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Nonperturbative expansion in quantum chromodynamics is applied to analyze low energy scale
hadronic decay of 7-lepton data. Threshold singularities are summarized by a relativistic resummation
S-factor. It is demonstrated that the suggested method allows good description of experimental D-
function down to the lowest energy scale as well as parameters of p-meson.
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1 Introduction

Data on 7-lepton decay into hadrons obtained
with a record accuracy for hadronic processes
[1, 2] give unique possibility for testing QCD at
low energy scale.

In comparing theoretical predictions with ex-
perimental data, it is important to connect mea-
sured quantities with “simplest” theoretical ob-
jects to check direct consequences of the theory
without using model assumptions in an essential
manner. Some single-argument functions which
are directly connected with experimentally mea-
sured quantities can play the role of these ob-
jects. Let us mention, among functions of this
sort, the correlator II(¢?), that appears in the
process of eTe™ annihilation into hadrons and the
inclusive decay of the 7-lepton into hadrons, and
the corresponding Adler function, D(Q?) [3]. The
last functions defined in the Euclidean region are
smooth functions, and thus it is not necessary to
apply any “smearing” procedure in order to be
able to compare theoretical results with experi-
mental data. The “experimental” curve for the
Adler function corresponding to eTe~ data and
a comparative analysis has been presented in [4].

Here, we investigate the “light” D-function cor-
responding to inclusive 7 decay data.

The basic method for performing calculations
in quantum field theory is a perturbation theory.
Its use along with the renormalization procedure
allows important results to be obtained in quan-
tum electrodynamics, in the theory of electroweak
interactions, and in description of the perturba-
tive region of QCD. However, a lot of problems of
QCD require nonperturbative approaches. Per-
turbative approximation in QCD as a rule can-
not be exhaustive in low energy region of a few
GeV and nonperturbative contribution has to be
included.

The development of nonperturbative methods
has received a great deal of attention. The the-
oretical method we will use is the nonperturba-
tive expansion technique [5] based on the idea of
variational perturbation theory [6] which, in the
case of QCD, leads to a new small expansion pa-
rameter. Even going into infrared region of small
momenta where the running coupling becomes
large and the standard perturbative expansion
fails, the nonperturbative expansion parameter
remains small and the approach holds valid [7].
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2 Nonperturbative
VPT-expansion

The method of variational perturbation theory
(VPT) leads to the following connection between
the expansion parameter a and the original cou-
pling constant [5]

g 1 a?

b X (1)

For all values of the coupling constant A > 0
the expansion parameter a obeys the inequality

0<a<l. (2)

The positive parameter C' plays the role of a vari-
ational parameter, which can be found by using
an additional information [5, 6].

The Q%-evolution of the expansion parameter a
is defined by the renormalization group equation,
Q* C
QE 200
where ag = a(Q3), Bo = 11 — 2/3 Ny is the one-
loop coefficient of the renormalization group (-

In

[f(a) = f(ao)] , (3)

function in perturbative expansion, and Ny is the
number of active quarks.

In this paper, as well as in [8, 9, 10|, we use for
our calculations the level O(a®). In this case the
function f(a) in (3) has the form
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Here indices {ijk} are {123} and cyclic permuta-
tions. The values of b; are the roots of the equa-
tion ¢ (b;) = 0, where the function ¢ (a) is related
to the G-function and reads

Y(a) =1+ ga—i- 2(6+a)a®+5(5+3B)a’. (6)

For any values of 2, equation (3) has a unique
solution a(Q?): 0 < a(Q?) < 1. Independently of
a value ag, an infrared limiting value is a(0) = 1.

The method of the renormalization group gives
a Q%-evolution law of the running coupling in the
Euclidean region, and there is the question of how
to parameterize a quantity, for example,

R@):%hmus+my (7)

defined for timelike momentum transfers. To per-
form this procedure self-consistently, it is impor-
tant to maintain correct analytic properties of the
correlator TI(g?) which are violated in perturba-
tion theory (PT). Within the framework of the
analytic approach [11] and the nonperturbative
VPT method used here, it is possible to maintain
such analytic properties and self-consistently de-
termine the effective coupling in the Minkowskian
region [12, 13, 14].

3 7-decay

The ratio of hadronic to leptonic widths for the
inclusive decay of 7-lepton, R, is the most pre-
cise one for extracting of values of the fundamen-
tal QCD parameters at a low energy scale. The
initial theoretical expression for R, contains an
integral over timelike momentum

M?2 2
ds (18 (8)
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s
which extends down to small s.
R, -ratio and the Adler function
R(s)
(s +@Q2)?
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cannot be directly calculated in the framework
of standard PT. Indeed, the function R(s) is
parametrized by the perturbative running cou-
pling which has nonphysical singularities (the
ghost pole and corresponding cuts) and, there-
fore, is ill-defined in the region of small momenta.

Besides, the region of integration in (8) and
(9) includes the vicinity of the quark-antiquark
threshold. A description of quark-antiquark sys-
tems near threshold requires one to take into ac-
count the resummation factor which summarizes
the threshold singularities of the perturbative se-
ries of the (as/v)™ type. In nonrelativistic ap-
proximation, this is the well known Sommerfeld-
Sakharov factor [15, 16]. The corresponding rela-
tivistic resummation factor S(x) (x is the rapid-
ity which related to s by 2mcoshy = 4/s) has
been found in [17]. This relativistic resummation
factor reproduces both expected nonrelativistic
and ultrarelativistic limits and corresponds to a
QCD-like quark-antiquark potential.

A convenient way to incorporate quark mass
effects is to use an approximate expression [18, 19]
which can be written as

R(s) =T(v) [1 + g(v)r(s)]O(s — 4m?), (10)

where r(s) is the massless QCD correction,

2
T(v) = v° =, (11)
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4 2
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Effective quark mass, m, which incorporates some
nonperturbative contributions, turns out to be
close to the constituent masses. In the descrip-
tion of nonstrange vector component of the D-
function we neglect the difference of the quark
mass values and set m, = mg = m.

We represent R(s) in the form

R(s) = Ro(s) + Ri(s), (12)

R [R/R]

perturb.

FIG. 1. Relative contributions to R.

In Fig. 1 we show relative contribution of the
correction R; defined in (13) and RF’7 defined in
PT.

The “light” D-function corresponding to Ny =
3 quark world is plotted in Fig. 2. The 7-data
for the vector spectral function of the ALEPH
collaboration [1] have been used in [20] to extract
the D, -function which we show as the dashed line
in Fig. 2.

Our result was obtained by using the value of
the quark masses m = 260 MeV. Note, the simi-
lar value of the light quark mass has been received
in the framework of analytic perturbation theory
[21] and by using a covariant quark model with
instanton-like quark-quark interaction [22, 23].
The shape of the infrared tail of the D-function
is rather sensitive to the value of these masses.

We obtain the value

R.y =177 (14)

in the vector channel which agrees well with the
experimental data presented by the ALEPH [1]
and OPAL [2] collaborations
RAVPH = 1.775 £ 0.017, (15)
ROVAL = 1.764 4 0.016. (16)
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FIG. 2. The “light” D-function.

4 p-meson parameters

To consider p-meson characteristics we use the
QCD sum rules [24] with the following hadronic
model for R(s):

2
RM's) = gi; m26(s —m?) (17)
P

+(1+%)9(8—80),

where the parameters oy =~ 0.45 and sy =~
1.5 GeV? [24, 25]. The first term in (17) cor-
responds to the resonance contribution (in nar-
row resonance approximation), the second term
describes continuum contribution. Note, that by
using experimental values of the pY-parameters
m, and gg, we reproduce well the “experimental”
curve for the D-function represented in Fig. 2.
For the p-mass the Borel sum rules give

"= S O - (14 )
(18)

x M* (1 + %) exp (—sO/MQ)} .

FIG. 3. Behavior of m,(M) defined by Eq. (18). Hor-
izontal line corresponds to the experimental value.
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FIG. 4. Behavior of g2(M) defined by Eqgs. (19) and
(20). Horizontal lines correspond to the experimental
“corridor”.

For the width we can get two expressions

9 27Tmf, m,% 19
Il = Mo(M2,50) TP\ T2 ) (19)
2 m m2
2 P P
- _r 20
Ip2 Ml(MQ,so)eXp( M2>’ (20)
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where
My, (M?) = /ds s* exp (—%) R(s) (21)
0

and

My (M?, 50) = Mo(M?) (22)

(67} 2 S0
—@+;ﬁﬂfﬂp@wﬁf

My(M?,50) = M (M?) = (14+22)  (28)
x M?(sq + M?) exp (—%) .

Results coming from Egs. (18), (19) and (20)
are shown in Figs. 3 and 4. Regions of stability
give m, = 763 MeV and g/% = 2.43 which agree
well with experimental data.

5 Conclusions

The method we used here is the non-perturbative
approach based on the idea of variational per-
turbation theory which combines an optimiza-
tion procedure of variational type with a regu-
lar method of calculating corrections. In the case
of QCD the non-perturbative expansion param-
eter, a, obeys an equation whose solutions are
always smaller than unity for any value of the
original coupling constant. An important fea-
ture of this approach is the fact that for suffi-
ciently small value of the running coupling the
a-expansion reproduces the standard perturba-
tive expansion, and, therefore, the perturbative
high-energy physics is preserved. In moving to
low energies, where ordinary perturbation theory
breaks down (s ~ 1), the parameter a remains
small and we still stay within the region of appli-
cability of the a-expansion method.

We have also used the new form of the thresh-
old resummation S-factor. This relativistic fac-
tor could have a significant impact in interpreting
of strong-interaction physics. In many physically

interesting cases, R(s) occurs as a factor in an in-
tegrand, as, for example, for the case of inclusive
7 decay, for smearing quantities, and for the D-
function. Here the behavior of S at intermediate
values of v becomes important.

The experimental D-function turned out to
be a smooth function without visible traces of
the resonance structure of R(s).
pect that this object reflects more precisely the
quark-hadron duality and is convenient for com-

One can ex-

paring theoretical predictions with experimental
data. Note here that any finite order of the oper-
ator product expansion fails to describe the in-
frared tail of the D-function [20, 21]. Within
the framework of nonperturbative a-expansion
method with the relativistic threshold factor, we
have obtained good agreement between theoret-
ical results and experimental data down to the
lowest energy scale.

The analysis performed leads to good agree-
ment of theoretical results with experimental
7-data and p-meson parameters for the quark
masses which are constant and close to the values
of the constituent quark masses. More systematic
consideration has to take into account the “dy-
namical” nature of quark mass as, for instance, in
[26, 27], and use a mass function as, for instance,
coming from the Dyson-Schwinger equations [28].
It is interesting that in these cases we come to
similar results which we have received for the con-
stant masses. Thus, the constant quark mass of
order the constituent mass is useful model “aver-
age” object which can be used in simple analysis
instead of more complicated consideration. Jus-
tification of this statement can also be obtained
from the analysis of the QCD sum rules.
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