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The integral representation of p+*

+

— 7%7Y% decay constant has been obtained in

relativistic quantum mechanics based on point form of dynamics. It is shown that soft pion
theorem usage in the proposed approach leads to numerical results consistent with modern
experimental data. As a result a self-consistent model for light 7+ p* meson observed
electroweak and pionic characteristic calculation is proposed.
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1. Introduction

The research of composite quark systems
is directly related to the study of hadronic
properties such as meson form-factors, decay
widths etc. Light sector mesons are of particular
date of

experimental been
+

sufficient amount
data has
accumulated [1] including for pseudoscalar m

interest: to a

high-precision

and vector pt-meson decays. ItsH™s known
that such systems are purely relativistic, which
makes it possible to test the corresponding
phenomenological approaches and models for
studying the properties of coupled ud—systems.
It should be noted that decay 7+ — (*u,
and the corresponding constant f.+ which is
measured with a high accuracy degree has a
special place. The specified decay constant in
high energy physics has become a fundamental
quantity with the help of which not only
parameters of various models, but also the form-
factors of other particles [2-5], including heavy
mesons and nucleon-meson interaction constant
[6, 7] are calculated. There is also a known
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technique for calculating the value of current
quarks masses using value f,+ and pseudoscalar
density constant [8].

Among the variety of mesonic observable
quantities calculation approaches we emphasize
methods based on the Poincaré group [9, 10].
Of the three forms light-front dynamic [11, 12]
are the most common for such studies. Thus in
works [13-15] the form-factors of light and heavy
mesons of spin 1 were studied. In addition to the
study of V' — Px transitions, the decay p* —

7Ti0

7° constant g,+.+.0 was calculated using the

hypothesis of partial axial current conservation
[5].

Note that while electroweak decays of
light mesons
forms of Poincaré-invariant quantum mechanics
(further PiQM), the
analyzed separately using phenomenological
QCD-motivated potentials [16, 17| or within
the framework of 3Py-model [18, 19|, based
on the creation of a quark-antiquark pair from

are extensively studied in all

hadronic transition is

vacuum. Generally speaking, usage relativistic
QCD-motivated potentials explicitly, including
calculating mesonic form-factors, is a non-trivial
task [20], since such potentials depend on a

significant number of parameters. Thus, in
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the work [19] it was shown that the potential
relativization procedure leads to decay width
I'(p — nm) value that differs by almost a factor
of two. In this regard the question of determining
the basic parameters without using the explicit
form of the QCD-potential is being actively
studied. So in work [21] based on the light-front
formalism, the root-mean-square radius of mesons
was used, fr+ and fo decay constants values
were used in the work [8]. It follows from the
above that determinations parameters methods
development in models based on PiQM is an
important task.

The work is devoted to the study of w*-
,pTmeson form-factors in the point form of
dynamics without explicit form QCD-motivated
potential usage. Despite S—matrix equivalent for
three forms of relativistic dynamics [22], studies
in this form of dynamics are less extended. Below
we will not discuss the features of each of the
three forms of dynamics: all the advantages and
disadvantages are described in [9, 10]. We only
note that due to the equality of 4—velocities V# =
{V°, V} with and without interaction in this form
makes it the most natural for describing bound
relativistic systems.

The article has the following structure:
section 2 presents the basic relations of the
constituent quark model based on the point form
of the PiQM. According to these expressions
integral  representations  of  pseudoscalar
P%(qQ) — (*y; and vector VE(qQ) — (tuy
meson decay constant, as well as the pseudoscalar
density constant g.+ were calculated.

In section 3 the technique for calculating
observables is generalized to the case of hadronic
transition V* — P70 It is shown that equality
of 4—velocities V# with and without interaction
leads to relatively simple expressions for the
integral representation of the constant gy +p+ 0.
As a result of the work in section 4 numerical
calculations were carried out using the expressions
obtained in sec. 2, 3. It was shown that usage
integral representations f,+ and pseudoscalar
density constants ¢.+ leads to results that

correlate with other approaches and models. The
obtained quark constituent masses values used for
decay constant g,+.+.0 calculation using partial
conservation of the axial current: the comparison
showed that the proposed model predicts results
consistent with modern experimental data.

2. Basic features of the model

The main relations of the model have
been defined below. State vector of pseudoscalar
JPC = 0=F and vector JP¢ = 17~ meson
with spin J = £+ 5 ((—=5| < J < [+ 5],
S = 0 for antiparallel quark spins and S =
for parallel quark spins, P = (—1)“! is parity
and C = (—1)*% is charge conjugation of ¢Q-
state [1]), mass M and 4-momentum Q" (Q? =
M?, VF = @Q"/M) in the point form of dynamics
is the basic relation [9]

|Q,J,u, Z Z /dk (I)OS ) (1)
A1,A2 V1,2
wmq (pl) (
Q 0SJ 9
g \/wmq (k) wmQ (k) WD { V1,V2,14 } ks (z)k
X D,l\{?m (ny,) Dxé va (nw,) |P1,A1,P2,A\2)

determined through relative momentum k of
quarks with momenta pi, pg, masses mg, mg
and with spin projections A, A9 respectively. In
expression (1) value wy, (k) = vk + m? has been
defined with k = |k| and auxiliary function

Q 1/1,1/2# (9k7 ¢k) Zm(ak, ¢k)C (ii 15/22 i)

><C( u)

with Clebsh-Gordan coefficients C of SU(2) group
and spherical harmonic functions Y, (0, ¢x) of
k-vector angles has been introduced. Wigner

V2 () in (1)

rotation [9] functions D

I—i(ny- o) @)

/ 2
1+ nj,

D2 (aw) =
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are defined using Pauli matrices o = {01, 09,03},
and rotation vector-parameter ny is defined as

ug X uqQ P

" Tt (meug) e ar Y

n .
v wy(P) + M

Meson wave function in (1) is subject of the
normalization condition (4)

Z/:odkkﬂq)gs(k)f:L (4)
0,S

Note, that for pseudoscalar JP¢ = 0~ and
vector JPC = 17~ mesons of light sector wave
function will be defined as [13-15]

DGo (k) = Py (k) = @ (k) =
2 k?
= P -5 |,
3/2 2
1/4 ( gI I
m (5(16?) 2 (ﬁqQ)
where 55@ (I =V, P) is parameters of the wave
functions [8, 23, 24].

()

Using expressions

(© \jﬂ\ Q, Mp) =i fp. (6)

1 Q"
(2m)3/% /2 Vo Mp
for pseudoscalar I = P and

1 E“(Av)MV
(2m)%? V2V My

0] 7" Q. av, My) =i f

(7)
vector I =V meson in its rest frame
correspondingly with electroweak (ew.) quark

current

1_)/\2 (_k7 mQ)FgW~u/\1 (ka mq)

(O]JE, |k, A1, =k, Ao) =

(27)3 \/2 Wing () 2w, (k)
(8)

after calculating the spinor part and integrating
over the solid k-vector angle one can obtain an
integral representation of the decay constants:

Wik, (k) Wik (k)

fr(mg,mg) = \/gjr /0 dk k% ®(k)

where ap = —1, ay = 1/3. In expression (9) the
following notations were used

W2 (k) (k) £ m, (10)

= wm
Mo (k) = wpm, (k) + W (k).
In  our approach determination  of
constituent quark masses values will be conducted
using the pseudoscalar density constant gp, which

k2
Mo(K) Wiy (K) wrng, (K) (1 Yoa; Wi (K) Wik (k))’ 9)

is determined from the expression

5 _ 1 gp
<O’J5’Q,Mp> - Z(27r)3/2 \/m—]\b (11)

After similar calculations (see [25]) one can obtain
an integral representation of the pseudoscalar
density constant in point form PiQM:
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NS k? (k)
9P<mqvmc2)—\[2w/o dk\/m

Relations (9),(10) (12) will be used below to
calculate the basic parameters of the model.

3. Pionic decay p* — 7t in

proposed model

Hadronic transition matrix element of vector

meson V' to pseudoscalar P meson in the case of

70-meson emission can be written as [8, 14]

(Q', Mp |J0| Q, Ay, My) (13)
1 1 1
= 2 * /
(27)3 V2V, My V2V Mp - VP (e - Q).

J

1 1

(2m)3 \/4V, V],

(@ Mp|A¥| Qav, My) =

VMo (k) (\/qu () Wik, (k) + \/qu (k) Wing, (k)) .

(12)
where gy pro is hadronic decay constant
determined from the expressions

3
2 |Pout|
Iy pro = |gVP7r0’ 67T0uM‘2/,
Poul” = (MZ — (Mp + Myo)?)
(M%’, — (Mp — MWO)Q)
X (14)

102

Matrix element (13) can be related to axial vector
current by [14]

(£(a®) 5 0w) + ar(@) i, () +a-(g) & (W) ).

(15)
where A = €q1;"y“’)’57,/). Note, that we use point
from parametrization using ¢-vectors
A P
M _ \% _ / 114
Ef()‘V)_\/W’EZ+()‘V)_ MPMV (EAV'V) (V“—FVV ) s
M,
o (A\v)=+/MpMy (gx, - V') (V“ - MCV’“) : (16)

Partial conservation of axial current 8MA“ =
frt Mgiﬂ'o leads to the following relations

between form-factors for p* — 770 decay [5]

2 |gVP7r0| fwi = ‘f(o) - (M\2/ - MI%) a-‘r(o)‘ .
(17)
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The following calculations will be carried
out for generalized Breit system V+V =o.
Below we introduce value @ = (V- V’); in our
approach @w — 1 corresponds to soft pion case
ero = ¢> — 0. Taking it into account, it follows
for expression (15)

1 1
X
m)3 \/4Vo V]

(£a* = 08 W) + (@ w%uv)) (18)

(@, Mp |4 Q Ay, My) =

2

For integral representations calculating of f(¢* —
0) and ay(¢> — 0), we use 4-vectors
" \/Mp MV \/w +1
1f = (19)
V2 (Mv +w Mp)
w—1
Mp — M —_— —(Mp+ M
X{( P V) w+1707 07 ( P+ V)}7
e = v My
lay — (20)
+ V2 Mp (Mv—{—pr)

x{ }.

1 1
707 07
Vo —1 Voo +1

ZZ/dkfb

v1,Viv2,v)

ﬁyi(kg,mq)I‘ (qu UQ)uyl (k mq

s Ay }(Qkacbk)Q{u' %} O, x) <

x @ (ko) \/4 Wrng (ko) Wm, (k)

 Dn(Ckmo)T £(uq, ug)vy, (- klamQ)>
\/4wmQ (k) wrngy (K1)

with notation

kio=k
+ vg ((w + 1) wp, , (k) — kv @w? — Lcos 9k> ,
(23)
where vq = Vq/Vy and T%(uq,uq) =

B~ l(ug)y"y5B(uq). From expressions (21),
(22), after calculating the spinor part and

with properties (€17 - £lq, (0))=(C1a, - £5(0))=0
and (€15 Lf(0))=(l1a-la(0))=1 since the
helicity final state of V' — Pr% decay is equal to
zero, i.e. Ay = 0. Multiplying (18) by (19) taking
into account meson state vector (1) leads to

f(@?) =
at(q%) =

(Toay=0-C1f),
(Toay=0Cia,), (21)

where we define function I y,,

wm@ (k2>

7D ,

Wn g (k) "™ (nws)
W,
wT:; ul,yl nW1 (kl)

integration over the solid k-vector angle, one can
get the form-factors integral representation at
@ =0

f(0) = /0 T k2@ (k) ®* (k) (24)

X (eq nf(kv mq) + €q nf(kv mlf)) )
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a4 (0) :/OOO dkk?® (k) ®* (k) x  (25)

(eq 77&+ (kv mq) =+ €g 77&+ (ka mQ)) .

In (24), (25) auxiliary functions are introduced

Wik = @m b)), (20

m (m + 2wp,(k))
6wy (k)

77a+ (kam) = -

Numerical calculations using the expressions
obtained in sections 2 and 3 are carried out below.

4. Numerical results and

discussions

Calculation constituent quarks masses and
wave functions parameters values will be carried
out by solving the system of equations [25]

3 (M, +1g) = (3.42 £ 0.11) MeV,

fP(mU7md7 5&): T(I-(iﬁ:xpl)v

(ri +11a) gp(mu, ma, BL7) = £,

(27)
where f7(refp'), M_+ are experimental values of the
decay constant 7+ meson and its mass, 7, My
are quark current masses [1]. In what follows we
assume that the constituent masses values of u—
and d—quark are condition mg—m, = mg—m, =
2.51 + 0.22 MeV subject; in this case the system
(27) solution with oscillator wave function (3)
leads to the following basic parameters values of

the model:

my =mg = (218.89 +4.90) MeV, (28)
Bl = (371.81 +4.90) MeV.

The wave function parameter for vector p=—
meson is determined from the decay of a heavy
lepton 7 — pTu,: using expression (5) and
experimental value f,+ = 210.75 £ 0.09 MeV [1]

one can get

BV =313.10 £ 0.08 MeV. (29)

Below we compare the obtained values of
constituent quark masses with approaches based
on different form of PiQM (see table 1)

From relations (17) and (24)—(26), quark
masses value and [-parameters for decay p™ —
7+70 leads to the decay constant value

1

) frt
— 578+ 0.07 (30)

[£(0) = (M — Mp) a™(0)]

|Gt

with the corresponding decay width value

3
(th.) — 2 |p0ut| _
Fpiﬁﬂiwo = |gv pro] m = (141 +2) MeV
(31)
(compare to experimental data F;i‘izr t0 =

(149.1 £0.8) MeV). The results are comparable
with other models, as well as with experimental
data (see table 2).

Note that in [16] decay p= — 770 is used as
input to the fit so we do not compare the results.
Analysis of the table 2 shows that the proposed
approach provides good agreement with modern
experimental data.

5. Conclusion and remarks

The work is dedicated to the study of
T*-, pi—mesons characteristics in an approach
based on the composite quark model and the
point form of PiQM. In the course of work
the authors obtain integral representations of
pseudoscalar and vector mesons fp, fy decay
constants using electroweak quark currents. The
proposed observed quantities calculation method
is generalized to the case of hadronic transition
V — Pr0 The results of calculations in point
form of dynamics lead to relatively simple integral
representations for the gy +p+, 0 constant. As a
result of the work it has been shown that the
usage of model parameters obtained from 7+ —
vy and 7 — pTr, decays leads to results for
pT — 779 observables that are close to modern
experimental data.

Nonlinear Phenomena in Complex Systems Vol. 27, no. 4, 202/
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Table 1: Values of constituent quark masses in models, based on the different forms of PiQM

Light-front Light-front Instant form .
Quark flavor calculation [8]|calculation [11, 12]|calculation[23, 24| This work
My, MeV 220 220 250+£5 218.8944.90
mq, MeV 220 220 25045 218.8944.90

Table 2. Comparison of decay constant g,=,+r0 value with other approaches and models as well as experimental

data

Proposed approach Valu;pziiifyl\f:\?gtant

Light-front model [8] 6.10
Light-front model with spurioun contribution [26] 10.00
3 Py—model [18] 4.32
Quasipotential approach [19] 5.45

Bethe-Salpeter based approach [27] 5.13+0.25
Current algebra calculation [5] 5.87

This work 5.78£0.07

Experimental data [1] 5.98+0.02

The authors note that the proposed model

has been successfully used for radiative decay
V(P) — P(V)y investigation [28], p™-meson

1]
2]
3]
4]
[5]
[6]
171

8]
191

electromagnetic form-factor calculations [29] as

well as studies of two-photon decay of a
pseudoscalar 7°- - and n/-mesons [30, 31].
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