the importance of spin parameters vector mesons a = 1/2 and 
b = 1/4 in (17) for the case of the funnel-like potential (2) at importances of the coupling constant of 
(solid curve) as = 0.1, (dashed curve) as = 0.4, and (dotted line) a3 = 0 to its nonrelativistic spinless 
analog given by Eqs. (1), (3), and (4).

On Figs. 1-3, we present the behavior of the functions R = R(v) that are defined as the ratio of the relativistic leptonic decay widths of s-state vector mesons, which is presented by Eqs. (35), (36) and (37), taken at h — c = 1, to its the nonrelativistic spinless and relativistic spin and spinless of the analogues, presented by expressions (1), (3), (4) and (10), (12), taken at = 0, h = c = 1, and (12), (13), taken at £ = 0,mi = m2 = 
m, h — c = 1, accordingly. The curves on Figs. 1-3 are built for two importances of the coupling constant as = 0.1 (the solid curves) and as = 0.4 (the dashed curves), which answers the importance of spin parameters vector mesons a = 1/2 and b — 1/4 in (17). The dotted line corresponds to the case of as — 0. From Figs. 1-3 we can see that in the nonrelativistic region of the velocity values of v (v C 1) the spin of quarks, which form the spin parameters a = 1/2 and b = 1/4 of vector mesons, affects substantially the behavior of the functions R = R(v) and, hence, on the behavior of the leptonic decay widths of vector mesons. This effect is associated with the influence of the importance of spin parameters vector mesons (a = 1/2 and b = 1/4) on the behavior of the threshold S factor (36) in the region of small values of the velocity v. This is the so-called Sommerfeld effect [34, 35]. This influence of the spin parameters on the behavior of the threshold S factor in the region of small values of the velocity v was studied in detail in Refs. [30-33].When the velocity v grows, the influence of the spin parameters a = 1/2 and 5=1/4 of vector mesons on the behavior of function R = R(y) becomes weaker, and R —> 1 in the relativistic limit (y -> 1), as one can see from Fig. 3, that is, this the influence disappears. An unbounded growth of the function R = R(y) in the relativistic limit (u —> 1) on Figs. 1 and 2, is connected with the violation of correlation (7), which establishes a correct relation between the Bethe-Salpeter function at x = 0 and the RQP wave function, calculated in the three-dimensional relativistic r representation at r = iX, rather than at r = 0.
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Figure 2. Too, as on Fig. 1, but to its the relativistic spin analogue, which is given by expression (10),

----- a =0.1------ a =0.4  a =0 £J j

Figure 3. Too, as on Fig. 1, but to its the relativistic spinless analogue, which is given by expression 
(13), taken at mj = m2 = m, h = c = 1.

Also, Figs. 1-3 show that the behavior of the function R = R(y) depends on the coupling constant as in broad region of importances of the velocity u, and this dependence is weak in the nonrelativistic and relativistic regions of importances of the velocity v. Besides, the curves representing the function R = R(y) on Fig. 3 for the coupling constant importances of as = 0.1 and cns = 0.4 tend to unity in the relativistic limits (v —> 1), since the relativistic threshold S factors in (12) and (36) have a correct relativistic limit equal to unity [19-21, 30-33].We emphasize, that the influence of the mass difference between particles (quarks), which forms the composite system, it is necessary take into account, when we investigate 
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the behavior of the threshold S factor (see [32, 33]) and, hence, it influences on the behavior of the leptonic decay widths of vector mesons in the s-wave state.

4. ConclusionIn the present study, the new relativistic expression for the leptonic decay widths of vector mesons in s-wave state have been obtained on the basis of the RQP approach in the relativistic semiclassical approximation. The present analysis has been performed for the case where relativistic spin quarks of equal mass m that form vector mesons interact via a funnel-like potential including a purely confining part, which is not singular, and a singular part in the form of a Coulomb-like chromodynamical potential. For this aim the fully covariant finite-difference RQP equation in the three-dimensional relativistic r representation [15] for the case of interaction between two relativistic spin particles of equal mass has been solved by the relativistic WKB method. The condition of applicability of the WKB approximation has been established. The comparison of the new expression with its the relativistic spinless and relativistic spin and spinless of analogs is executed. The influence of the quark spin, which form the spin parameters a = 1/2 and b = 1/4 of vector mesons, on the behavior of leptonic decay widths of vector mesons in the s- wave state has been explored. This the influence of the quark spin on the behavior of leptonic decay widths of vector mesons in the s-wave state is essential in the region of small values of the velocity v (it the so-called Sommerfeld effect), but when the velocity v grows, its influence becomes weaker, and in the relativistic limit (v -> 1) its the influence disappears. The influence of variations in the coupling constant on the behavior of the leptonic decay widths of vector mesons has been revealed. It has been shown that, at 
a — 0 and b = 2/тс?, the new expression for the leptonic decay widths of vector mesons reduces to its relativistic spinless analog.Since the new relativistic expression for the relativistic semiclassical leptonic decay widths of vector mesons has been obtained within a fully covariant method and has a correct connection with the Bethe—Salpeter function, one can expect that this expression takes into account more adequately both the relativistic character of interacting particles and their spin.
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