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Abstract

The new relativistic leptonic decay widths in quantum chro-
modynamics are obtained. Consideration is conducted within the
framework of completely covariant of the quasipotential approach in
quantum field theory, formulated in the relativistic configurational
representation in the case of two particles of arbitrary masses.

1 Introduction

In the two-particle approximation the square of the Bethe-Salpeter (BS)
amplitude of two charged particles xss(z) at £ = (r,7) = 0 and hence
at the relative time 7 = 0 is an important quantity for ¢g systems. For
example, it appears in the expressions for the Drell ratio R(s), for the
leptonic and hadronic widths I'(e*e™) and I'(3g) for the 1~ states, and the
hadronic widths I'(2g) for the 0~ states. The leptonic widths I'(e*e™) for
- the decay of 17 states (£ = 0), which will consider in this paper, is [1]-[7)

— M2
[(ete™) = 167ra2e§m~s(;:};_—o)—l, (1)
where a is the fine-structure constant, e, is the quark charge in the units
of e, and M is the total c.i.s. energy of the interacting particles (¢q or
ete™ system) with arbitrary masses m; and m..
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Our aim here is to generalize the method proposed in [8] for obtaining
relativistic leptonic decay widths for value of the orbital moment £ = 0.
Consideration is conducted within the framework of completely covariant
of the relativistic quasipotential (RQP) approach in quantum field theory
(QFT) proposed by Logunov and Tavkhelidze [9] in the form proposed in
[10] for the case of two particles of arbitrary masses m; and m.

2 Background

Representing the square of the BS amplitude in zero, |xps(z = 0)|?,
through square of the wave function in zero for the £ = 0 state,
[er (0, E)|?, corresponding to the nonrelativistic Schrodinger equation in
the case of two particles of equal masses with the confining potential V.(r)
leads in the JWKB approximation to formula [11]-[13] (here A =c =1)

2
nr 2 __ mq nrdE’n
|/¢)0 (O) E’ﬂ-)l - 47T2vn dn ’ (2)

where v2' = \/E,/m, is the nonrelativistic velocity of free quark with
mass m, and kinetic energy E, /2 for given of level n, and the confining
potential V,(r) for simplicity is considered equal zero at r = 0 (V;(0) = 0).

Generalization of the nonrelativistic expression (2) by adding to the
confining potential V,(r) the Coulomb interaction Vi(r) = —4ag/3r, where
ag is the strong coupling constant and the confining potential V,(r) is
considered again for simplicity equal zero at r = 0 was executed in [14],
[15]. Their result as under E, > 0, so and under E, < 0 is

' nr nr m2 n d‘E‘n
W)O (Oa En)|2 = F(vn )47:2’0" dn ! (3)
where expression
47 (873 4 Qag !
F(v) = 1- —
S [ o ( 30 )} W

is the Coulomb S-factor.

In Refs. [16], [17] and also in the case of two particles of equal masses
was obtained the relativistic analog of formula (2) for the Salpeter wave
function Wi(r, M,,) (£ = 0) for an instantaneous q§ interaction in the form

M? dM,
rel 2 __ n ,.rel n
I\IJO (O? Mﬂ)‘ - 167r2 'Un dn 1 (5)
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-where v,

mass Mg and the total energy M,/2 = (2m, + E,)/2. The existence of
guch a relation for the relativistic case was earlier offered but is not proved
in Ref. [18].

Generalization of the nonrelativistic expression (3) was executed in Ref.
[1]. Their method is based on replacement of the full BS interaction kernel
by an appropriate instantaneous interaction (the Salpeter approximation).
In terms of a first approximation they obtained (M, < 2m,)

= /1 —4m2/M? is the relativistic velocity of a free quark with

M? dM,
= 0)%|,_p = | P! I = rel n_, rel &¥n
IxBs(z = 0)|°|e=0 = |V§ (0, My)|* = F(v}; )16 e (6)

where the Coulomb S-factor is determined in Eq. (4).

In the RQP approach [9] for the case of two particles of arbitrary masses
m, and my [10] the BS amplitude in zero xps(z = 0) can be expressed
through the RQP wave functions in the momentum space ¥, (p’) with a
relative three-momentum p’ and the r-representation 9, (r) as

1
Xos(e = 0) = s [ A Wole) = Jim (o), @
where dS),y = m/c*dp’/ Ey is the relativistic three-dimensional volume el-
202

ement in the Lobachevsky space realized on the hyperboloid E2 ~cp
m’ct, m' = \/mimg, N = h/mc.

In the RQP approach the formula (1) must be modified. The relativistic
modification of the formula (1) in RQP for the case of interaction between
two relativistic particles of equal masses (m; = my = m) by quasipotential

2
Vir) = —K—TS— +or®, 0,5 >0, (8)

performed in [8]. The method developed there is based on the RQP ap-
proach in [19] and uses the possibility of passing from an integral equa-
tion in the three-dimensional Lobachevsky momentum space to a finite-
difference equation in the three-dimensional relativistic configuration rep-
resentation introduced in [20] for the interaction of two relativistic equal-
mass particles. Their result is

167ra
Ti(p - ete”) = ——12 |¢qn O)*],_, =

F(l— s ,1;2;1—e*2""n)
2sin Ky

2

, 9)

262
ITHM2 dn
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where as = k%/kic, K, = arccos(M,/2mc?), F(a,b;c;z) is the hypergeo-
metric function.

3 Finite-difference form of quasipotential
equation

The basis of our consideration is completely covariant RQP Schrodinger
equation into the r-representation in terms finite differences constructed
in [10] for the RQP wave function ¢y (r) of two relativistic particles of
arbitrary masses. For spherically symmetric potentials this equation is

(2Br ~ Bo) 9o 0) = 2V (r; By e v), (10)

where pu = mymy/(m; + my) is the usual reduced mass, the operator

foat a ZA, a Al2 a
_ 1 2 ey /7 . sy/ y\/
Hy =2m'c [cosh (z)\ _81”) + - sinh (z)\ _81") 52 D¢, exp (zA _'r)}

is the operator of free Hamiltonian while Ay, is its the angular part,
and X = R/m'c is the Compton wavelengths of the effective relativis-
tic particle with mass m/, a relative three-momentum q’ and the energy
E, = cy/m'?c® + q'%, emerging instead of the system of two particles and
carrying the total c.i.s. energy M = /s of the interacting particles pro-
portional to the energy Fy (see (10, 21}):

m'
M = /s = cy/mic? + q* +cy/mic? + g% = 7;qu.

The quasipotential V(r; Ey) is local in the sense of the Lobachevsky ge-
ometry and in general depends parametrically on the energy Ey, and the
module of the radius-vector, r (r = rn, |n| = 1), is a relativistic invariant
o}, [21], [22].

By using the expansion of the RQP wave function ¢y (r) on a Legendre
function P,(2) of the first kind

Yo (r) = i@“ 1)#‘”‘(:’ X)Pl<q’ . r), an

/
T
£=0 q
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E;:;q, (10) transformed to the form

[cosh (2)\'; ) g‘;(—f%% exp (z’)\’%) - X(r)] we(r,x) = 0. (12)

Here

X(r) = b (M -V(r0), (13)

and x is the rapidity which are related to three—momentum q' and the
energy Ey by

2.2

q =m'csinh xng, |ng| =1, Ey = m'c*coshx, M = coshx. (14)

4 Relativistic analog of the modified JWKB
method and leptonic decay widths

We will seek the JWKB solution of RQP Eq. (12) in the usual form [8]
]
pu(r, x) = exp [ﬁg(r)] )
h B\

For first two members of the decomposition in (15) the JWKB solutions
with the left 1, and the right rg of the classical turning points in the inner
region r;, < r < rg are given then as

om0 = o X2(C;;"i 0 {exp [wt+ () F ]

+exp [ialj’R(r) + %] } ) (16)

where

[ Az 1\ Lr 1 [ :
R(‘I") =4/1+ ﬁ',A =X (Z + 5) , Oy (7”) = ¥ / dtxs(t),
TL,R

xe(r) =In [X(r) £ VX(0) - B(7) (17)
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and CLp are the normalization constants. The turning points r g are
branch points of root in the JWKB solutions (16) that leads to equation

X%(r)y— R*(r) =0. (18)

The JWKB quantization condition, either as in the nonrelativistic case,
find from condition of the coincidence of waves functions in Eqgs. (16) in
point r € (ry;rr) for what necessary to choose

CL = Cyexp —%/dtlnR(t) ,Cr = Co(—1)"exp —%/dtlnR(t) ,
L TR

where Cj is an arbitrary constant. This leads to the JWKB quantization
condition

™R
1
/dr [x+(r) —In R(r)] = =X (n + 5) ,n=01,...,£>0. (19)
L
Condition of applicability of the relativistic JWKB method has the form
cosh xear(r) _dx.(r)
X+ () sinb xea(r) _ dr

where xeg(r) = arcoshXes(r), Xeg(r) = cosh xea(r) = X(r)/R(r). In the
case of £ = 0 condition (20) is converted in inequality

!

<1,£>0, (20)

.| coshx(r) dx(r)
x(r)sinh x(r) dr <1 (21)
where
x(r) = arcoshX (r) = In[X (r) + v/ X?(r) — 1] (22)

is the rapidity of effective relativistic particle of the mass m’ that moves
in the field of potential V(r), but function X(r) is determined in (13).
In the nonrelativistic limit under x — 0 and M = m'?c¢?/u + E, the
inequality in (21) take then the usual form |dX, (r)/dr| < 1, AL (r) =
B/ pac(r), where po(r) = 4/2u[E — V(r)] is the nonrelativistic momentum
of effective particle with the reduced mass u.
In ultrarelativistic limit (x — co) inequality in (21) has the form

d N(r b

—-1n|1n (’)H <1, N(r) = et

/\dr A

(23)
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We note that for the case of interaction between two equal-mass rela-
tivistic particles (m; = my = m), conditions (21) and (23) coincide with
conditions that were obtained in [8].

Relativistic leptonic decay widths of the mesons for the states with
£ = 0 in accordance with relations (1), (7), and (11) is given by

16ma e2 167r012(32

I(ete™) = M2 W’qn ||z_ M2

r—nA’

¥o (Ta X'n) 2
T

TN ’ (24)
where the importance of rapidity of x, corresponds to the importance of
energy M = M,, = (m"c?/p) cosh x,, for given of level n.

We will begin considering for the case of confining potential V,(r) more-
over V;(0) = 0 and does not depend on energy. The JWKB approximation
for the RQP radial waves function in the case of £ = 0 in accordance with
relations (16) and (17) is given by expression (Cy, = Cp)

C 1 |
0 : ’ /
T, = —————sin |— [ drx(r') +
ool ) = —sin | [ arxo)

L

, (25)

]

where the value x(r) is determined in (22), and the normalization constant
Cp is found from the normalization condition

[

In the region of applicability of the relativistic JWKB method the argu-
ment of sine wave in (25) is the quickly oscillating function. So the square
of sine wave in (26) can be replaced, either as in the nonrelativistic case, on
its the average importance equal 1/2. Instead of Eq. (26) we then obtain

o0

- / dr 1o (r, xa)|? = 1. (26)
0

Yo (Tv Xn) 2
T

TR

dr
|Co)? | —F/—= =1. 27
m|Col /sinhx('r) @)

L )
Differentiation of the JWKB quantization condition (19) under ¢ = 0 on
the total energy M, in accordance with the expressions (13), (22) and

condition (18) for the turning points ri g, gives

TR

/ dr wXmc dn
sinhx(r)  p dM,’

(28)

L
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Then, from expressions (27) and (28) we find
’ dM,
Col? = —L "
ol 22 Nm2c? dn
By using relations (25) and (29), and at calculations by considering only
main members on X', we come to the relativistic expression

(29)

%o (7", Xn) 2

T

psinhy, dM, sinh? xn, Ei_x_,.

= = . 30
2r2N3m’2c? dn 22\ dn (30)

lim
r—i)f

We note that expression (30) in the case of equal masses (m; = my; = m)
differs from the corresponding expression in [8]
2 _ Xa aM, 1 d(xn)* 2= _h__

- 4n?X2hicsinh x, dn T 672X dn me

$o (T7 Xn)
r

lim
r—0

by the relativistic factor (xn/sinh x,)? since they are calculated in points
r = i) and r = 0. The expression (30) in the case of equal masses and
h = ¢ = 1 coincides in form with its the nonrelativistic of analogue (2) with
the change v2* — vf®; however, the role of velocity parameter plays the
velocity of efficient relativistic particle, appearing as a two-body system.
In the nonrelativistic limit 97! — 0 both expressions coincide. In Fig. 1,
we present the behavior of the function Rcont defined as the ratio of the
relativistic square of the wave function for the £ = 0 state in (30) and
(5) to the nonrelativistic expression in (2) as a function of the variable
v for the case of confining potential V.(r) (V.(0) = 0), my = my = m
and i = ¢ = 1. The solid curve corresponds to expression in (30), while
the dashed curve corresponds to expression in (5). From Fig. 1, one can
see that, in the nonrelativistic limit (v — 0) the relativistic expressions
in (30) and (5) reproduces the nonrelativistic result. The new expression
(30) differs significantly from the relativistic of expression (5) presence
additional multiplier 1/1 — (v:¢)2 in its denominator.

The JWKB quantization condition (19) under £ = @ with the linear
potential V.(r) = or is given by expression

X - wopuX 1
Xn cosh x5, — sinh x, = -y (n— Z) ,n=12....

Eq. (30) takes then the form

2 op  sinh xn

2 N2m2c2 Xn )

Yo (T) Xn )
T

lim (31)
r—siA’
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Figure 1. Behavior of the ratio Rcons of the relativistic to the nonrelativistic
square of the wave function for the £ = 0 as a function of the variable v for the
case of confining potential V,(r). The solid and dashed curves represent, respec-
tively, the ratio of the expressions (30) and (5) to the nonrelativistic expression
(2)inthecaseof my =my=m, h=c=1.

~which differs from the corresponding of nonrelativistic expression only by
‘the relativistic factor sinh Xn/xn, not giving contribution in the nonrela-
tivistic limit (sinhxy/x» — 1 under ¢ —+ co) and serves the measure of
contribution of relativistic effects [23].

Thus, the relativistic leptonic decay widths of the mesons for the states
with £ = 0 in the case of confining potential V;(r) (V.(0) = 0) in accordance
with relations (24) and (30) is given by formula

I(ete) = 8a’ejp sinhx, dM, 8a’e? sinh® Xn dXn (32)

T aABmi2e2 M2 dn T w3 M2 dn’
The formula (32) for the linear potential V,(r) = or according to expression

(31) takes the form

8a?elou 1 sinhx,

Dete™) = i _ME -

. (33)
Now we shall consider the case, when the interaction between two rel-
ativistic particles of arbitrary masses m, and my is realized by means of

quasipotential (8). In the field of such the potential it is already possible
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the existence of energy levels M,, < m/2c?/u. Importance of the energy M,
in the field of the potential (8) for given of level n can be determined from
the JWKB quantization condition (19). The JWKB radial wave function
in the potential (8) for given fixed of energy M, < m'2c*/u near of the
begining coordinates where a Coulomb interaction dominates in the po-
tential (8), can be then approximated for r small by the Coulomb radial
wave function for which its the exact form is the known [21], [24], [25]

10K )
N1, Xn = ikin) = CE (=)D exp | —prn + 5 ST e+ l)n,.]
sin &k,
asg . —2ik
xF(€+1——.——,Z+1—zp;2€+2;1——e "). (34)
2sin Kn
2K M,
Here p = r/X, a5 = )\’_7’::2%2-’ Kn = Aarccos —7%,2—0"5, and the function

(=p)® = #'T(I + ip)/T(ip) is the generalized power [20], where I'(z) is
gamma-function. The JWKB solution with the potential (8), taken in
classically forbidden region (r > rg), for £ = 0 and for fixed importance
of the energy of bound state with M,, = (m'*c?/p) cos &,,, and for enough
of the large value of p but such, where the Coulomb part will dominate
in the potential (8) [8], according to relations (16) and (17) has the form
(Cr = Cy)

T
. C() 1/ ’ ’ im
T,iKky) = ——==2exp | —— [ dr’arccos[X(r')]+ —]. (35
olrinn) = o onp | = XEN+T| - (3)

TR

Comparing the asymptotic expression of the Coulomb radial wave function
in (34) under £ =0,

@, X = n) |5y ~ O

I'(2¢ + 2)exp [——pnﬂ + In (2psink,) + TS }

9 2sin Kk, 2sin K,
as lt 1’
(2sin n,,)”l \/2_7rexp _ .Ofs fls 28In Kn 2
2sin K, 2sink,
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with the asymptotic form the JWKB solution in (35),

Co/masg exp [——pnn 28 gy (2psin nn)]
2sink,

@o(T iﬂn)|p>>1 ~ &s

ZSinnn\/ZTrexp(_ %s )( Os )2sinnn

2sin Ky, 2 sin Ky,

S
2

we find the relationship between the normalization constants
| = wéis |Col? . (36)

From expressions (29), (34), taken under £ = 0, and (36), we obtain
0§ (r, iky) ? _ agp dM,
T ©2mN3m2¢? dn’

Thus, the relativistic leptonic decay widths of the mesons for the states
with £ = 0 and with mass M,, = (m"c?/u) cosk,, in the case of potential
of form (8) in accordance with relations (24) and (37) is given as

(IDO(Ta Iinn) ? _
r

lim
r—iM

(37)

- 801263515/1 1 dM,
Ple’e™) = Nm2c2 M2 dn

Now we will consider in the field of potential (8) the importance of
energy M, = (m2c®/p) cosh xn, > m™c?/p, importance which for given of
level n also can be determined from the JWKB quantization condition (19).
The JWKB radial wave function (25) in the potential (8) for fixed impor-
tance M, of the energy of bound state and for enough of the large value of
p but such, where the Coulomb interaction will dominate in the potential
(8), can be then approximated by the Coulomb radial wave function for
which its the exact form is the known [21], [26], [27]

QD?DU[ (7,, Xn) = C[Coul (__ p)(¢+1) x

(38)

X exp [ipxn o ~ (O D b im(E+ 1)] x
n
)P (04125 gi1—ip2+21-€e2).  (39)
2sinh xn

From the comparing of asymptotic form of JWKB solution (25),

Co . ' ag .
SaO(T) Xn)'p))l ~ —S-I\/Txn- sin [an + é—sm_h_); In (2[) sinh Xn)] ,

71



with the asymptotic form of Coulomb wave function (39) under £ = 0,

Coul _ 1I'C~!s
2C7°UI (26 + 2) exp [ Tomhos Xn]

ias
r (£+ 1 2sinhx,,)

. -
ln(2P51nth) ) +argl (£+1 B ZS::;X )]’

07 (7 Xn) | 3y ~

sin [pxn+
(2sinh x,,) ¢!

ag
2 sinh y.
we find the relationship between the normalization constants:
ias  \|?
rii—- ———
( 2sinh x,,)

From expressions (29), (39) for £ = 0, and (40), we obtain

(05 = s o exp | 5755 | Gt (40)

2sinh x,

Coul 2
hm 900 ("', Xﬂ) ].l (PO (Ti Xﬂ) —
TN T r—nX T
_ psinhy, ey @My plufe
OmZN3m2C 3 Srap (un dn  OmeN3mBel Srap (un =, (41)
where
Xrqp(ulr) 2mog K2
S rrel QP\Yn X. rrel =5 (49
e () = o [Knge (] ) T g % T e (42
is the relativistic Coulomb S-factor [27], [28], the value
el = 2t (43)

el -
V1—u?

is the relative velocity of an effective relativistic particle with mass m’

emerging instead of the system of two particles, and the velocity u, is

4m2ct
un=\/1—M3_(ml_m2)2c4. (44)

The relativistic leptonic decay widths of the mesons for the states with
£ = 0 and with mass M,, = (m2c%/u) cosh x,, in the case of potential of
form (8) in accordance with relations (24) and (41) is given then by

'8(1283 p'2ulrel SR ( lrel) dM,
wABm/3c2 M 2 dn

I(ete™) = (45)
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Eq. (45) under M, < m™c?/u continuously moves over to equality (38).
We note that in the case of mqy = my = m, i = ¢ = 1 the relativistic
formula in (41) coincides in form with its the nonrelativistic of analogue (3)
with the change 2v2* — 4 and 4as/3 — &2. In the nonrelativistic limit
v;el — 0 both expressions coincide. In Fig. 2, we present the behavior of

3.0

t R —— RQP /

/
)5 Coul  ----. Durand's result

20

15}

Figure 2. Behavior of the ratio Rgoy of the relativistic to the nonrelativistic
square of the wave function for the £ = 0 as a function of the variable v for the
case of potential (8). The solid and dashed curves represent, respectively, the
ratio of the expressions (41) and (6) to the nonrelativistic expression (3) in the
caseof my =myg=m,hi=c=1.

the function Re,y defined as the ratio of the relativistic square of the wave
function for the £ = 0 state in (41) and (6) to the nonrelativistic expression
in (3) as a function of the variable v for the case of potential (8), m; = m, =
m and i = ¢ = 1. The solid curve represents the ratio of the expression
given by (41) to the nonrelativistic expression in (3), while the dashed
curve stands for the ratio of the expression in (6) to the nonrelativistic
expression in (3). From Fig. 2, one can see that, in the nonrelativistic
limit (v — 0) the relativistic expressions in (41) and (6) reproduces the
nonrelativistic result. The new expression (41) differs significantly from the
relativistic of expression (6) presence additional multiplier 4/1 — (vr!)? in
its denominator. This is connected with formula (26) in [29] that was
obtained in the nonrelativistic case. This has not allowed the author in
[29] in the relativistic case it is correct to define the normalization factor
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of wave function. In [29] this factor was chosen equal unit, that lead to
difference in the relativistic limit (v:®! — 1) in formulas (5) and (6) because

of factor 1/1 — (vi*)? in their denominators.

5 Conclusion

In the present study, the new relativistic expressions for the leptonic de-
cay widths of the mesons for the states with £ = 0 in the case of potential
of form (8) were obtained. The consideration was done within the frame-
work of completely covariant of the RQP approach in QFT, formulated in
the relativistic configurational representation in the case of two particles
of arbitrary masses. For this aim the finite-difference quasipotential equa-
tion in form of Schrodinger in the relativistic configuration representation
for the interaction of two relativistic particles of arbitrary masses [10] was
solved by the relativistic JWKB method. The JWKB quantization condi-
tion and the condition of applicability of the relativistic JWKB method in
the case of two particles of arbitrary masses were obtained.

The new relativistic expressions (30) and (41) in the case of equal
masses coincide in form with their the nonrelativistic of analogues (2) and
(3) with the change 2v2° — u® and 4as/3 — k&. Consequently, the role
of velocity parameter plays the velocity of efficient relativistic particle, ap-
pearing as a two-body system. In the nonrelativistic limit %™ — 0 both
expressions coincide. The new expression (41) differs significantly from the
relativistic of expression (6) presence additional multiplier 4/1 — (vr¥)? in
its denominator because of incorrect determined of the normalization fac-
tor to wave function.

As the new relativistic expressions for the leptonic decay widths of
the mesons were obtained within the framework of completely covariant
method, one can expect that these leptonic widths takes into account more
adequately relativistic nature of interaction.
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