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In the framework of the relativistic quasipotential approach to the quantum
field theory, a method is developed according to which a non-local separable
quasipotential describing the interaction between two relativistic spinless parti-
cles of unequal masses can be reconstructed by of the phase shift and bound-state
energies. ’

It was proven by Gelfand and Levitan [1, 2], Marchenko [3], and Krein
[4, 5] that the inverse problem can in principle be solved in the framrwork
of nonrelativistic theory. They obtained the linear integral equations in
two versions, which served as a basis for a further development of inverse-
problem theory. The most-complete survey of this theory was given in the
monographs of Chadan and Sabatier [6] and Zakhariev and Suzko [7].

In the most of studies, however, the problem of reconstructing inter-
action is formulated on the basis of the non-relativistic Schrédinger equa-
tion. Therefore, the problem of reconstructing interaction for essentially
relativistic systems — in particular, within the relativistic quasipotential
approach [8] — is yet remained important.

Within the relativistic quasipotential approach proposed in [9], the
problem is considered here for the case where a non-local separable quasipo-
tential simulating the interaction between two relativistic spinless particles
of unequal masses (m; # my) must be reconstructed on the basis of the
phase shift and bound-state energies. The given approach is based on the
expression that was found by the present author for the phase shift and
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which has the form [10] (we use the system of units where /i = ¢ = 1)

1+P%0/dx——A—'(X—)——] .

o
tgdi(x') = —3sh "X A(xX) chy — chy

where the quantity x’ is defined via the relation E, = m/\/1+ (¢'/m/)? =
m'chy/, m' = /myms, and

A(X) = %szQ?(cthx’)lﬂ(x’)r, e = %1, 2)

Here, Qi(z) is a Legendre function of the second kind.

In order to find the quasipotential V;(r) on the basis of the phase shift
81(x'), it is necessary to solve the integral equation (1) concerning of the
function A;(x'). After that, the function Vi(x') is determined from Eq.(2).
The quasipotential Vj(r) is then reconstructed by performing the relativis-
tic Hankel transformation

W) = 2 [ dxQuleth) 700810 7). ®)

Here, the function S;(x, r) is a free solution of finite-difference quasipoten-
tial equation in configuration space [11].

In particular, the relativistic Hankel transformation (3) at [ = 0 reduces
to the conventional Fourier transformation

27 o
Vo(r) = = [ dxxVo(x) sinrx.
0

We assume that the phase shift §;()x') in Eq.(1) is a function continuous in
the sence of Holder with a positive index and that, for ¥’ — oo, it bahaves
as

a(xX)=0[()7"], 120, v>1. (4)
These constraints are necessary and sufficient for the quasipotential to

satisfy the condition
rVi(r) € Li(0, 00), (5)

which ensures the uniqueness of the inverse-problem solution. We therefore
assume that, as x' increases, the phase shift &;(’) intersects the straight
lines 6;(x') = 7n (n =0, 1,2,...) from above.
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Suppose that there exist 1; (I > 0) scattering states at energies satis-
fying the conditions

E;in = m’chXIRn > m” n=0,1,.,y—1. (6)

We then have
61(0) = Y. (7)

In this case £, = +1, while the scattering states energies Ey, > m' are
found by relation

6‘(X1Rn) =mn, n=012.,y - 1. (8)
The integral equation (1) can be reduced to the form

Ay(archz)gr () = 1+ = P / dtw, (9)

where z = chy’ and where we introduced the following notation:

V(z) = Aiarchz)gi*(z) [1+ (in/2)a(z)(=* - 1)/, (10)
a(z) = —(2/m)(=® - 1) *tgl(a),

Ay(z) = di(archz),

@) = (r/Da)E - 1) [1- (in/2aE@E -1 =

= —sin Ay(z) exp [—iA(z))] .
With the aid of the representation
1/(a —i0) = iné(c) + P(1/0),
Eq.(9) can be recast into the form

Wy (t)hi (t)

.’E-"’LO

Uy(z) =1+~ /dt (11)

If the function ¥;(z) is continuos in the sence of Holder and if the integral
in Eq.(11) converges then the function

W,(t)h; (t)

r— (12)

H(z)=1+= fdt
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is analytic in the complex plane of the variable z with the cut from 1 to
+00, and besides the relation

lim Hl( ) (13)

|z] =00

holds in all directions. Hence, a solution of the integral Eq.(11) can be
represented as

U(z) = Hi(zy) = nl-iﬂo H(z+1m), 1<z<oo0. (14)

By substituting the solution in (14) into the expression for the discontinuity
suffered by the function Hi(z) upon traversing the cut, that is

Hi(z4) - Hi(z_) = 209, (z)h; (z) = —2isin Ay(z) exp (1A(z)) ¥;(x), (15)

we arrive at the homogeneous Riemann—Hilbert equation for the function

HI(Z):
Hi(zy)exp (2iA(z)) — Hi(z_) =0, 1<z < o0 (16)

A particular solution satisfying Eq.(16) and the condition in (13) has the
form

Hy(z) = exp [wi(2)], 7
where
At
wi(z) = /d t—l—z) (18)
Besides
lim w(2) =0, (19)
|z}—00
and 1
wi(z) ~ ;Al(l) Inj1 -2 for z—1, (20)

which holds in all directions, as follows from the assumptions on the be-
havior of the phase shift and from the conditions in (4) and (7). Therefore,
the function Hi(z) has a zero of order v; at the point z = 1.

Thus, according to (14), (17), and (18), the partucular solution to the
nonhomogeneous integral equation (11) has the form

Ui(z) = explou(z) — iy ()], (21)
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where

aulz) = ——P / th’ t) (22)

It should be noted that the function given by (21) is regular at z = 1 (it
has a zero of order y; at this point), is continuous in the sense of Holder
with the same index as the phase shift, and is limited for £ — +o0o0. All
this is consistent with the a priori assumptions on its properties.

A general solution to the homogeneous equation

U,,(t)h; (t)
Vio(z) = /dtt_x_w (23)
has the form (14), as before, while the function
Hi(z) = / g~ t = (24)

is analitic in the complex plane of the variable z with the cut from 1 to
+00, and besides the relation

Hm H,(2) =0 (25j

|z]—00

holds in all directions. Finally, this function satisfies the homegeneous
Riemann—Hilbert equation (16). A general solution to this equation will
be sought in the form

Hyo(2) = EA _lexp_[iull()z)] (26)

Substituting (26) into (16) and requiring that the function H},(2) be finite
at z = 1, we obtain m = v;. Hence, we have

[au(z) — zA,(z)]
(@ - 1)

It is obvious that, as in the case of a particular solution, the function in
(27) satisfies Eq.(16) and possesses all the required properties.

\I’[o(.’L‘) = Hzo(.’L‘+ Z Ak._ exp

(27)
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Therefore, by using the notation in (10) and transforming the sum as
a product, we can recast the general solution to the integral equation (11)
into the form

2 . mt chx’p, — 1
AlY) = —;r—shx' sin & (x) exp [y (chy’)] x I:[o [1 - _chlx%jl—] , (28)

where

o (chy’) = / C}Sl};(xélchx (29)

We note that, in accordance w1th the definition in (2), the function
Ai(x') is of fixed sign at all values of x’, and so far as £, = +1, that it must
be positive.

Thus, the solution in (28) is completely determined by the phase shift
so far as X', is also determined by its the behaviour. Moreover, it follows
from expressions (28) and (29) that the function A;(x’) is continuous in
the sense of Holder and that, for x¥' — 400, it behaves as

ofXe)™], v>1, (30)
provided that the phase shift satisfies condition (4).
This in turn implies that the quasipotential Vj(r) satisfies condition (5).
The case where ¢, = —1 and where there are v, the scattering states

at energies satisfying the conditions (6), and n; the bound states whose
energies lie the in the range

0< Ej =m'cosky <m', Xy =ikk=01,.,m—1, (31)

is considered in the same way.
Besides, by the Levinson theorem, we have

61(0) = m (v + my). (32)

In accordance with expression (20), the function Hj(z) therefore has a zero
of order (v; + my) at 2 = 1. Further following in the same way as for the
case of &, = +1 and considering that the function A;(x’) must now retain

a minus sign at all values of ¥/, so far as ¢; = —1, we obtain
y—-1 hy',. —1
A) = ——shx sin &;(x') exp [au(chx)] H [1 - E—XR,—"——] x (33)
o chy —1
m-1 1—cosk
X 1 ik
kIzlo [ Ty -1 ]



Thus, the function A;(x') is completely determined by the phase shift and
bound states too, and its sign is contrary to the sign of the phase shift for
x — +oo.

In order to reconstruct the quasipotential Vi(r) by means of the trans-
formation in (3), we can introduce the function

A __"‘"1 sh(x'/2) + isin(k};/2) . as/ 1
100 = 1T | S | QOO 40, (30

where A*(x') is asymptotic form of the function

|Qu(ethx')Vi(x')| = / (r/2)eiAe(x)
for |x'| = oo.

The function V;(x') is analitic in the region Imy’ > 0, it is continuous
for Imy’ > 0 and satisfies the condition

Vi(X) =1+0(1), Ix|— oo, (35)

provided that the condition in (5) is carried out. Besides, the function
Vi(x') vanishes nowhere for Imy’ > 0. Hence, the function InV;(x') is
analitic in the region Imy’ > 0 and tends to zero at infinity because of
the estimate in (35). Therefore, we can apply the integral Hilbert trans-
formation to the real and the imaginary parts of the function In V( ),
setting

Qu{ethx')Vi(x') = |Qu(cthx)Vi(x)| exp [i:(x')] (36)
We then obtain
Imln Vi(x') = —%P / dsh(x/2)sh(xf/{;)ln_‘zl(:& T = (37)
ln (cthx) A
= iln [|Qucthx)Vi(x)| /4 ()] - / dsh(x/2) “?X /c;)x e %)*w]

Combining (37) with the expression for
RelnVi(x') = In [|Qi(cthx)Vi(x)| /41 ()], (38)
we now obtain the formula
In [(r/2)eiAi(x)/ (A3 (x))’]
sh(x/2) —sh(x'/2)

W) =5 [ dsh(x/2) ()
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which is valid in the region Imy’ > 0. At last, from expressions (34) and
(39), it follows that

n-1 [sh(x'/z) - isin(fﬁl,-k/2)] x (40)

Qu(cthx)Vi(x') = A7*(X) kl;‘[o sh(x'/2) + isin(xj; /2)
In [(r/2)e1 40/ (A2 0] }

1 o)
X exp {27ri_.°/° dshix/2) sh(x/2) — sh(x'/2)
which is valid for Imy’ > 0.

Thus, a solution to the inverse problem exists and completely deter-
mined as the function A;(x') is found by the phase shift and bound-state
energies for [ > 0.

To summarize, we note that the method proposed here to reconstruct a
non-local separable quasipotential simulating the interaction between two
relativistic spinless particles of unequal masses actually reduces to a one-
body problem. This is thanks to the possibility of representing, within
the relativistic quasipotential approach to quantum field theory, the total
c.m. energy of two relativistic particles of unequal masses as an expression
proportional to the energy of an effective relativistic particle of mass m'.
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