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Abstract

We present a detailed investigation of the renormalization scheme
dependence for the Adler D-function in the framework of the varia-
tional approach to QCD.

Introduction. The main object in a description of the hadronic con-
tribution of many physical processes is the hadronic correlator or the corre-
sponding Adler D-function. Physical quantities are independent of the par-
ticular choosing a concrete renormalization scheme (RS) [1]. However, in real
calculations this dependence is appeared due to a truncation of perturbative
series and RS-dependence is a source of essential theoretical uncertainties
which become to be large especially at low energy scale. There are no funda-
mental principles upon which one can choose one or another preferable RS
and it is necessary to consider the stability results obtained with respect to
the choose of RS.

Various methods are proposed to eliminate the effect of choosing a con-
crete RS in calculations of physical quantities. Here, to investigate the RS-
dependence, we use the nonperturbative method of constructing the so-called
floating or variational series in quantum chromodynamics proposed in (2, 3].
This approach to QCD is based on the idea of variational perturbation the-
ory (VPT) [4, 5, 6, 7]. The expansion parameter is a new small param-
eter connected with the initial coupling constant by some equation. This
method maintains the high energy physics and in nonperturbative region the
expansion parameter remains small value. We show that the scheme de-
pendence in the VPT is considerably less than in the standard perturbative
approach (PT), and applying the VPT allows us to considerably reduce the
RS-dependence.
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We note here that in the framework of the APT, the RS-dependence of
the Adler D-function in QCD has been discussed in detail in [8, 9, 10].

Variational perturbative theory. Analysis of the structure of the
variational perturbation series shows that it can be organized in powers of
the new small expansion parameter @ associated with the initial couphng
constant A by following equation

v 9 _ @ _ 1 _d& 1)
(4m)2  4r  C(1-a)?
The expansion parameter a obeys the inequality 0 < a < 1. The positive
constant C plays the role of a variational parameter and does not depend
on experimental data. The original quantity which is approximated by this
expansion does not depend on the auxiliary parameter C; however, any finite
approximation depends on it on account of the truncation of the series.

The variational parameter C can be defined, if one takes into account the
Kallén—-Lehmann analyticity [1] (as it was done in the analytic perturbation
theory [11]). We note also that analytic properties of the running coupling
are important from the point of view phenomenological applications.

It has been demonstrated in [12, 13}, a value of parameter C changes from
order to order, in accordance with the phenomenon of induced convergence.
It has been observed empirically in [14, 15] that the results seem to con-
verge if the variational parameter is chosen, in each order, according to some
variational principle. This induced-convergence mechanism is also discussed
in [16].

The running expansion parameter a(Q?) as a function of Q? is determined
from the renormalization group equation with an accuracy O(a'):

Q* = QZexp {% (fila) - f,-<ao)>] , @

where
A
2ﬁo
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In the VPT approach, the three-loop G-function as a function of the param-

eter a has the form

1 2,@00,4
C? (2+a)(1 —a)?

fi(e) = (3)

Bvpr(z) = — (1+ ka + kaa® + k3a® + kea® + ksa®), (4)
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where

B 15 5,

9
= — ko =12 4+ — ki=2 —
kl 2) 2 1 + ﬁocu 3 5+ 2 ﬂOC, (5)
63 5 B2 147 Br 21 [
hy=454+ 2L P2 ge = 1T L gg P 2 P
1= 5C T BCe R N AW e

and

2 38 —= 2857 5033 325
Bo=11-3f, Bi=102-=F, B = — = f

2
2 18 + 54 £ ()
are standard coefficients of perturbation theory [17], and a = a()) is accord-
ing to (1). Note that the three-loop g-function coefficient 3, depends from
the choosing of renormalization scheme.
The running parameter a(Q?) is defined as an implicit function of Q%(a)
via the equation (2) with f;(a) in the order O(a?):

2 12 9

fz(a)=§+-(-L————_—a+211n(1—a)—211na,
2 6 18 1 624 5184 %a
fg(a)-;1—5—-&——ﬁl—_—a—481na+-1711n(1—a)+—l-len(1+—é—),
2 6 A -
3
fi(a)za—2—a—l_a+A11na+A2ln(1—a)+kZ=;Bkln(a—ak), (7

where the coefficients A and B in Eq. (7) are changing from order to order.

By examination a complex plane of running expansion parameter a as a
function of Q2 from Eq. (2) and the branches of the many-valued function
a = a(Q?), we required of certain analytic properties of the parameter a.
This allowed us to define the values of the variational parameters C; (see
[12, 13] for details). taking into account the nonperturbative f-function and
a correlation between the coefficients A and B in Eq. (7):

i—2
A1+A2+ZBk=0, (8)

k=1
we obtain for f = 3 the variational parameters C; in the order O(a’):

03 = 35, C4 = 92, 05 = 191, Cs = 341, C7 =55.6. (9)
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Figure 1: Stability of the variational parameters Cg and C7 with respect to
the RS-dependent (-function coeflicient G,.

These values of parameters agree well with values which have been found
earlier from the meson spectroscopy {2, 3].

It is important to note, that the value of the parameter C is not too sen-
sitive to the change of the RS-dependent three-loop B-function coefficient [,
(see Fig 1). We have found for the coefficient C7 in the different renormal-
ization schemes (MS, K, H and V)! with the scheme dependent three-loop
[B-function coeflicient G,:

B2(MS) = 643.83, Bo(K) = —1644.04, [Bo(H) =0, [o(V) = 1766.88,
where
Ciis = 55.5901, Cv = 55.7051, Cy = 55.5238, Ck = 55.3531.

In order to illustrate the renormalization scheme dependence problem let
us consider the three-loop perturbative S-function and the VPT S-function
(4) in the different renormalization schemes. The calculations were performed
in the schemes MS, K, H and V. The behavior of the S-function in the PT

!We use the K-scheme, which is interesting in that there is a fixed point for the three-
loop running coupling point (18].
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Figure 2: RS-independence of the B-function in VPT, compared with the
perturbative B-function for different renormalization schemes. The curves
correspond to the VPT approach (solid) and to the PT B-function in V and
H schemes (dot), in MS and K schemes (dash).

and VPT approaches is given in Fig. 2. As can be seen from graph, the
differences between curves obtained in different schemes for the perturba-
tive S-function are quite dramatic. The VPT results obtained in the same
schemes practically coincide.

In Fig. 3, we demonstrate the behavior of the corresponding effective
running coupling a,(Q?) in different RS’s. It is seen that the uncertainties
coming from the RS-dependence of perturbative calculations are rather large
[see curves MS, V, K and for the so-called 't Hooft scheme H].

Renormalization scheme dependence for the Adler D-function.
We have been found all the VPT parameters and now can study, as an
important example, the renormalization scheme dependence for the Adler D-
function [19]. Separating the QCD correction in the D-function we present
D = 1+ d. The perturbation expansion for the QCD correction to the
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Figure 3: The running coupling a,(Q?) calculated in the cases of perturbation
theory (PT) and the variational perturbation theory (VPT) in different RS’s.

D-function with the running coupling «, is written as:
dpr(Q?) = a}(@)/m [ 1+ diad(@)/m + d (eh(@)/m)’ +...] . (10)

where the index ¢ denotes the RS in which one performs calculations. In
M S-scheme the perturbative coefficients for the D-function are [20, 21]

dM5 = 1.986—0.115f, (11)
1.2395 (X} @) 12)

3 X9
The invariant charge is determined as a solution of the renormalization group
equation (2) with the three-loop S-function [17]

dMS = 18.244 — 4.216f + 0.086f% —

B(a) = —;&2(1+b1d+b2&2), & = a,/m, (13)
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where

MS
Bo b = WIS — 16 22— f=3.

2 YT Bo

In passing from one renormalization scheme to another, RS — RS’, the
running coupling transforms as follows

b=

& — & = a(l+va&+va*+...). (14)

The corresponding three-loop contribution for the QCD correction to the
D-function is written as

d = &(1 +d1a@ + d26?) . (15)

A change in the RS modifies the values of the expansion coefficients in (14)
and (15). The coefficients b and b; are RS-independent in the class of mass
and gauge independent schemes and the three-loop 3-function coefficient by
and the expansion coefficients d; and ds in (15) depend on the choice of the
renormalization scheme. Under the scheme transformation (14), they are
changing and each term in representation (15) undergoes a transformation,
and we obtain a new function

d—d =& 1+ d\& + dya'?). (16)

Thus, in a new scheme in the VPT approach we have the corresponding three-
loop contribution for the QCD correction to the D-function in the form:

o
! o =-g— [1+3a+ 5(2d1 +30)a* + —(12d1 +5C) (17)
84d,C + 15C2 + 16dy , 224d,C + 144d, + 21C?
+ a + a

C? C?

To obtain the invariant charge in the perturbative case or VPT, we use the
equation

AT 1 b/2 )
EIH(A?W—S) = d1 —d1+&:+b11n1+b1&+®(aab2)v (18)

where

i dz
Ppr(&, ba) = b2/ (1 +b1z)(1 + byz + be?)
0

(19)



and

b 1 1
Svrr(a, ba) 2 0/ l:ﬂVPT(-'L') 220 () ae. (20)
Although there are no general arguments to prefer a certain renormaliza-
tion scheme from the start, we use a class of “natural” schemes, which look
reasonable at the three-loop level that we consider. A condition for selecting
a class of acceptable schemes has been proposed in [22]. One should restrict
oneself to the schemes, where the cancellations between different terms in
the second scheme invariant [23]

P2 = by +dy — bidy — d? (21)

are not too large. Quantitatively, this criterion can be related to the cancel-
lation index

D (o] 4l + 8 + i) (22)

Fig. 4 shows the behavior of the QCD contribution to the D-function,
d(Q?), in different RS’s, using for normalization the typical value of the
scale parameter A%szs) = 370 MeV.

The calculations were performed in the schemes A, B, which are similar
to each other and to the optimal PMS and ECH schemes in the sense of the
cancellation index: Cy =~ Cg =~ Cpms == 2. For ECH scheme the cancellation
index is minimal, equaling unity. The cancellation index for the the widely
used MS scheme turns out to be somewhat bigger, Cyis ~ 3.1. In addition,
we use the results for the K scheme (Ck =~ 5.3) [18] and for the V scheme
(Cv ~3.76) [24].

As seen from Fig. 4, the dispersion of the PT results obtained for d(Q?)
within different RS’s diverge considerably at low energy scales as early as the
value @2 ~ 2 GeV?. For the same schemes, in Fig. 4 we also present results
obtained in the VPT approach. There the scheme arbitrariness is very small,
and all the curves corresponding to the schemes A, B, ECH, MS, K and V
calculated in VPT merge into one thick solid curve.

The one of the reason of RS-independence for the d(Q?) is the behavior
of the effective coupling a(Q?) in different renormalization schemes (Fig. 3).
Thus, in the VPT, the scheme arbitrariness is very dramatically reduced as
compared to that in analogous PT calculations.

C =

Conclusions. Summarizing, we have analyzed the RS-dependence for
the three-loop G-function and the effective coupling a,(@?) in the framework
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Figure 4: Renormalization scheme dependence of the functions dpr(Q?) and
dvpr(Q?) calculated in the cases of perturbation theory (dash and dot lines)
and the VPT approach (solid lines) for different RS’s (f = 3).

of the nonperturbative approach to QCD based on the idea of variational per-
turbation theory. The VPT results have extraordinary stability with respect
to the choice of the RS. Here, we have found that the QCD contribution to
the D-function, calculated within the VPT method turned out to be practi-
cally scheme-independent in a wide class of RS’s. In the VPT, therefore, the
three-loop level reached presently for a number of physical processes is practi-
cally invariant with respect to the choice of the renormalization prescription.
Our analysis is not based on any optimization of the scheme arbitrariness(see,
for example, [23]). This in turn means that the three-loop level attained for

many processes is practically independent of the choice of the renormalization
. scheme in VPT.
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