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We present a QCD-motivated approach to the analysis of polarized Bjorken sum rule in
the nonperturbative infrared region Q? < 1 GeV2. In this approach, we use the Gerasimov—
Drell-Hearn sum rule as a boundary condition and move from the region of large momentum
transfers to the low Q2-region. We show that the developed approach works well and note a
possible problem with the Jefferson Lab data at Q% < 0.1 GeV?.
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1. Introduction

Deep inelastic scattering of leptons on
nucleons is one of the key processes in studying
the internal structure of a nucleon. The cross
sections of this process are described by structure
functions whose integrals form sum rules of deep
inelastic scattering from various combinations.
Among these sum rules, the polarized Bjorken
sum rule, TY™", is central to the study of the
nucleon spin structure [1, 2].
is determined by the integral of the difference
between the spin-dependent structural functions
g1(z,Q?) of the proton g) and the neutron g}
over all possible values of the Bjorken variable x
for a fixed square of the transferred momentum
Q2. Note that the spin structure function g is of
great physical interest because it characterizes the
partial contribution of quarks to the nucleon spin,
and the integral of g(”/”)(m, @Q?) determines the
total contribution of active quarks to the proton
(neutron) spin of at a fixed Q2.

In the limit Q? — oo, the expression for the

This sum rule

366

Bjorken sum rule obtained using the algebra of
currents and isospin symmetry has the form

O (@) g e
1
~ [ 180" - (. Q] do = %2, (1)
0

where g4 is the axial coupling constant measured
in neutron /3 decay.

Away from the large Q? limit, the Bjorken
sum rule has additional terms. The theoretical
description at low scales Q? includes both
perturbative corrections and non-perturbative
terms (higher-twist corrections). It is important
to note that the Bjorken sum is actively measured
at low and intermediate values of Q?, allowing us
to test the description of perturbative corrections
and study non-perturbative ones. Thus, the
0.05 < Q% < 3 GeV? region has been intensively
studied at Jefferson Lab (JLab), see the recent
work [3], references therein, and the reviews [4, 6].

For small values of Q2 < 1 GeV?, the
description of perturbative contributions using
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the usual perturbative coupling a,(Q?) faces
serious difficulties due to unphysical singularities
of as(Q?), such as the ghost pole, which
contradict the fundamental principle of causality.
Hence, the standard perturbative approach does
not allows one to describe experimental data on
I?™" at low Q2 and reliably extract the values
of nonperturbative parameters. In order to avoid
this difficulty, in this paper we apply an approach
(combining renormalization group symmetry and
Kallén-Lehmann analyticity which is based upon
the general principles of the local quantum
field theory) called the Analytic Perturbation
Theory (APT) [7] (see [8] for more detail). The
analytic coupling without introducing additional
parameters eliminates the non-physical features
of the perturbative part and shifts the limit of
applicability of the perturbative QCD to small
momentum transfers. The APT has already been
applied to the analysis of the Bjorken sum in a
number of papers (see, e.g., [9-11]).

Since the nonperturbative part in the
Bjorken sum rule has a series of powers of 1/ Q?
(higher twists) which should move near Q? =~
0 into a function unknown so far, we use the
technique of matching the function for large Q?
with the behavior at the lowest Q?, using for
this purpose the Gerasimov—Drell-Hearn sum rule
[12], see also [13, 14].

2. Theoretical approach

Equation (1) can be generalized for finite
Q? and according to the OPE (operator product
extension) (see [15]) is represented as

Q) = A [1 - Des(@¥)] + 30 )

6 i=2

(2)
perturbation part
higher-twist  (HT)

where Dps(Q?) is the
and ugi/QZi_2 are the
contributions.

Considering very small values of Q?, the
representation HT consists of an infinite number
of terms of the series. To avoid this, the so-called

“massive”’ representation in the form of twist-4
[16] that includes part of the contributions of the
higher twist is used. Then expression (2) takes the
form

Ve
M@Y= L [1- Des(@)] + h e ()
where the values of fi4 and M? were fitted in [10,
11] in different analytical QCD models. Here we
use the values of the power corrections as an input
for our model at Qp ~ 1 GeV? and we get a good
description of the I} ™" data in the low Q? region.

Next we follow the approach proposed in [17]
and consider the integral

2 2 1
=2g§ r1<c22>=2£fz /O g1(z, Q)da.
(4)

According to the GDH sum rule, the value of this
integral at Q% = 0 is well known

L(Q%)

L(0) = - (5)

where p4 is the anomalous magnetic moment of
the nucleon in nuclear magnetons. The integral
I,(0) is always negative, but its value for a large

1
Q? is determined by the integral / g1(z)dx
0

independent of Q?, positive for the proton and
negative for the neutron.

Dividing the contributions of g7 and g2 (see
[18]) leads to the decomposition of I1(Q?) as the
difference between I7(Q?) and I5(Q?):

L(Q?) = IT(Q%) — 1>(Q%),

2M2 1
1@ =5 [ orle@dz, (0
R* Jo
2M2 1
BQ) =" [ me@i. ()
Q* Jo
It is possible to obtain a smooth
interpolation between large Q? and Q? = 0
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FIG. 1: (Color online) Result of the leading order APT matching for different number of terms in (11).

[18] by representing I%(Q?) as

2O = 6(Q2— Q?) (“A’p 2 erp>

4 (Q5)*
2M?
+ H(QQ_QO) Q2 qu (8)
1
where T7 = g} (z)dz. However, such

interpolation neglectos the perturbative and power
QCD corrections and, on the other hand, assumes
that at the boundary point @y the contribution
of go is already extremely small, so

I7(Q8) = I7(Q7)-

Both types of corrections are easily taken into
account, but this does not allow a simple
analytical parametrization.

In this paper we pay attention to I; without
considering Iy and Ip. Let us write for the
asymptotic expression for It (i = p,n) as

) M2 1 (0?2
@) = 25 [ [ sttt (1- 242
~=52|. )

where the one-loop perturbative correction is
taken into account as well as the contribution

of twist-4 [19]. Here ¢; is the charge factor equal
to 2/9 for the proton and 1/18 for the neutron,
and the matrix elements of combinations of the
reduced twist-3 and -4 operators turn out to be
equal [19] for both the proton and the neutron:
< 0p >=< 0, >=0.09 +0.06 GeV2.

Consider the case for the proton. In this case

12,..(Q%) = 0(Q? Q@QMQ[ <1_as<Q2>>

Q? 2
<0, > )
oSk - B@). (10
Smooth interpolation to the GDH at Q? = 0
is now more difficult and cannot be performed
using simple analytical formulas. Instead, we
decompose (10) into a power series at the point
Qo and define the expression at low Q2 as:

I om—pert (@) = 0(Q% > Q) 10(Q7)

Y1 oomg
+0<Q2<Q%>Z " a@;

Here N is the number of continuous derivatives
of these two expansions, which turns out to be a
free parameter of the model along with the value
of the matching point (). They must be chosen
in such a way that the condition is satisfied:

1y(0) = IgpHh- (12)

|Q2 =Q2- (11)
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Depending on the k-order of perturbation
coupling, the matching points Qg (they are listed
in Tab.1) shift to the region of large values Q%
however, this changes slightly depending on the
approximation for the perturbative part, as shown
in Fig. 1.

Table 1 shows the dependence of the
matching point, (Jg, on the used order, k, for the
perturbative part. As can be seen from this table,
the point Qg varies slightly shifting from an order
to a higher order to the region of large values Q2.
Figure 1 also demonstrates the same.

Table 1. Matching points Q2 (in GeV?) for different
orders of APT.

LO NLO N?’LO N°LO
k=1[ 0.236 0.246 0.260 0.261
k —2[ 0331 0343 0.361 0.361
k = 3| 0.428 0.441 0.464  0.463
k —4] 0526 0.541 0.569  0.567

3. Comparison of data

In Fig.2 we compare different levels of
our approximation of If™" with the JLab
experimental data for the Q@ < 1 GeV? region. In
Fig.3 we present different types of the calculated
BSR. The solid black curve refers to the I'}™"
obtained in [20] from the fit of a combined
set of JLab experimental data, the dashed red
curve refers to the I')™" constructed by the
decomposition method, and the orange dash-
dotted curve is the phenomenological model
prediction from Burkert-loffe [21]. In Fig.4 we
present for comparison the result from [3|. One
can see form Figs.3 and 4 that our curve goes
closer to the data in the low Q? range than other
approaches summarized in [3].

4. Conclusion

The applied «matchings procedure allows
us to smoothly move from the region of large
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FIG. 2. (Color online) I”™" at different matching
points with respect to a combined set of JLab
experimental data.
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FIG. 3. (Color online) Result of comparing different
types of the BSR with respect to the combined set of
experimental data.

momentum transfers to the low-energy region
Q% < 1 GeV? and perform a QCD analysis of
the available experimental data in this area. We
confirm that the experimental data contradict
the Gerasimov-Drell-Hearn sum rule using the
example of the function I(Q?); their is also
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FIG. 4. (Color online) Figure similar to Fig. 3 from [3].

noticeable in the work [3]. It should be noted
that a systematic error related to the method
of conducting an experiment is not excluded.
This approach can be applied to other problems
in studying the low-energy QCD region. In
addition, the approach at different loop levels of
the perturbative part provides consistently good
agreement with experimental data in the entire
region up to the zero momentum transfers. In
future works, it is planned to consider the sum
rules for other channels, as well as the structure

of ga.

References

[1] J. D. Bjorken. Applications of the chiral U(6) x
U(6) algebra of current densities, Phys. Rev.
148, 1467-1478 (1966).

[2] J. D. Bjorken. Inelastic scattering of polarized
leptons from polarized nucleons, Phys. Rev. D 1,
1376-1379 (1970).

[3] A. Deur et al. (CLAS Collab.). Measurement
of the nucleon spin structure functions for
001 < Q* < 1 GeV? using CLAS, e-Print:
arXiv:2409.08365 [nucl-ex].

[4] S. E. Kuhn, J. P. Chen and E. Leader. Spin
structure of the nucleon — status and recent
results, Prog. Part. Nucl. Phys. 63, 1-50 (2009).

[5] Y. Proket al. (CLAS Collaboration), Moments of
the spin structure functions g} and g for 0.05 <
Q* < 3.0 GeV?, Phys. Lett. B 672, 12-16 (2009).

[6] A. Deur, S. J. Brodsky and G. F. De Téramond.
The spin structure of the nucleon, Rept. Prog.
Phys. 82, 076201 (2019).

[7] D.V.Shirkov and I. L. Solovtsov. Analytic model
for the QCD running coupling with universal
as(0) value, Phys. Rev. Lett. 79, 1209-1212
(1997);

K. A. Milton and I. L. Solovtsov. Analytic
perturbation theory in QCD and Schwinger
connection between the ([ function and the

spectral density, Phys. Rev. D 55, 5295-5298
(1997).

[8] D. V. Shirkov and I. L. Solovtsov. Ten years
of the Analytic Perturbation Theory in QCD,
Theor. Math. Phys. 150, 132-152 (2007).

[9] V. L. Khandramai, R. S. Pasechnik,
D. V. Shirkov, O. P. Solovtsova, O. V. Teryaev.
Four-loop QCD analysis of the Bjorken sum
rule, Phys. Lett. B 706, 3407344 (2012).

[10] C. Ayala, G. Cveti¢, A. V. Kotikov and
B. G. Shaikhatdenov. Bjorken sum rule in
QCD frameworks with analytic (holomorphic)
coupling, Int. J. Mod. Phys. A 33, no.18n19,
1850112 (2018).

[11] C. Ayala, G. Cveti¢, A. V. Kotikov and
B. G. Shaikhatdenov. Bjorken polarized sum rule
and infrared-safe QCD couplings, Eur. Phys. J.
C 78, 1002 (2018).

[12] S. B. Gerasimov. A Sum rule for magnetic
moments and the damping of the nucleon
magnetic moment in nuclei, Yad. Fiz. 2, 598-602
(1965).

[13] S. D. Drell and A. C. Hearn. Exact Sum Rule
for Nucleon Magnetic Moments, Phys. Rev. Lett.
16, 908-911 (1966).

[14] D. Drechsel. The Drell-Hearn-Gerasimov sum

Henuneiinblie gBiieHnst B CJIOKHBIX cucTemax 1. 27, Ne 4, 2024



Is it Possible to Match Higher-Twist Contributions with Chiral Perturbation Theory?

371

[15]

[16]

[17]

rule, Prog. Part. Nucl. Phys. 34, 181-200 (1995).
E. V. Shuryak and A. I. Vainshtein. Theory of
Power Corrections to Deep Inelastic Scattering
in Quantum Chromodynamics. 2. Q* effects:
polarized target, Nucl. Phys. B 201, 141-158
(1982);

I. 1. Balitskyy, V. M. Braun and
A. V. Kolesnichenko, Power corrections 1/ Q? to
parton sum rules for deep inelastic scattering
from polarized targets, Phys. Lett. B 242,
245-250 (1990).

O. V. Teryaev, Analyticity and higher twists,
Nucl. Phys. B Proc. Suppl. 245, 195-198
(2013); V. L. Khandramai, O. V. Teryaev and
I. R. Gabdrakhmanov, Infrared modified QCD
couplings and Bjorken sum rule, J. Phys. Conf.
Ser. 678, 012018 (2016).

J. Soffer and O. Teryaev. QCD radiative and
power corrections and generalized GDH sum
rules, Phys. Rev. D 70, 116004 (2004).

[18]

[19]

[20]

[21]

J. Soffer and O. Teryaev. Reply to: Comment
on “Role of go in relating the Schwinger and
Gerasimov—Drell-Hearn sum rules”, Phys. Rev.
Lett. 71, 3609 (1993).

V. M. Braun and A. V. Kolesnichenko. Power
corrections to Bjorken and Gross—Llewellyn
Smith sum rules in QCD, Nucl. Phys. B 283,
723-748 (1987).

I. R. Gabdrakhmanov, N. A. Gramotkov,
A. V. Kotikov, D. A. Volkova and
I. A. Zemlyakov. Bjorken sum rule with

analytic coupling at low Q? values, Pisma Zh.
Eksp. Teor. Fiz. 118, no.7, 491-492 (2023).

V. D. Burkert and B. L. loffe. Polarized
structure functions of proton and neutron and
the Gerasimov—Drell-Hearn and Bjorken sum
rules, J. Exp. Theor. Phys. 78, 619-622 (1994)
[Zh. Eksp. Teor. Fiz. 105, 1153-1160 (1994)].

Nonlinear Phenomena in Complex Systems Vol. 27, no. 4, 202/



