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Abstract

The new relativistic form factor of the relativistic two-particle
bound system in the case of scalar current is obtained. Consider-
ation is conducted within the framework of relativistic quasipoten-
tial approach on the basis of covariant Hamiltonian formulation of
quantum field theory by transition to the three-dimensional rela-
tivistic configurational representation in the case of two interacting
relativistic particles with arbitrary masses.

1 Introduction

The study of hadrons electromagnetic form factors allows to obtain the
information about spatial hadrons structure. The idea of the composite
quark nature of hadrons and suggestion about scale invariant behavior in
the region of large momentum transfers has allowed to reveal regularity of
the elastic hadrons form factors behavior [1]. To describe the behavior of
the form factors the different pole vector-dominance models (VDM) were
used. These models successfully reproduce the behavior of the pion form
factor as in space-like, so and at time-like regions (2], and behavior of
the nucleon form factor in the space-like regions [3]. However the models
VDM fail in description experimently of the observed for large importances
of the momentum transfer of the system —t = Q? the quick decrease of
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electromagnetic form factor at time-like region according to the law of
dipole ~ t=2. The reason is that the model VDM assume that the virtual
photon flying in the nucleon “sees” only the vector mesons which there
are the quark-antiquark bound-states while the structure of nucleon study
at small distances where the momentum transfer of the system there is
enough large value and quarks move quasifree (the asymptotic freedom).

The other approach was suggested in [4-6] for description of the be-
havior of baryon and nucleon electromagnetic form factors at time-like
region close to their threshold. In this approach the baryon (nucleon) elec-
tromagnetic form factor at time-like region close to BB (NN) threshold
introduces as a product of a factor corresponding to singularities of transi-
tion amplitude lying far from BB (NN) threshold and a factor reflecting
strong final state interaction. This last factor gives the energy dependency
of the form factor.

However the problem of covariant description of form factor in the
whole, rather then only in asymptotic region energy within the framework
of relativistic quark model taking into account differences of their masses,
continues remain interesting and at present. For this we must know the
dynamics of the interacting quarks more in detail, in particular, we must
know the covariant wave functions their of relative motion.

Within the quantum field theory the covariant wave functions of the
relative motion can be obtained using the relativistic covariant two-particle
quasipotential equations of Logunov-Tavkhelidze 7] and Kadyshevsky |8,
9]. The using of three-dimensional relativistic quasipotential (RQP) equa-
tion of Logunov-Tavkhelidze for description of the form factors of com-
posite systems was executed in [10-14]. However, use of the equation
Logunov-Tavkhelidze for wave function in the momentum representation
has noy allowed to research the behavior of the form factor in broad interval
of importances of the momentum transfer of the relativistic two-particle
bound system. The other model of the account of the contribution small
the distances in form factor of the proton was considered in [15]. This
model is based on invariant description of the structure of the particles
in relativistic configurational space that was carried in [16] in the case
of interaction between two relativistic spinless particles that have equal
masses m in which the Compton wavelength of particle plays role of the
natural scale. In this model is taken into account both the contribution
to the proton form factor of vector mesons and the contribution from its
the central part having radius of the Compton wavelength. The method



of transition to the relativistic configurational representation in the case
of interaction between two relativistic spinless particles with equal masses
proposed in [16] was used in [17] to construct the three-dimensional co-
variant formalism for the description of relativistic two-particle systems.
Within the framework of this formalism the expressions for the form factors
of relativistic two-particle systems [18, 19] were obtained.

The aim of this work is to obtain the expression for the elastic form
factor of relativistic two-particle system in the case of scalar current on the
basis of covariant Hamiltonian formulation of quantum field theory (8, 9] by
transition to the three-dimensional relativistic configurational representa-
tion for the interaction of two relativistic spinless particles having arbitrary
masses my, mg (20, 21].

2 Equation for the vertex function

Applying the Kadyshevsky rules for the diagrams as given in [8, 9] allows
to present the equation for the vertex function in the case of interaction
between two relativistic spinless particles with arbitrary masses m; and my
(in full analogy with the equation for the scattering amplitude in (20, 21])
in the graphic form (Fig. 1). The graphic equation in accordance with the

Figure 1: The graphic equation for the vertex function in the case of
interaction between two relativistic spinless particles with arbitrary masses

that corresponds the Kadyshevsky rules for the diagrams.



Kadyshevsky rules for the diagrams answers the integral equation )
1
To (p1, P2; AoTg) = W/decd(‘l)kld(4)k29(k10)5(kf — m2)0(kzg) x

V (p1,p2; AaTolkr, k2; Aa7i) Tg (K1, k2; AgTic) X

1
X603 —m)

x6W (=Q + ky + k2 4+ Ao7x) , (1)

where all the momenta of the particles k; (or p;,q;) belong to the mass
shells

k2 =ki—kl=mli=12 (2)

The equations (2) define the three-dimensional surfaces of a hyperboloids
whose upper sheets serve as a models of the Lobachevsky space. Composite
particle has the 4-momentum Q and moment J = 0 moreover Q% = (q; +
32)? = Q} — Q* = s, = M3. The solid lines correspond the components of
composite particle, the dashed lines correspond quasi particles, and block
of the diagrams that marked on fig. 1 as the trapezoid is considered as the
quasipotential. As a vector Ag, it is convenient to choose the 4-velocity of
the system Ag = (A; Ag) = Q/V Q2.

We notice that in given approach for the vertex function
o (p1,p2; AoTo) the two external of moment are parallel on the strength of
choice of 4-velocity of the composite particle A\g = Q/Mg. Consequently,
for the bounded system of spinless particles which are found in the mo-
tion with moment J = 0 the vertex function I'g (p1, p2; AoTg) can depend
only from the Lorentz scalars: Q% = M3, p? = m?, Op; = Mo(Aop;), i =
1,2;(Agr)? = 73,p1p2, AQ. Since all the momenta of the particles be-
long to the masses of hyperboloids (2), and A\g@ = Mg, that only the four
parameters are essential: pip2, 7o, Op;, i = 1,2. Using the parallel condi-
tion A\g T @ and the conservation law —Q + p; + p2 + Ag7g = 0, we find
the three independent of correlations, connecting these four parameters:

Mg — 7o = \/m} + m + 2p1ps,

_ Mg(m3 + pips) Op, = Mg(m3 + p1p2)

o Mg — 7o - Mo-To

1) We use the system of units where i = c = 1.



Signifies, the vertex function I'g(py, pa; AgTo) under Ag 11 Q depends only
from one the Lorentz invariant scalar parameter, as which we choose Qp,
and introduce the notations

Lo(p1,p2;AaT0) = PMQ(QPI);
V(p1, p2; AaTolk1, k2; AaTx) = V(Qp1, Qk1; /Sg)-

Then, taking into consideration that

kio — \/m? + k2
Ak (ki) (kF — m3) = dkidkz‘oé( - ka1 - 1)7
i0

kio=1/m2+k?, i=1,2, (3)

and accounting the choice of the 4-velocity vector Ag, we execute the
integrations in (1) on dkio,z = 1,2. As a result expression (1) takes the
form

1 dk, dko 1
3 dric 3 2 2 3 — X
(2m) 2y/m2 + k22/m2 + ki 7k — i€

XV (Qp1, Qkt; v/59) ntg (Qhy )5 [(—1 4 ﬁ%) Otk + kQ] "

T (Qp1) =

Now in (4) we execute the integrations respecting of dkz,drx. For
that in integral on dk, we execute the pure Lorentz transformation L =
A;clz corresponding to the 4-velocity Ag of composite particle: A;:ZQ =
(Mg;0). The group of motions of the Lobachevsky space is the Lorentz
group. Therefore, the measures of integrations dfl, on the masses of
hyperboloids (2) are invariants of the pure Lorentz transformation A;é:

m; dk, _ m; dAkAm_/\ 3
A, = e = AN, = dp, = —eieAe i 9
Vv mf + kf ® e V m;? + A2~;,miz\Q
(5)

where Ay, miang is @ spatial component of the 4-vector Ag; m,r, from the
Lobachevsky space:

~ ki - Ao
A,\clzki = Akmig = ki(=)mido = ki — Ag (km 1+ /\OQ) ,

(A;QIIC,)O = A(’)Ci,mi/\Q = k‘lo)\OQ - ki . /\Q = ,}mf + Aziy"ﬂiAQ’ 1= 1, 2. (6)



Besides, will take into account that Qp; is the Lorentz scalar: Op, =

A;;(Q,pl) = MgA}, miag and the d-function in (4) is invariant of the

Lorentz transformation (6):

-
5@ [(—1 + M—KQ) Q+ki+ ka] =

—s@ (11T A2 -1 -1 | =
=5 [( 1+MQ) AAQQ+AAQk1+AAQk2} -
= 5(—MQ + e + Agl,mlkg + Agg,mg)\g)‘s(a) (Aln,mx/\Q + Akz,mzz\Q)' (7)

Then, taking into consideration relations (5)-(7) the equation in (4) is
converted to the form

1 dAk mix
F'MQ(APLWHAQ) =3 (27r)3/ - - 1,Mm1 Qz - X
4\/m1 + Akl,mlz\g \/mQ + Akl,m1XQ
% V(API,WMQ: Akhmlkg; \/gq—)FMQ (Ak1,m1)\g) (8)

MQ — /SAklrml’\Q — 1€

where the total energy of two free relativistic particles of arbitrary masses,
VSk = v/ (k1 + k2)?, is invariant of the Lorentz transformation (6):

-1 —
VSk = A)\Q\/gk = \/’TTL% + Azhmlz\g + \/mg + A%hmllg =, /SAkl,mIAQ7
(9)

and are introduced the notations

FMQ(QPI) = FIWQ(APIJHU\Q)i
V(QP], Qky; \/%) = V(Apl,mﬂga Akumlkg; \/S_Q)

3 Equation for the wave function

The total energy of two free relativistic particles of arbitrary masses (9)
can be expressed through the energy of one effective relativistic particle,
AR miag» having mass m’ = \/mymn; and the relative 3-momentum Ay g
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in the form (see Ref. [20, 21])

'

m
/ar — — 0 0 — =110 _
Sk = AV SAkl,m1AQ - L A f,miAg Ak’,m’)\Q - (A)\Qk) -

= ké))\og —kl AQ = \/m'2 +A%’m')\g7

_ k'-Ag
Ak/,m’)\g = A/\ék' = k/(_)m’AQ = k’ — AQ (k(/) - r/\gz-) N (10)
where u = mymgy/(m; + my) is the usual reduced mass. The 4-vector k' is
chosen as
! g(z
K = (kg; k') = x—iﬂﬁ, (11)
where X = (mgk, — myky)/(m1 + my), the vector X = K — Mc(McX) is
the Wightman-Gording vector, and Ac = (k1 + k2)/v/Sk = Ag. Signifies,
(AcX L) =0, but from (11) we find:

mima

k/2=k,12_kl2=jc2=______
0 (mq + my)?

[(my +ma)? — 5] . (12)

Under the Lorentz transformation (6) from the correlation (7) follows that

Akz,mzr\g = —Akl,mw\ga A;\é)‘Q = (1;0)> A)Téjcl = (0; Akl,mp\g)y

may/m3 + Ail,mlz\g —myy/mi + Aihml)\g
A;éﬂ( = ( ;Akl,mlf\Q : (13)

my + Mg

Then from (9), (12) and (13) we get expression (A;ék(’) =0)

Abming = —(A50K)? = —(A72%)? =
mims

=—=5a, ,,  —(m+m 2],
(m1+m2)2[A""“*Q (my +m,)

whence and follows the formula (10).
As direction of the vector A ,./x, in correspondence to (11) and (13),
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we choose the direction of the vector Ay, m;ag:

(AL %)? Ak mix
Aing = 4| ol (ALK ) = mde.
© \ (A/\é:KJ-)Z |Ak1 m1>\g|
99 1/2
A2 mi + AZ mirg T mi + AY g
X k:l,ml)\g - m + me
' (14)
The inverse transformation have the form
ml 4/.14 + Ak' m' A
Ar mie = Dy m S il 15
k1, 1)‘Q K, /\92 V m’2+Ak/ /)\g ( )
From the correlations (9) and (10) follows
m
V ml + Akl mido 2/J,f:F (Ak',m’/\g)7
m/
m% + A%l,ml)\g = ﬂfil(Aklvm/AQ), (16)

where
2 2
vV m< + Ak’,m’AQ
m2 + Ai’,m'/\g +m /m/2 — 4u2

The relativistic three-dimensional volume element in the Lobachevsky
space (5) is converted as

fe(Apming) =

dAk ,miA m’ dAkl 3
s =0T ’mQQ Ak mag),
\/ml + A2 e \/m2 FAL e AL
(17)

where

VP + AL g
F(Apmag) =

m'2 + Ai’,m’)\g ’
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Now in (8) we perform the change of variables as in (14), (15) and take
into account expressions (10) and (17). Then equation (8) is converted to
the form

2p 1
Carg(Apming) = gwx

V(Ap’,m')\g1 Ak’,m’)\Q; Ag’,m’)\g) f(Ak’,m’}\g)FMg_(Ak’,m’)\Q)
X dQAk’,m ro

0 0 o
8u 200 ming — 285 ming — 1€

(18)

where are introduced the notations
ml
Chrg(Bpymirg) = Trg(Dpming)s /Sq = Mg = IAS,,M,AQ,

. _ . AO
V(Am,mu\gv Akl,ml)\gv \/%) = V(Ap’ym’-\g’ Ak’,m’kgv Aq',m’/\g))

and dQa,, ., = MdAkmig /A g 18 the relativistic three-dimen-
sional volume element in the Lobachevsky space. The now all the momenta
of the particles belong to the mass shell

02 2 2
A /,ml/\Q - Aklyml)\Q =m y (19)

which defines the three-dimensional surface of a hyperboloid whose upper
sheet serves as a model of the Lobachevsky space momentum.
The wave function of system in momentum space we define as

f(AP’:m')\Q)FMQ (Apmiag)
23/2 V ml(QAg/‘m/,\Q - 2A0

p’,m’)\Q)

‘IIMQ(AP’,m’)\Q) = (20)

and we introduce the notation
v . AO _
V(A ming, Drmirg; Aq,,m,,\g) =
1
_ . AO
= 8Mf(Ap”ml/\Q)V(Ap,’m’/\Q7 Akl’m/AQ, Aq’,m’AQ)'

Then instead of equation (18) we obtain the completely covariant RQP-
equation 2):

(ZAg,’m/AQ - 2Ag’,m’AQ)\I,MQ(AP',mI)\Q) =
_2u 1

- ﬁ(zw)s /dQAk’,m’AQV(API‘m')‘Q’Ak’vm,)‘Q;Ag',m’/\g)\I’MQ(Ak',m’XQ)'
(21)

2) This equation was received by other way in [20,21].
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Eq. (21) can be considered as a relativistic generalization of the Schrodinger
equation in the spirit of the Lobachevsky geometry realized on upper sheet
of the mass-shell hyperboloid (19). This equation describes the scatter-
ing on quasipotential V(Ay,mig, Ak miagi Ay ma,) of effective relativis-
tic particle that plays the role of two-particle system, has a mass m’ and
a relative 3-momentum Ay ), and carries the total energy VS = Mg
of interacting particles, proportional to the energy Ag,ym, o of one effective
relativistic particle of the mass m’ (10).

In the equation (21) it is convenient to expand over the complete system

of functions (20, 21]

(22)

ml

—1—ir/N
0

A (DS g — Bymrg o

5( P’,m’)\@r)_ y

which realize the principal series of unitary irreducible representations of
the Lorentz group, i.e. the group of motions of the Lobachevsky space
momentum, realized on upper sheet of the mass hyperboloid (19). In
the nonrelativistic limit (|Ap mag| K€ 1/XN, 7 > X) €(Apmag,T) —
exp(iAy mag T). The group parameter r in (22) plays the role of the modu-
lus of the relativistic relative coordinate r (r = rn, |n| = 1), and X' = 1/m/
is the Compton wavelength associated with the effective relativistic par-
ticle of mass m’ [16,21]. This parameter enumerates the eigenvalues of
the invariant Casimir operator of the Lorentz group C.=(1 [4) M, M*
(My, = p,0/0p” — p,0/0p* are the group generators):

~ 1
CL&(AP’,m’/\gu I‘) = (m,g + T2) g(Ap’,m’/\Q7 I‘), 0 S r< oQ, (23)

and, therefore, it is a relativistic invariant.
The functions in (22) obey the following conditions of completeness and
orthogonality [21]:

(—271?)5/dQA”"’"'*Qg(A”"m"\Q’r)E*(Ap’,mo\Q, r) =46(r' —r),
! ) A%
W /drg(Aql’m’)‘Q’ I')§ (AP',m'/\Q’ I‘) = Ta(Ap’,m’AQ - Aq',ml)xQ)a
(24)

and these the functions satisfy the equation in terms of finite differences [21]

(2Ag’,m’)\g - ﬁo)g(Ap’,m’/\Q) I’) =0. (25)
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Here

=~ , ., 0 i ., 0 A2 o]
Ho=2m {cosh <z)\ 5;) +Tsmh (z/\ E) 5 onwexp<)\ar>]

(26)

is the operator of the free Hamiltonian, while Ay, is its angular part.

The wave RQP-functions in the momentum space and the r-represen-
tation, called the relativistic configuration representation [20,21], are re-
lated by

wMQ /dngp m,/\ Apl,m'/\Q)r)\IJMQ(Ap',mO‘Q%

\vMQ<ApamuQ> — [ € (Byrmrg, e o) (27)
For the local quasipotential
v(AP',m’/\Q , Akr,mr)\g N A?]’,m’/\g) = ‘7 ((Apfym/,\g (_)Ak’,m’/\g )2; ASIYmIAQ)
(28)

square of the vector of momentum transfer in the Lobachevsky space
Ay = p'(—)K’ is the Loretz invariant that allows to present it in the
form

2
2 Ay miag Dkt mia
Az/’k/ == (Aglykl) - ml2 == <J——Q—__Q - m,2 =

ml

0\? 2
- ((Ap',m’/\g(_)Ak’ym’AQ) ) —m” = (AP’rm')‘Q(_)Ak"m')‘Q) =
2
Ap’.m’AQ'Ak’,m’AQ )

Thus, the quasipotential (28) depends on the invariant quantity the square
of vector of difference in the Lobachevsky space of two momentum vectors
Ay g Brrming = Ay mirg(—)Armiang. With this quasipotential, the
right-hand side of equation (21) represents a convolution in the Lobachev-
sky space that allows to use the expansion over the matrix elements of
group of motions of this space, i.e. transformations (27). By using trans-
formations (27) and eq. (25), equation (21) with the quasipotential (28)
local in the Lobachevsky space takes the form

~ 2”
(2A2',m’AQ - HO)’lr/"MQ (I‘) = WV(I‘, Ag',m’)\g)lpMQ (I‘), (29)

15



where the quasipotential V(r; AS,’m, o) 18 given in terms of the same rela-
tivistic plane waves as

1 7 2
V(r; Ag',mug) - W /dQAp',k'g(Ap’,k’vr)V ((Ap’wk’)T Ag’,m’f\g) )

For spherically symmetric potentials, expanding the quasipotential wave
RQP-function ¥y (r) in the Legendre functions P}(z) of the first kind as

mgle) = S (ot + )i X g (Ddmie D)

par A miralr

we obtain equation for the partial wave function in the form

[cosh (@\’%) + % exp (M'%) - X(r)} wir,x) =0, (31)

where

X(r) = £ (Mo = V(rix),

and x is the rapidity related with the relative 3-momentum and energy of
effective relativistic particle by the formulas

A ==
Aq',m')\g = m’sinh XnAq,.m,AQ, InAq/_m/)‘Q| - 1)
’
m
—_ A0 0 == !
Mo = —-Agmirgs  Agmrg =m' coshx.

4 Form factor of the relativistic two-particle

system

For simplicity we consider here only the case of spinless field when the
Hamiltonian density is given by the expression

H(z) = —z10] (z)p1(2) A(z) — 2295 () p2(z) A(). (32)

In ref. [18] founded on refs. [10-14], the form factor of two-particle system
was defined as the matrix element of the local current operator between
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bound states with the 4-momentum P, Q through the covariant wave RQP-
functions satisfying eq. (21). Then, as follows from refs. [18,19], the in-
variant expression in the momentum representation for the matrix element
of the local current operator near poles of bound states for the interaction
of two relativistic spinless particles with arbitrary masses mj,m, has the
form

< P|J(0)|Q >= z1—13- / drpdrodDkyd Dk d VK, B (kao)d (k2 — m2)x

(2m)
1

(Tp +1€)(Tg — i€)

XF; (k‘g, k;, A'pr) FQ (kg, kl; /\QTQ) 9(km)(5(k12 et mf)x

xB(Kyo)S(kZ —m?)6W (—Q + k1 + ky + AgTo) ¥
6@ (P — ky =k} — ApTp) + (1 ¢ 2), (33)

where all the momenta of the particles belong to the mass shells (2). As a
vectors Ap and Ag, it is convenient to choose the 4-velocities of the system:
Ap = P/NPLP? = (p+p2)? = 5 = M} and Ao = Q/VQ2%Q* =
(¢ + 02)? = s = M},

0

kyomy

Figure 2: The diagram for the matrix element of the local current operator
between bound states with the 4-momentum P, Q for the interaction of two
relativistic spinless particles with arbitrary masses.

This equation answers the diagram on fig. 2. Here follows to emphasize

that because of transition to different own timeses of the system before
(To = Mo X, X = z;+1x,) and after interaction (7p = ApX) the diagram on
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fig. 2 differ from diagrams, which appear in approach of the Kadyshevsky
for S-matrix. The 4-velocities of the composite particle before, Ag, and
after interaction, Ap, will differ also.

As it was installed in section 2, for the bounded system of spinless
particles which are found in the motion with moment J = 0 the vertex
functions g (ky, k1; Ag7Tg) and T'p (ky, ki; ApTp) when Ag 1T Q and Ap 17
P will depend each only on one the Lorentz invariant scalar parameter, as
which we choose accordingly Qk, and Pk, and introduce the notations

FQ (kQ, kl; )\QTQ) = FMQ(Q]CQ), Pp (k27 I{Ill, )\pr) = FM’p (PkQ)

Then, taking into consideration (3) and accounting choice of the 4-velo-
cities vectors Ag = Q/ Mg and \p = P/Mp, we execute the integrations
in (33) respecting of variables dk,o, ¢ = 1, 2, dk],. As a result expression for
current (33) takes the form

drpdTodk,dk, dk]
PIJ(0)]Q >= — / Ll Phs) x
I ( )l (477)3 \/m2+k2\/ml+k2\/ml+k’2 M’p( 2)

FMQ(Qk2)5(4) [(‘1 + —M.—Q—) Q+k + kz] X

9 1
(tp +1€)(rg —i€)

x4 [(1_1\'}—’;)73—@_@} +(142). (34)

Now in (34) we execute the integrations respecting of dk;, dk}, d7p, dro.
For that in integrales on dk; and dkj we execute the pure Lorentz trans-
formations A}, and A} accordingly: A5}Q = (Mg;0), A, P = (Mp;0).
We take into account that Qk, and Pk, are the Lorentz scalars: Qk, =
MQA,02 morgr P2 = MpA,c2 maap> @Nd the measures of integrations d),
and d-functions in (34) on the masses of hyperboloids (2) are invariants of
the Lorentz transformations A} on (8), (7 ). Then expression for current in
(34) is converted to the form

< P|J(0)|Q >=
/ dAkz ma2lg I‘;_/IP(Akz.mz)«P) .
4
)’ \/ 3+ A% mare \/m1 + A%, s (MP - \/sAkzvmz)“P)
Ty (A
x o(Bramaro) +(1e2), (3

V m% + Azz,mzz\g (MQ - \/ sAkZ,mzAQ)
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where the total energy of two free relativistic particles of arbitrary masses
is invariant of the Lorentz transformation (6),

VSk =/ (k‘g + k/1)2 = /SAkamzf\‘P = \/mf + Azz,"m)vp + \/mg + Azzymzkp’
\/5 =V (kQ + k1)2 = 1/ SAkz,mz,\Q = \/m% + Azz,mzz\q + \/mg + Aiz,mz)\gy

and were introduced the notations

Catp (Pk2) = Tatp (Aky manp ), Targ (Qk2) = Targ (Aky maig)-

Farther, similarly previous section, in expression (35) we shall perform
the change of variables as in (14), (15). We take into account correlations
(10), (16), (17) and determination (20) too. Then expression (35) takes
the form (M'p = MQ = M)

21+ 20 (20 2 .
< PIJ(O)IQ >= (127T)32 (ﬁ) /dQAklymIAQ‘I}M(Ak’,m’)\‘P)X
Fr(Ar ming) + [ (A ming)
2f(Awmiap)

where factor (fi(Axmap) + f-(Akmirp))/2f(Akmrp) possible to sim-
plify to the form

f+(Ak,‘m,)\‘P) + f—-(Ak’,m’,\-p) ~14 m? — 4u2
2f(Agman) 2m? + A% )

m’\/m ) m? — 4u?

- < S U —
2 2 ’ 2 2
m’ + Akl,m//\P 4/J + Ak’,m’/\p

\I’M(Ak’,m'/\g)v (36)

<1 (37)

We shall notice that the 3-vector A mvy, is a spatial component of the
4-vector Apmap = A;';k' from the momentum space with the Lobachevsky
geometry, belonging to the same mass hyperboloid (19). This a 3-vector
can be presented in the manner of

Btomry = K () Ap = MK = A5 Asg Bioming =
- -1 m'
= (AA;A/\QAAP.Q) (AAv.QA’“'im"\Q) = V(Mg P)Akmirg(~) =+

Apg.
M‘P,Q

(38)
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Here Ap g = A;éP is the 4-vector of momentum transfer of the system in
the relativistic Lobachevsky space momentum:

- Q P-Q .
A-p_Q = AQI'P = P(—)Q =P - Wi <P0 — m) = M sinh Xana,
100 P —-P-Q PQ
A%’Q = (Agl'P) = —M__— = 7‘4— = M cosh XA,

P = M sinh Xplip, Q = M sinh XQnQ,PO = M cosh X7, QO = M cosh XQ,
Inp| = [ng| = [na| = 1,A% o — A% o = M?, (39)

where xa,Xxp, X o are the corresponding rapidities, and
V(A)\g, P) = A;;A)\QAAP,Q

is the Wigner rotation matrix. Herewith from (38) and (39) follows that

m2A°
0 ~ P,Q
Ay minpg = IR (40)
k'\m/Ag
and the square of 4-momentum transfer of the system t = (P —Q)? = —Q?

is connected with the vector of momentum transfer Ap g by expression

Q*=—t=—2M>+2M /M2 + A% o =2M*(coshxp —1).  (41)

The elastic form factor F'(¢) for the system of two relativistic spinless
particles with arbitrary masses in the case of J = 0 and the scalar current
we define as

F(t) =< P|J(0)|Q >. (42)

Consequently, the form factor F'(¢) possible consider as an invariant func-
tion which depends only on the invariant quantity the square of modulus
of vector A%’Q in the Lobachevsky space. Then, taking into consideration
correlations (36)-(42), expression for the elastic form factor represents a
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convolution of covariant wave RQP-functions in this space:

2 2
F(A% ) = Atz (ﬁl) «

@ \m
<[ [ 000 i (Akaw(—)%m,g) Bas (B ming) +
BM(m? — 44)
I4(2M2 _— t)2
/dQAk, g ¥t (Ak, m/,\Q(—)MA‘P,Q> A% iae Ym (D, 'AQ)] :

(43)

By using the transformations (27), the addition theorem of relativistic
plane waves (22) [21],

/dwnf (Ak’,m’)\g(_)%A‘P,Qar> = /dwnf(Akf,mf,\Q,I')f* (%AP,Q;I'> ,
(44)

the condition of completeness in (24), equation (25), and the Hermitian
of operator of the free Hamiltonian (26), the form factor in (43) can be
represented in the form of relativistic Fourier image of covariant waves
RQP-functions in the configuration representation :

Flabo) = (o ) (2 ) [/d&( Ararr) W)+
L) [ae (eanor ) s, )

where possibility to applicability of the addition theorem (44) follows from
independence of the wave RQP-function ¥y,(r) in the case of J = 0 from
direction of the vector r.

For s-state of the composite system the integrations in (45) respecting

3) An analogous expression in the case of two particles of equal masses was obtained

by other way in [19].
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of angles gives

m! ) sinhxa rTM'X A

2 * . ,
Fro(Q) = 4m(z1 + 22) <2_u> Sl /drwl%(ﬂxn)lﬂ

2

) (46)

QMﬁ(mQ - 4ﬂ2) / 2Sin(rm/XA){ﬁ 5 ©o (7, Xn)
m4(2M2 + Q2)? rm'Xa 0 r
0

where are used decompositions (30) for wave function ¥, (r) and relativis-
tic plane wave (22):

£(p',1) = (20 + 1)itpy(r, cosh xp/)Pe(p' ' ”).
=0 pr

Here the rapidity x, corresponds to the level n bound state with energy
M = M, = (m"”/u) cosh X,,; the function

m (1)t —1/2—¢
pe(p, cosh xy ) = 1/ 2sinh x p) (—p)(£+1)P—l//2+‘ip(Cosh Xp), P =T,
P

is a solution of the equation (25), where the function (—p)**+1 = #+11(1 +
1+ ip)/T'(ip) is called the generalized power [21], and I'(z) is a gamma
function.

5 Results for the Coulomb and linear inter-

action

Now let us consider the expression for the invariant rms. < rZ >
of the composite system, which has the group-theoretical meaning of an
eigenvalue of the Casimir operator of the Loretz group and in terms of the
modulus square of wave function s-state according to (23), (45) and (46)
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is given by correlation [15]

<2 5z CeFeeoOlizo _ 69Fo(t)/0tho _ 1

(%)

Fp—0(0) Fp—0(0) M?

7 2 2u2 4}12 2 2
LA | T (U= | IM = VP | eo(r )l
0

2u° 4p? 2
/dr [l T <1 = | M = V)P ol X))
0

+

/wwevmﬂwme

1242 4p?
+—H <1 —L>
M2m4 m?2) %

2t (| 4
/dr[1+ ‘f4<1—
m
0

wM—W”ﬂWWWW.

(47)

Thus, wave function of s-state describes not all structure of the composite
particle, but only the region which be upon distances that larger its of the
Compton wavelength 1/M. For the central sphere of radius 7o = 1/M and
with the non-singular potential V' (r) (V(0) < c0) it be correspond function
of spatial distribution in the form |¢o(r, x)|? = §(r)/4n. This distribution
brings about the value of contribution to form factor from this sphere that
equal

2
19
m/2

FZ=0(Q2)|rO=1/M =

)\ 2 SMAu2(m'? — 4,2
=+ (%) i 1+ s g M - VO] - 9

We shall note that the second summands in (46) and (48), either as the
third summand in (47), represent the dipole contribution accordingly in
the form factor and r.m.s. of the composite system, because of difference
of the particles masses: these the summands under m; = m, be equal to
zero.

As example, we consider the form factor of meson in the case of the
Coulomb field of attraction between quarks:

V() = —%,a >0, (49)
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i.e. we consider that inside of meson the interaction between two quarks
is realized by the exchange of the massless scalar boson (gluon).

The radial wave function of exact solution of the RQP-equation (31)
with interaction (49) for the s-state and ground level n = 0 with the energy
My has the form [23-25]

i Ko

wo(r, iko) = Noo(ko)rm’ exp [—Tm'no + —
2s1n Ko

where & = 2ua/m/, My = (m'?/ ) cos ko, ko defines by the following quan-
tization condition &/(2sinkg) = 1,0 < kg < 7/2, and the normalization
factor Ny (ko) was found from condition

47r/dr|gao(r, iko)|? = 1. (50)
0

Then the form factor (46) for the ground level of bound s-state with the
energy My is given as

F(Z:O,n:O(QQ) =
= 16(21 + 22) <2_u>2 KéXA {1 + 8M61 (ml2 _ 4/'L2) COS2 ,{0 X
m' ) sinh xa(x3& + 4k3)° m2(2M2 + Q?)°

" [l N tan ko(x4 + 4k3) N tan? ko(x4 + 4k2)° <K 2n0> ] }

— arctan —
21{0 4K0XA 2 Xa

(51)

For large Q? the rapidity behaves as xa = In(Q?/M?) and, consequently,
the leading behavior of form factor (51) gives by expression

21\ Ko
FZ:O,n:O(Q2) ~ 32(21 + 22) <_> y (52)
™) (Q/Mo)? ln(Q/Mo))’
i.e. either as in [18]. Such behavior of the form factor under large t = —Q?

differs from prediction of the nonrelativistic model based on the Coulomb
potential, which gives the dipole decrease of the pion form factor: F, ~
t~2. However, the nonrelativistic result contradicts the prediction of the
dimensional quark counting rules [1], which gives the decrease of the pion
form factor under the law F, ~ t~1.
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As the second example, we consider the form factor in the case of linear
quasipotential

Vip) = “—[/),p =m'r,8 > 0. (53)

m
For the calculation of form factor in (46) we use the relativistic quasiclas-
sical approach (WKB-approach) for the regular solution with the linear

quasipotential (53) that for given level n of bound s-state with the energy
M, has the form [25, 26]

p
©o(p, Xn) = Colxn) sin /dp’ arcosh(cosh x, — p'/B)| ,
0

~\ 2
{‘/(cosh Xn — P/ﬁ) -1
B>1, (54)

where M, = (m/p)cosh xn,n =1,2,...; 8 = m"/(uB), and the rapidity
X» defines from the quasiclassical quantization condition for s-state

B(cosh xn—1)
/ dparcosh(cosh x» — p/B) = 7 (n - i) n=12..., (55
0
from which directly find:
xncoshxn—sinhxn=%(n—%),nzl,Z,.... (56)

From expressions (54)- (56), we find:

_ m'sinhxndxn ™

CQ n) — - =
o (Xn) 27 dn 2, (57)

Finally, taking into consideration correlations (54) and (57), the expression
(46) for the form factor in the case of linear quasipotential (53) for given
level n of bound s-state with the energy M, in the WKB-approach takes
the form

Fron(Q°) = (21 + 22) <2_#>2 3 -~ [1 +0 (Tl—)
' m' ) 2By sinh x,, sinh xa Bxa/l’

Bxa> 1. (58)
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Obviously that for large Q? the leading behavior of form factor (58) gives
by expression

Yis
BXn sinh XTL(Q/M)27

i.e. it decreases under the law F, ~ t~!, that predicts the dimensional
quark counting rules [1].

Freon(@) = (21 + 2) (2“)2

m

6 Conclusions

In this paper, the new covariant elastic form factor of relativistic two-
particle bound system in the case of scalar current is obtained. The con-
sideration is conducted within the framework of relativistic quasipotential
approach on the basis of covariant Hamiltonian formulation of quantum
field theory [8,9] by transition to the three-dimensional relativistic config-
urational representation in the case of two interacting relativistic spinless
particles of arbitrary masses ms, my [20,21].

The elastic form factor F(AZ% ;) was represented in the form of rel-
ativistic Fourier image of covariant waves RQP-functions in the config-
uration representation and its possibly consider as an invariant function
which depends only on the invariant quantity the square of modulus of vec-
tor A% o in the Lobachevsky space (the expressions (45) and (46)). The
invariant relativistic relative coordinate r is conjugated to the rapidity
m'xa, and it is the distance in the Lobachevsky space.

Using of the three-dimensional relativistic configurational representa-
tion for the system of two relativistic spinless particles of arbitrary masses
has allowed to install that the wave function of s-state describes not whole
structure of the composite particle, but only the region which be upon
distances that larger its of the Compton wavelength 1/M. The executed
analysis has shown, that the leading contribution to structure of the com-
posite particle from the central sphere of radius rg = 1/M be proportional
Xa/sinh xa. In the nonrelativistic limit this the relativistic geometric
factor go to 1. The corrective member in (46) corresponds the dipole con-
tribution bound to the difference of particles masses. This the member
under m; = my be equal to zero.

As examples, the expressions for the form factors of relativistic two-
particles bound systems in the case of Coulomb and linear quasipotentials
were obtained (expressions (51) and (58)). It is installed that the covariant
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wave RQP-functions of Coulomb and linear quasipotentials for larges Q?
give the decrease for these form factors under the law F, ~ ¢!, which
predicts the dimensional quark counting rules [1].
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