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1. Introduction

For the description of quark-antiquark systems close to threshold does not allow us to trun-
cate the perturbative series even if the expausion parameter, the QCD coupling constant a,,
is small {1]. The reason consist in this, that the real expansion parameter in the threshold
region i8 afv, where v = /1 — 4m?/s is a quark velocity, and m is a quark mass. Qbviously,
it becomes to be singular, when the velocity v — 0. The problem is well known from QED {2}.
These threshold singularities of the form (a/v)™ have to be summarized. In the nonrelativistic
of case, for the Coulomb interaction

V{r) = —a/r (1)
this resummation is realized by the known Gamov-Sommerfeld-Sakharov S-factor [3-5]
X, Ta
Sur = 0 =— 2
nr 1- exp(__x-m) ] Xm' Vor ’ ( )

which is related to the wave function of the continuous spectrum at the origin by [(0)[%. Here
2vy I8 the relative velocity of two nonrelativistic particles. The corresponding nonrelativistic
expression can also be obtained for higher £ states (see, e.g., [6]).

In the relativistic theory the nonrelativistic approximation needs to be modified. The rel-
ativistic modification of the S-factor (2) in QCD in the case of two particles of equal masses
(m1 = my = m) was executed in (7] (see also [8]) and it consisted in the change vy, — v. Just
the same form of the S-factor for the interaction of two particles of equal masses was later
suggested in [3]. Anotber form of the relativistic generalization of the S-factor also in the case
of two particles of equal masses was obtained in {10]. The relativistic S-factor for two particles
of arbitrary masses (m; # mg) was presented in [11].

The new approach to relativistic generalization of the S-factor in the case of two particles of
equal masses was made by Milton and Solovtsov in [12]. For this aim has been used the quasipo-
tential (QP) approach proposed by Logunov and Tavkhelidze [13], in the form suggested by
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Kadyshevsky [14]. In [12] has been used a transformation of the QP equation from momentum
space into relativistic configurational representation (RCR) for the case of two particles equal
masses [15]. Moreover, in {12] has been used the potential (1) considering in [16] that take into
account its QCD-like behaviour. The solution containing arbitrary functions of r with period
i, the so-called the i-periodic constants, with same potential have been investigated in [17].
However, the using of such solution is suitable only for the spectral problems.

Thus, in {12] has been made the new step to application of quasipotential approach in QCD.
This approach gives the following expression for relativistic S-factor [12]:

X(x) _ Ta
S(X)=my X(X)—m-wa\/l—v?/u, (3)

where x is the rapidity related to the total c. m. enmergy of interacting particles, /3, by
2mcosh x = /5.

The S-factor appears in the parametrization of the imaginary part of the quark current
correlator, the Drell ratio R(s), which can be approximated in terms of the Bethe-Salpeter (BS)
amplitude of two charged particles xpg(z) at z = 0 [18]. The nonrelativistic replacement of
this amplitude by the wave function, which obeys the Schridinger equation with the Coulomb
potential (1), leads to formula (2) with a substitution & — 4a,/3 for the QCD case. The
possibility of using the QP approach for our task is based on the fact that the BS amplitude,
which parameterizes the physical quantity R(s), is taken at x = 0; therefore, in particular, at
the relative time 7 = 0. Thus, the QP wave function in the momentum space is defined as the
BS amplitude at 7 = 0 and, therefore, R(s) can be expressed through the QP wave function in
the momentum space, ¥,(p), by using the relation

xes(a=0) = o [am o), @)

where d{3, = (m dp)/E, is the relativistic three-dimensionsl volume element in the Lobachevsky
space realized on the hyperboloid Ej — p* = m?.

The relativistic P-factor (for £ = 1 state) in the case of two particles of equal masses was
obtained in [19]. In that paper, a new model expression for R(s), in which threshold singularities
were surumarized to the main potential contribution, was suggested as well. The generalization
of the relativistic S- and P-factors for arbitrary £ states in the case of two particles of equal
masses was executed in [20, 21]. This approach gives the following expression for relativistic

L-factor 20, 21}:
_ X(x) ¢ a ?
)= =y 1 [+ ) | ®

n=1

Applications of the factor (3) for describing some hadronic processes can be found in {22-24].
Recently, the relativistic S-factor (3) has been applied to reanalyze the mass limits obtained
for magnetic monopoles which might have been produced at the Fermilab Tevatron [25)].

The purpose of this paper is to generalize the previous study started in [12] to the case of
the interaction of two particles of unequal masses (m; # mg). We present the formalism of the
relativistic QP approach in quantum field theory formulated in the relativistic configuration
representation for the interaction of two relativistic particles of unequal masses. Within the
framework of this approach we derive the relativistic factors in the case of £ > 0. In the
following we will use the system of units c=h = 1.
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2. The integral form of quasipotential equation for the case of two
particles unequal masses

A starting point of our consideration is QP equation into the momentum space constructed
in [26] for the QP wave function U,(p') of two relativistic particles of unequal masses. In
chosen system of units this equation is given by

(0 ~ 28,) Wy(p) = s [ a0V (0,5 B) 0o, ©

where '
m
Sty = Fo
is the relativistic three-dimensional volume element in the Lobachevsky space, Ey
VT3 X, m! = iRy, and g = my my/(my + mg) is the usual reduced mass.

The equation (6) represents a relativistic generalization of the Lippmann-Schwinger equa-
tion in the spirit of Lobachevsky geometry, which is realized on the upper half of the mass
hyperboloid EZ — k’2 = m’2, and describes the scattering of an effective relativistic particle
of mass m’ with a relative 3-momentum k' on the quasipotential V (p', k'; Ey), the total c.
m. energy of the particles involved being proportional to the energy of one effective relativistic

particle of mass m’ [26, 27]:
!
Vi= /it @+ Vmi + K = /m 1k @
u

We note that Eq. (6) differs from of the QP equation considered in [28] by means of intro-
duction into it of the relativistic reduced mass. However, in [28] was shown that it is possible
to use the different expressions for the relativistic reduced mass by means of the choice of func-
tional relationship between the relative 3-momentum k of the interacting particles and their
the relativistic relative velocity, v, which is expressed through their the total energy of c. m.
particles, 1/, by relation (see, for instance, [10, 11})

8~ (my + ma)? s — (my + my)? -
s—-(m11~m:)2 (1 3_(m:-m:)2) ' ®

In particular, if the dependence between the relativistic relative velocity v and the square
of relative 3-momentum K’ for an effective relativistic particle, having mass m' and emerging
instead of the system of two particles, is given by expression (see {26, 27])

K2 =24° (\/Té_vf-l) , ®

this lead to the equation (6).
The proper Lorentz transformations means a transiation in the Lobachevsky space. The role

of the plane waves corresponding to these translations are played by the following functions:

, _ Epz _ p/ ‘n —Y—irm’
£ r)= (——-;——) ; (10)

where the module of the radius-vector, r, (r = 71, {n| = 1) is a relativistic invariant {27]. These
functions correspond to the principal series of unitary representations of the Lorentz group and
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in the nonrelativistic limit (p < 1, 7 3> 1} {(p’,r) — exp(ip’ - r). The functions (10) obey the
following conditions of completeness and orthogonality {27]

1 } *f b F 1 / LTP ’ I}
a5 [ DEE ) =0—7), G a0 =50, @)
and these the functions satisfy the equation in terms of finite differences
(2By - o) €0 ) =0. (12)

Here 8(p/(—)q) = /1+ p'2/m'28(p’ — q) is the relativistic §-function in momentum-space,
the operator

. 'Al 2
Hp=2m' [cosh (‘i/\'%) + lTsinh (i/\’%) _A 2?;"’ exp (i/\’gr-)] (13)

is the operator of the free Hamiltonian, while Ay, is its the angular part and ¥ = 1/m' is the
Compton wavelengs associated with the effective particle of mass m'.
The QP wave functions in the momentum space and RCR are related as follows {26, 27):

¢¢<r>=(7}5§ / W EE )W), Vo) = / wEE ) Y).  (19)

For a spherically symmetric potential the application of transformations (14) (Shapiro trans-
formations or £-transformations) to Eq. (6} leads to the equation which is the integral form of
the relativistic Schrédinger equation in the configuration representation:

o [ O @B ~38y) €00 [ aY €0 ) vele) = BV, (19

where the right hand side already is local in RCR, and the transform of the potential, V(r), is
given in terms of the same relativistic plane waves.

We note that the using of relations (14} and the equation (12) allows us to express the left
hand side of equation (15) in terms finite differences

(2 = Bo) bole) = 2 Vi) bol). (16)

Solutions of this equation, in principle, can contain arbitrary functions of r with period 1, the so-
called the {-periodic constants, which appear in the solutions due to the finite difference nature
of the Hamiltonian (13). For some problems, such as defining the bound state spectrum, this -
periodic constant is not important. However, for the purpose of extracting resummation factors,
one must develop a method which avoids this ambiguity. For this instead of the equation (16)
we will to use the equation (15).

"The integral equation (15) can be reduced to the form

1 . 24
T [ 1% @B 25) &) [ € Al = VAR, ()
where we introduced the following notation:

q =m'q,p =m'p, q = sinh(x,) g, P = sinh(x,) Ny, [Be| = M| =1,

p=m'tr, p=miv,p=m'r, o =mr,
dr’=m'—3dp’, dﬂp‘ =m13d9’“ de=%g, quzm'Eq, Ep, =m’Ep, (18)
P
By = 1@, By = VI4p%, £/ ,1) = (Bp—p-m)” ~ =E@P)y
. -3
V() = Vio/m) = m' V(e) , hr(x) = thy(p/m) = (), Lo (P) = Ta().
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By using of the expandings
€(p 1) = D26+ Vi nip, cost ) P22
=0 pe
= (19)
Vo)=Y (2t )it “’—“”’—")P,(E;’—’) ,
pars p qp
and also formula {15]
_ (=D(sinhx)/ d \%/sinpx
pelp coshx) = Ay (dcoshx) (sinhx) !
the equation (17) transformed to the form
2 7 (sinh )4 (~1)t0 a4 \(sinpx
7rO/dx D (2 cosh x ~ 2 cosh x') (dcoshx’) (s——*‘inhx')
d \' 1 [, (p) e 0
1 Lengy o 2uV(p)eelp,x)
X (dcoshx’) sinh ¥’ b/dp (o)D) el x) = m P ’
Here
hy) = ("1)“1 T (e+1) p-1/2-¢ h
pe(p,coshx) = -y m(“ﬂ) P, farip(cosh x) (21)

is the solution of equation (16) in the case when the interaction is switched off (V(r) = 0);
P}(z) is a Legendre function of the first kind; x’, x are the rapidities which related to E,,E,
by relations B, = coshx’, E; = cosh x, and the function

(=) = it F'(ipr-&,s; ) (22)

is the generalized power {15), where I'(2) is gamma-function.
Thus, Eq. {20) differs from the conesplonding equation in the case of two particles of equal
masses (see [21]) only by the factor 2u/m turning into 1 at m,; = ma.

3. Relativistic threshold resummation factors

To solve quasipotential equation (20) with the potential (1), we use the method developed
in [12, 19, 29]. A sdlution of quasipotential equation (20} with the potential (1) one can seek
in the form

ai

— )+ )

orlpd = L2 [ ag e Rte, 0, (23)
> A
where the {-integration is pesformed in the complex plane over a contour with end points . and
o, 88in (12,19, 29]: a_ = —~R~ie,a; = —R +ig with B — +o00,£ — +0. Substituting (23)
into (20) and taking into account that
17 1 ¥
1 [ i sin(yy o€ = 2
o [ s = L,
0
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we arrive at the equation

(~1)° 7d< Rz(c.x)(z—c-éﬁ—c)l[(smhcwﬁ (2coshx ~ 2cosh()

(24)

oy

o(25) ()] -2 T ) [ e R0
dcosh( ) \sinh¢ mp 1o 5 X
~ a_

Follows to note that solutions of this equation, but signifies and equation (20), already
does not contain the i-periodic constants which appear in the solutions (16) due o the finite
difference nature of the Hamiltonian (13). For the first time, the solution of the equation (20)
in the case of two particles equal masses at £ = 0, not containing the i-periodic function, was
abtained in (12]. This approach leads to the relativistic S-factor (3).

The solution of Eq. (24) for £ > 0 leads to the following expression for QP partial wave
function:

_ [4
(Pl(p 9 X) = 'CE(X) (_1)t+1p([+1> / d{(ec _ ex)u+g o — ex
a- (25)
__os
T m sinhy

’

et 1ok {ec - e—x]““*‘"

Performing in (25) (-integration in the complex plane along a contour with end points a_ and

a, (in the same way as in {12, 19, 29]) one obtain the resulting solution which does not contain
the i-periodic constant in the form

we(p,x) = ~Clx)

. x (&+1+ip)z —x 1=t 1+HA
2p sinh(x p) e [e’ +e ] (26)

p("”) z <e= + ex)2l+2 ez 4+ ex
~00
The function (26) can also be represented in terms of hypergeometrical function as
wep,X) = Ne(x) (—p) D eloxtifatin® D p (p L 1 A 0+ 1—ip;20+2;1 — e %) . (27)
The normalization constant Ny(x) = —~ 2n Celx)

Tror sy &Pl - iAy] in Eq. (2 b
T(20 + 2) exp[~(¢ + 1)x — iAx] in Eq. (27) can be
obtained (also as in (21]) from the condition

. in(px — m£/2)
lim )= cosh N sin{py — 7 ’ o8
limy ee(p, ) = p el cosh x) s = (28)
where the function py(p,cosh x) it is determined in (21).

We should like to remind that the Bethe-Salpeter amplitude ypg(z = 0) is associated with the
QP wave function in the momentum space, ¥,(p), by the relation (4). Taking into consideration

the transformations (14) and the notation (18), the relationship of the Bethe-Salpeter amplitude
with QP wave function in RCR, v4(p)}, is of the form of

x8s(z = 0) = %g(P)lo=i

The generalized power (22) in the solution (27) vanishes at p = % for all £ # 0. Thus, the
expansion (19) for the wave function ¥,(p) contains only s-wave (£ = 0). The L-factor in the
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nonrelativistic case is defined by the derivative of order £ > 0 of the partial wave function
corresponding £ > ( state at r = 0. In the relativistic case, instead of the derivative, we has to

use its finite difference analog [27)
. ! D
o= [eo (i) 1) @

Thus, the relativistic L-factor is connected, as one can expect, with QP partia)] wave function

we(p,x) (€ 2 0) and it is defined by
2
(30)

r(2¢+2) e [ee,x)
(2sinh ) T3(£ + 1) @ )t[ I J

Hence, by using relations (27)-(30) we can calculate [(A*) [ox(p, X)/p} | 8t p = 1, which leads
to the following expression for the relativistic I-factor in the case of two particles of unequal

L uasq(x) = };1’_13'1

masses.
. Xuneq(x) : é ? = ______27!‘&[1.
Lonel®) = TG X i) A [1 +(%) ] o e oy

where  is the rapidity which related to the center of mass energy, /s, by (m? 1) coshy = /5.
The function X yneq{X) and parameter A in Eq. (31) can be expressed in terms of the “ve-

locity” u determined by relation

= 1= e (- (32)

in the form
raVvi—ul A_ax/l——ui
Xumgli) = =2, A= ZZE (33

We note that the square of relative 3-momentum k' for an effective relativistic particle, having
mass m’, the total ¢. m. energy of interacting particles, /3, and emerging instead of the system
of two particles, is defined by formula (7) and connected with the relative relativistic velocity
of interacting particles, v, by the expression (9). In turn the relative velocity v of interacting
particles is expressed through their the total of c. m. energy of interacting particles, /s, by
relation (8). Thence, taking into consideration the determination (32), we find

2u
M- 34)

Then expressions ($) and (34) give

K = (i) (0r)? (35)
where ., = 24 is the relativistic reduced mass, and
; u (36)

Uret = T
is the relative velocity of an effective relativistic particle of mass m’. This result is found to

be in full agrement with the physical sense of Eq (6), being a relativistic generalization of the
Lippmann-Bchwinger equation in the spirit of Lobachevsky geometry. This equation deseribes
the scattering of an effective relativistic particle of mass m' on the quasipotential V (p/, ¥'; E,).
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The effective relativistic particle emerges instead of the system of two particles, has mass m/,
the relative 3-momentum k' and carries the total c. m. energy of the interacting particles,
/3 . Notice that the 3-momentum k' of an effective relativistic particie and hence its relative
velocity (36), according to Egs. (), and (35), are an invariants of the Lorentz transformations.

Thus, in the terms of relative velocity of an effective relativistic particle the L-factor (31) is
given by the expression

¢

; 2
Lumq(u;el) = X unog (1) H [1 + (2—1-37;) } , X\meq(u;el) = 3‘5‘:'- 37)

1~ exp [~ X unea(tg)] 1%

The relativistic threshold resummation factor (31) jor {37)] at £ = 0 coincides with S-factor
obtained in {30) and have the following important properties.

¢ In the nonrelativistic limit, u < 1, it reproduces the known nonrelativistic result.

o In the case of equal masses it coincides with L-factor (5) {21].

o In the ultrarelativistic limit, as it has been argued in [31, 32], the bound state spec-
trum vanishes as mass of an effective relativistic particle m’ — 0. This feature reflecta an
essential difference between potential models and quantum field theory, where an additional
dimensional parameter appears. One can conclude that within a potential model, the L-factor
which correspond to the continuous spectrum should go to unity in the limit m’ — 0. Thus,
in contrast to the nonrelativistic case, the relativistic resummation factor, the L-factor (31)
{or {37)], reproduce both the known nonrelativistic and the expected ultrarelativistic limits.

o In the relativistic limit, 4 — 1, the L-factor go to unity.

We note that this new relativistic factor could have a significant impact in interpreting
strong-interaction physics. In many physically interesting cases, the function R(s) occurs as a
factor in an integrand, as, for example, for the case of inclusive v decay, for smearing quantities,
and for the Adler D function. Here the behaviour of I-factor at intermediate values of u becomes
important.

4. Conclusion

In this paper, the relativistic of Coulomb-like threshold resummation factor (37) in the case
of £ > 0 for the interaction of two relativistic particles of unequal masses was obtained. For this
aim the relativistic quasipotential equation in relativistic configuration representation {26} with
the Coulomb potential for the interaction of two relativistic particles of unequal masses was
used. The Coulomb potential only formally has the same form as the nonrelativistic potential
but differs in the relativistic configuration representation since its behavior corresponds to the
quark-antiquark potential Vg7 ~ &,(Q?)/Q? with the invariant charge &,(Q%) ~ 1/In@Q? So,
the principal effect coming from the running of the QCD coupling is accumulated.

The new relativistic L-factor (37) reproduces both the known nonrelativistic behavior and
the expected ultrarelativistic limit. The new L-factor at £ = 0 coincides in form with the nonrel-
ativistic S-factor {2); however, the role of the parameter of velocity is played not by the relative
velocity of interacting particles, v, but by the relative velocity (36) of an effective relativistic
particle emerging instead of the system of two particles. As the new relativistic resummation
factor (37) was obtained within the framework of completely covariant method, one can expect
that this factor takes into account more adequately relativistic nature of interaction.

The new relativistic resurnmation factor can have a significant impact in interpreting strong-
interaction physics since it has the influence on the behavior of the Drell ration R(s). In some
physically interesting cases the function R(s) occurs as a factor in an integrand, as, for example,
in the case of inclusive T decay or in the Adler D-function, and the behavior of the L-factor at
intermediate values of variable u becomes important.
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