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Abstract

The 7,7,7. system was investigated in the g — s§ — c& basis.
Numerical values for mixing angles ¢,0. and 8, were fixed by the
experimental data of two photon 7-decays. The decay constants of
radiative V — Py and P —» Vy (P =n,7; V = p,w, ¢) decays were
calculated and turned out to be in agreement with experimental data.

1 Introduction.

The investigation of simple quark-antiquark systems such as pseudoscalar
mesons 7°, n, 77'... is of extraordinary interest as a source of information about
structure of hadrons. CLEO [1] and L3[2]experiments call the additional
interest to this phenomena. It‘s well known that SU(3)-symmetry predicts
the existence of massless pseudoscalar octet ns = %(uﬂ + dd — s5) and
massive singlet 1 = \—}-g(uﬂ + dd + s3).Physical states 7, 7' are the mixture of
ng and 7ng. The study of n — 7' mixing is very important for understanding of
basic properties of quark - hadron matter. This phenomena was considered
in different approaches [3]. Also there exists approach connected with quark
basis q7 = %’4, $5[4].In this case decay constant mixing is considered to be
the same as for meson states. There are several ways to define  — 7’ mixing
parameters: ‘

e The radiative decays of n-mesons [4].

e The radiative J/¥ - decays [5]
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e Rations of weak decays constants [3].

Very recently Kloe Collaboration has reported new measurement of the ratio
R = Br(¢ — n'v)/Br(¢ — ny) [6]. So the subject of admixture of heavy
quark or gluonic components in light pseudoscalar mesons has regained inter-
est. Early investigations of this subject already date back to the 70-th,when
Kramer {7}and independently Fritzch and Jackson [8]discussed mixing of light
and heavy pseudoscalar mesons in the context of radiative J/¥ - decays.The
rather exostive phenomenological analysis of mixing parameters of n—n'—n,
system have been performed by Chao [5]. There is number of approaches
where authors trie to explain existing experimental data by admixture of
gluonic states (the recent one is [9]).

In this article we study the mixing in the the n — ' — 7. system.The
analysis of mixing parameters can be performed by study two-photon decays
of n,n" n.and mesons.

There is a problem in is the evaluation of the hadronic matrix elements.In
our previous work [10] we perform the calculations in the Quark Confinement
Model (QCM) [11]. But the heavy quarks interactions cannot be described
in the the framework of this model.So in the present work we use Relativistic
Constituent Quark Model (RCQM)[12].

2 The description of  mixing

In order to quantify the mixing in the 7,7’ system, one have to define appro-
priate mixing parameters, which can be related to physical observables.
The octet-singlet mixing is based on chiral perturbation theory which
traditionally leads to description of 7,7’ mixing in terms of singlet-octet
parameters [3]. In this case the physical states 7 and 7’ are the mixture of
massive singlet 7o = Jz(uii+dd+s5) and massless octet 1g = Jz(ui+dd—s5):

N\ _ [ cosf —sinf 78 (1)
7' )~ \ sinfcosé o

Mixing in the quark basis(QBM). The parametrization of the decay con-
stants look simpler in another basis, where the two independent axial-vector
currents are taken as [4]

1 _
J, Zs = E(U'Yy')'su + d’Yy'st)
Jis = 5Yuss (2)
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In this scheme 7, ' mixing is defined as

n\_( cosp- sin @ g 3)
7 sin ¢ cos ¢ s
ufi+dd

where 7, = 272,17, = 5.
The numerical value for mixing angle ¢ varies as ¢ = 30° + 45° in different
approaches [3].

This scheme can be generalized to the ¢§ — s3 — c€ basis. One can assume
behavior for decay constants of n —7’ — 7, to be the similar that one in gg— s3

basis. Then we can write:

q s c
n n n

f:]][ f;’ f;’ = U(‘ﬂa oy,ec)diag(fm fsa fc) (4)
q s c

Ne Ne Ne

where 7. = cé. The transformation matrix now involves three angles:

cos ¥ —singp —0.sin 6,
U(p,8,,6.) = sin cos 0. cos 6, (5)
—~0sin(p — 6,) —0.cos(p — by) 1

There terms of order §2 were neglected, since the mixing between n — ' and
7 is an effect of the order of /. So we have
Ne

UUY=1+0(6%)
The two new mixing angles are related with decay constants of c¢

fq = —faOcsinby; fo = fy.0ccosb,

3 Two-photon decays and 7,7’ mixing pa-
rameters.

The constant of two-photon decay P — v is a very important source of
information about 7,7’ mixing. We can use the experimental data about
n,n’ decays to fix numerical values of mixing angles ¢,0. and 6,.

Analytical expressions for radiative n,n’ decay constants in the case of
q7 — s5 was obtained in QCM [11]both in OSM and QBM in our previous
work [10].
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In the QBM approach the decay constants were received [10]as

3h 1 5 ‘
I (p) = ——Wi@(ﬁ ‘g Fpyy(m3,0,0,A,) - cosp —

1 .
-5 Fpyy(m2,0,0,A,) - sin ) (6)

Norc)

15
B

Gy () = ‘9 Fva(mf,/, 0,0,A,) -sinp +

+§ : vav(m;",:, 0,0, A,) - cos ) (7)

The structure integral Fpyy(m?2,0,0,A) in (6),(7) arise from triangle diagram
with ivs,7*,v" vertexes.
In the case of q7 — s5 — cC basis gnyy,9y+y and gy~ are written as:

,/ (0, 6c, 6y) V3ha(, 02, 8,) 15

g T fgquq—"Y'Y( n? SO) 06’0 )Cosw -

1 . .
_§9P,s—»77(m12p @, 0c, 0y) sin g — '9'06 sin engcE"'Y'Y(mn’ @, bc,6y)) (8)

V (p70679 1 5 (

vy = \/— gquq—vy'y 3,'1 ¥, 06) ey) sin e+

T

1
+§gpu_..w(mf’,, ©,0c,0,)cosp + -§9c cos Oygpcé__,w(m;‘;,, ©,0c,6,)) (9)

3hy (p,0:,0,), 15

Ineyy = p (- \/-gquq—vw( 3;’ @, 0, 6y)0csin(yp — 6,) +

1 5
+§gPai—"Y’Y(m?p ©,0¢, )0 cos(p — 0,) + -g_chE—”Y’Y(mvzp ¢, 6c,6y))  (10)

The gp,., 9p,;» gp.. are the constants of two photon decays of P-states with
the corresponding quark contents. The QCM failed in description of heavy
quarks, so in the present work we use the Relativistic Constituent Quark
Model (RCQM)[12] for description of the hadronic interactions of 7 mesons.
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4 Relativistic Constituent Quark Model

The hadronic interactions will be described in the Relativistic Constituent
Quark Model (RCQM){12].This model is based on the effective interaction
Lagrangian which describes the coupling of hadrons with their constituent
quarks:

Line(&) = gnH(2) / dz, / dos®u(z, o, 22)3@)Tadug(zs). (1)

Here Ay and 'y are Gell-Mann and Dirac matrices,respectively, which
entail the flavor and spin quantum numbers of the hadron H. The function
®yis related to the scalar part of Bete-Salpeter amplitude and characterizes
the finite size of hadron.In order to provide Lorence invariance of Lagrangian
(11)®y have to be invariant under transition ®y(z + a,21 + a,22 +a) =
&y (z, 1, 2).

In the case of an arbitrary pair of quarks with different masses ®y is
given by
mM1T1 + Moo

V({21 — 22)?). (12)

The choice of vertex function f((z; — z2)?) will be specified after transition
to momentum space.
Let us consider meson mass function, defined by the diagram in Fig.1.

0] = §(z —
H($,$1,$2) (33 My + Ty
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Oy(z—y) = /dzl/dl’z@H(x T1, T2 /dm/dyz@z{ (¥, Y1, 92) -
Tr{S(y1 - zl)FHS(xz ~y)lu}. (13)

The Fourier-transform of meson mass-function (13) is

T (p) = [ e P My(c)dz = N . )
= f(z—d’,;)f;f(g—,fhf%;xqm(—?, k1, k2)®n(q, k1, k2)Tr{S(k)T'n S(k2)Tr}.

and finally can be written as

flup) = [ ("’“)4¢H(k P)Tr{S(k + p)TuS(¥)Tx} (14)

We assume that the vertex function ¢y depends only on the loop momentum
k. The function ¢y is assumed to be the analytical function which decreases
sufficiently fast in the Euclidean momentum space. In this work we em-
ploy a Gaussian form for the vertex function ¢g(k) = exp(—k%/A%).The
size parameters Ay were determined by fit to experimental data or lattice
simulations [13]. We use local quark propagators

8i(k) = —— (15)

mi—k

where m; is the constituent quark mass. As it discussed in [12], we assume
that myg < mg, +my, in order to avoid the appearance the of imaginary parts
in the physical amplitudes. The fit values for the constituent quark masses
are taken from [13] and are given as

my ms me

0.235 (GeV) 0.333 (GeV) 1.67 (Gev)

The coupling constants gx are determined by the co called compositeness
condition [14] and had been used in QCM [11]. It means that the renormal-
ization constant of the meson field is equal to zero

Zn =1 39%’rf'( 2)=0 (16)
M=1T w(mg) =0,
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where IT},(p) is the derivative of the mass function (14). It is convenient to
use interaction constant in a form:

39% 1
Ry = = = 17
7 am  Tiy(ml) i

instead of gy in the further calculations.

5 Mixing parameters of 7,7,7, - mesons in
qq — s§ — cC basis.

As it was mentioned above, one has the opportunity to fix the n, n/, ﬁc mixing

angles by using the experimental data about the two photon decays of this

mesons.
The experimental values of widths of this decays are

W(n — vv) = (0.46 + 0.04) KeV [15]
W(n' — yy) = (4.27+ 0.19)KeV[15]
W(n. — vv) = (26.97 £ 2.97) KeV[16] (18)

The matrix element of 7,7, 7. — 77 is defined by the diagram in Fig.2
and can be written as

A(P = 77) = €2 gppe”®Pe (1) (g2). (19)

gpyy are just the decay constants from (8)-(10).

oo
a1
or(—k?)
o G2
v
Fig.2

In RCQM gp,;, gp,s 9P, from (8)-(10) are defined by loop integral

d*k
draom = [ tel= ) TP - G (ks + ] (20
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Using integration technique in detailed described in [16],0one then arrives at
the following analytical representation of gp, G (s =4q,s,¢)

= t 2 ' 3 & /
Y At R DS AC )

where

2
Q1P

Zg = t(mi - alagpz) - 1+t
The coupling constants Ay, hy, hy, are defined by (17), with II,
I, (m2) = Ti(m2, my) cos® ¢ + II(m?, m,) sin® ¢ + I(m2, m.)62 sin® G, (22)
I,y (m2) = TI(m2,, mq) sin® p+TI(m2,, m,) cos® p+II(m 2., me)02 cos® 6, (23)
I, (m2,) = TU(m2,, my) (6 sin(p — 6,))? + T2, m,)(Bz cos(p — 6,))°
+H(m,";, me), (24)

Mass functions II(p?, m,) in the case of pseudoscalars can be written accord-
ing to (14)

(p?, my) = / 6 )¢P< RTr (S, + DS,y (25)

The derivative of mass function H(p ,Myg) can be received as

d 1 [ t !

@Eﬂ(pz,mq)lphmz& = 5/(; dt(m)2/0 daF(a,t)\ (26)
where

F(a,t) = ¢%(2) 1+t(4 31+t)_

—(d)H ) {2m + 55 1+t [mH m2] - mH(1+t)2(2 - 1+t }
with

2 2 o’t m2
= t(my — a(l ~ a)ymy) — T3¢ (27)

The decay width of two photon decay of pseudoscalar meson is written
in standard form

T
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To define mixing angles we have calculated gp—.,, for 7,7, 7. as described

above and have used the experimental values for g;7% . extracted from

(18) by (28). So, the following numerical values were received
0 =33.1%6, = —1.1°6, = 51.3° (29)

Now using the above values for the mixing angles ¢, 8, and 8, we can find
for quark content of the physical mesons

n) = 0.72n,) — 0.651n,) — 0.0057)
7) = 0.65n,) + 0.727,) — 0.016n,)
ey = 0.012n,) + 0.0097,) + 0.0057.) (30)

6 Radiative decays of 1,7' mesons.

Let us calculate the constants of V — Pyand P - Vy (P =1n,7; V =
p, w, p)decays using the mixing parameters received in previous section.
The decay amplitudes are defined as

A(V — P) = egvpye" e (pv)e (a,) 8507 (31)
A(P = V) = egpvye™ e (a))¢ oy )a5Py (32)
and the corresponding decay widths are
W(P — V7) = myagpy, (33)
1
W(V — Py) = smzagyp, (34)

The following expressions for decay constants were received :

Gney =/ hohy(p, bc, 8y) s pgpv(my, m3, 0,mg) (35)
Gy = A/ Bphay (@, 0c, 6y) sin pgpy.(m2,, m2, 0, mq) (36)

1
Iy = hwhﬂ((p7 00’ 011) cos ‘P’égPV"/ (mfp mf}) 0, mq) (37)

/ .1
g’l"d’)‘ = h’wh’?' ((p’ 06! ey) sin (pggPV'y(mg' 3 m?w 0) mq) (38)



. 2

ey = \/ ehn (¢, 6., 0y) sin <P§gPV—y(my2,: mi’ 0, ms) (39)
[ 2

gfl'¢’1 = h¢hﬂl ((p, 001 oy) COS (pggpv—y(m,zf, mg, O; ms) (40)

The analytical expression for function gpy,(m%, m%,0,m,) in (35)- (40) can
be received by evacuation of one loop integral as described in previous section.
The numerical values for V — Py and P — V' decays are given in tables 1

and 2.

Table 1
gvny(GeV~1) | Experiment [15] qd — 83 — ccbasis with
p =33.1°% 6. = —1.1°; 8, = 51.3°
9oy 147+ 0.25 - 0.28 1.51
Gy 0.5 £0.04 051
o 0.69 £ 0.02 0.72
Table 2

gvu-(GeV ™)

Experiment [15]

gd — 8§ — cc basis with
¢ =33.1%60, = -1.1°6, = 51.3°

Tory 131 £0.06 124
gwyl”y 0-45 :t 0-03 0-37
Jomrn 1.00 £ 0.28 0.79

One can see that numerical results are in agreement with experimental data.
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