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Abstract

We develop MBS-techniques for more efficient calculating of scat-
tering amplitudes involving both massive fermions of an arbitrary
polarization and massless fermions in quantum field theories. The
purpose of this work is to calculation matrix elements of fermions
with spin 1/2.

1 Introduction

When evaluating a Feynman amplitude involving fermions, the amplitude
is expressed as sum of terms which have the form

MAp,Ak (P: sp: k: Sk 3 Q) = M,\p,)\k ([p] ) [k] ) Q) =
= 1!_):\417 (p7 SP) Q ’(,Ufk (k) Sk) ) (1)

where A\, and A, are spin indices of the external fermions with four-
momenta p, k and arbitrary polarization vectors sp, sy. The operator @
is a sum of products of Dirac vy-matrices. The notation wf\‘p (p; sp) stands
for either uy, (p, sp) (bispinor of fermion; A = +1) or vy, (p, sp) (bispinor
of antifermion; A = —1). . .

The main aim of calculation is to transform (1) to explicitly scalar form
(scalar products of four-vectors, Lorentz tensors and so on). The main ap-
proach, which has gained popularity in the past decades, is to calculate
Feynman amplitudes directly. Many different methods of calculating re-
action amplitudes with fermions have been developed [1, 2, 3, 4] et.al. In
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the paper we describe an approach to Feynman diagrams which is based
on the using of an isotropic tetrad in Minkowski space and massless basis
spinors connected with it and we will call it as Method of Basis Spinors
(MBS) [5, 6]) Let us briefly to describe the main relationships of MBS.

2 Isotropic tetrad and massless basis spinors

Let us introduce the orthonormal four-vector basis in Minkowski space
which satisfies the relations:

3
lg.zg—Zz;‘.z;_—.gw, (la-lg) = gas, (2)
Jj=1

where g is the Lorentz metric tensor.
With the help of vectors {4 we can define lightlike vectors, which form
the isotropic tetrad in Minkowski space

bp = (lo + pl3)/2, ny = (/\l]_ + llz)/2 y (A,p = :‘:1) . (3)

From Eqgs. (2), (3) it follows that

(B b-a) = (- 1ox) = 22, (b ) =0, @

1
g =3 [htra+agnt] (5)

It is always possible to construct the basis of an isotropic tetrad (3) as
numerical four-vectors

(b1), = (1/2){1,0,0,£1} , (n41), = (1/2) {0, £1,i,0} (6)

or by means of physical vectors for reaction.
By means of the isotropic tetrad (3) we define basis spinors uy (b_,)
and uy (by) :

Porua(b-1) =0, ux (b)) =hu-a(b-1) , 7
WyrUy (bA) =Uy (bA) , (A = i:].) (8)
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with matrix wy = 1/2 (1 + Ays) and normalization condition

uy (ba) @a (ba) = wx Pa . (9)
The relative phase between basis spinors with different helicity is given by
Phxu—p (b-1) = Oxpun (b-1) - (10)

The important property of basis spinors (7) is the completeness re-

lation: .

D> ua(ba)@oa(boa) =1, (11)
AA=-1
which follows from Eqs.(7)-(10). Thus, the arbitrary bispinor can be de-
composed in terms of basis spinors uy (ba)-

3 Main equations of MBS and Dirac spinors

Arbitrary Dirac spinor can be determined through the basis spinor (7)
with the help of projection operators 75 (p, sp) = un, (p, Sp) &, (P, 5p)- The
Dirac spinors wj (p, s,) for massive fermion and antifermion with four-
momentum p (p? = m?) , arbitrary polarization vector s, and spin number
A = £1 can be obtained with the help of basis spinors by means of equation:

+ Am,) (1+ Xy
wf () = (AN AT AN ) ey )
24/(b1 - (p+ mpsp))
Spinor products of basis spinors are simple and similar to scalar prod-
ucts of isotropic tetrad vectors

Uy (bc) U, (bA) = 6/\,—p6C,—A . (13)
With the help of Eq.(5) Dirac matrix v* can be rewritten as

1
7= 30 [Pl o] (14)
A=—1
and using Eqgs.(8),(10) and (14) we can obtain that
7 ux (ba) = auox (b-a) = AL 4 un (ba) (15)

which allow to transform Dirac matrix to some combination of isotropic
tetrad vectors on basis spinor space and

Vs Up (ba) = pu, (ba) - (16)
Egs. (13), (15) and (16) underlies the method of basis spinors (MBS).
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4 MBS and technique of “building” blocks

The basic idea of Method of Basis Spinors is to replace Dirac spinors
in Eq.(1) by massless basis spinors uy (b+1) (Eq.(12)), and to use only three
Egs. (13), (15) and (16) to calculate matrix element (1) in terms of scalar
functions.

Let us consider an important type of matrix element (1), when p = b_¢
and k = by, i.e.

M, _,(bc, b_a;Q) = FC AQ) =ty (bc) Qu_, (b_a) . (17)

We call this type of matrix element as basic matrix element. By means
of MBS relations (13), (15) and (16) it is easy to calculate I'C’;* in terms
of the isotropic tetrad vectors.

With the help of completeness relation (11) the amplitude (1) with is
expressed as combinations of the lower-order matrix elements (“building”
blocks)

1

Moy (D, 8p Ky sk Q) = Z {u‘)fp (p, 5p) U_g (b_c)} X

A, C,o, p=—1
X {ﬂa (bc) Qu_p (b-4a) } {ﬂp bA)’LUfk (k, Sk)} =
Z Z 'E,‘if’ (P, 5)) T Q) 5%, (ko) - (18)
o,p=—1A,C=

Decomposition coefficients for helicity states of fermions can be easily cal-
culated:

SAP) (D, Shet) = DX Win(=ApDp) (A, DYDY, 1y 10,0, —¢)  (19)

where

Wm(£p) = Vun(P) £ P, wm(p) =vp*+m?, p=|p|,
f(A,D) =041+ Dday (20)

and D2, (4, 6, —p) = exp (—i¢) a2, (0) exp (—iyp) is Wigner function [7].

5 Vector boson decays

We will now apply the methods described above by calculating the Born
amplitude for the decay of the vector boson with the mass my and helicity
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o into fermions

V(p,cr) - fi(klv )\kl) + fj(k%)‘kz) . (21)

where f is a fermion with helicity .
Using Feynman rules we can been written the expression for the am-
plitude decay (21) in general form

T=—1

M s, (V= fif5) = R, (k1,mq) (€h) [Z g- wr} Uy, (K2, m2),

(22)
where gY, denote the generic left- and right-handed fermion-fermion-vector
couplings and R is some function of fermion charges and elements of CKM
matrix.

We specify the kinematics of decay (21) in the rest frame and helicity
states of quarks and boson

p* = (my,0,0,0) , kY = (wm, (k),ksin6,0,kcosf) ,

kb = (wm,(k), —ksin 6,0, —kcos ) , (23)
k= k| = Vmy + (ml —mf)? —2mf (mf +mf) _ A2 (m}, m}, mj)
2mv 2mv ’
2 2 2 2 2 2
_Mmy—mytm _mytmp—m
om ) = Ty () = TV ITE T (24)
The polarization vector €% of boson is
eh_=1(0,0,0,1), eb_., = (0,1/V?2, ic/V2,0) (25)

for longitudinal polarization (o = 0) and transverse (¢ = +1) polarization
respectively.

Relations (13),(15) and (18)-(20) allow to calculate of matrix element
(22) in terms of scalar products:

1

a V *1/2
M'\kl»)\k (V - f’fJ) u Z DAp/2 ,\k2/2(¢’ 6, —¢) x
A,p=-1

[A Dil/{i/Q My /2(9,6, —9)(es - b_x)—

_D,le//zz,)\kl/z(¢7 97 _¢) (50 . ﬁ—Ap)] Wml(—p’\kl k)sz (p)‘kzk) . (26)
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Using Egs. (6), (23), the Clebsh-Gordan decomposition of D-matrix

D'l\{?k2 (¢’ 6’ _¢)D;<,202 (¢7 97 _¢) =

1

= 1V B+ 0) VB + 402D} 4o, n10,(6,6,~0) +

+2A1A25,\1,_015,\2,_02 , here (/\1’2, O12 = i1/2) s (27)

Egs. (6), (23) and

(EU . BA) = 50, OA ) (EU : ﬁp) = —\/i 602,1 0'501__/, , (28)
we get
- 3 3 — g, Ak
M, . (V= £if;) = Rij (08521 = 65,0) ,/—21_2 di,(xkl-xkz) 12(8) X
1
X Z g;/Wml(—P’\kxk)sz(P/\kzk) . (29)
p=-—1

Let us consider the useful relations for W, (pk) in rest frame. After simple
calculations we obtain that

Winy (Tk) Wi, (k) =
1 2 2 2 2 .02
=70 5T,p\/mv —miy + TAY2 (mf,, m3, m3)

V2
+6T,_p\/m¥2 — Am2/m% (Am2 + 7AY2 (m?, m?, mg))} . (30)

When if m; = m, m2 = 0 we obtain that
Wml=m(Tk)Wm2=0(pk) =
m
=myy/1— BLop1 (071 + 67, 1Bv] , Bv = Y (31)
If m; = m, my = m we get that

Wm(Ak)Wm(pk) =my [‘h,-—pﬂv + )

+hap 3200+ o1 - 457) - 483
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Evaluating the

sz\’kl’,\kz‘ with the help of Eq. (29) and (30) we arrive

at
o [ viZ | 2
M5, o, (V—)fifj)‘ = G+ 82.0) [RE[ |4} (1, 52O
1 2 1 2
v oll) vV oUlr)
X[ 0S| Oveires 2| D0 9 Son | Snanis | (33)
p=-1 p=-1
where

1
Shi = 5 — B (A — X p N2 (i, mi, m3))

P AL
SUD — ! 2 2.\ o2 (m2. m2. m2
N T my —miy — A pA2 (mi, mi, m3) . (34)

The partial decay rate (partial width) of unpolarized vector boson into
unpolarized pair of fermions in its rest frame is given

dl’ 1 2

k 1 1 . ~
03T 2 M5, s, (V> £7)

o=—1 A, Ak, =1

(35)
Decay width of V — f, f,
dr P dr
r =/md9=//sm9d9d¢ﬁ (36)
o 0
with the help of relation
(27+1) [ . .
el / dhsind |d? (6)[* = 1 (37)
0

and Eq. (33) reduced to
k

Y V12
(V- fifj) = py—y |RY|" x
1 1 2 1 2
V o) vV o{T
X Z Z 9 SP,/\kl 6)"“*’\*2 +2 Z 9o Sp,,\zl ‘5)"61’_’\’:2 (38)
Ak Aky=—1 p=—1 p=—1
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6 Examples of vector boson decays

6.1 W — 4y,

The left- and right-handed couplings of the fermions to the W-boson are
defined

1
=0y_1— ,Rw = (-1)Véna . 39
A A 1\/§SW7 w ( ) o ( )

In SM the contribution of Born amplitude is given by

M5, e, (W—)&?g):(—l) ‘ana (06,21 — 0,0) (Akl—xkz)/z(()) x

5)\1: osw \/—s v 1 _ﬂW (\/_5)‘,: —Aka +6)"=1 )‘kz'BW) ’ (40)
w
Using of Eqs.(38),(39) and further simplification gives
_ aM
T - ) = (1 —B)*(2+82) . (41)

Neglecting the fermion masses (41) leads to the standard expression of
decay width [8]
OtMW

—. 42
125, (42)

I (W = ) =

6.2 20 sy

The left- and right-handed couplings of the fermions (¢ = e, u,7) to the
Z-boson are defined

s3, —1/2 s
g2 =W =12 o swop ()i (43)
CwSw cw
Similarly we obtain for the Born amplitude of process Z° — ¢¢

M3, (2° — 00) = (-1)Vdra (06,21 — 65,0) d ,(O)mz x

1
(’\"1 =Aky )/

! &
X Z gf ( Akyo— \/]_ — p)\k”/ 4,32 - 2,32 + (5,\,c Moy ,Bz) . (44)

p=-1

Decay width of Z° — ¢7 is given by

oM
r(2°— ) = QIQZ,/l — 4% ((gfl)2 + (g7)” + 8¢ g_lﬁz) - (45)
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Neglecting the fermion masses (45) leads to

r(2° - ¢0) = O‘T]g? ((gfl)2 + (glz)z) : (46)

7 Conclusion

We have formulated a effective method to calculate Feynman amplitudes

for various processes with fermions. In our approach (MBS):

1. We don'’t use an explicit form of Dirac spinors and y-matrices (as well
as basis spinors)

2. We don’t use calculation of traces

The MBS enables us to calculate blocks of Feynman diagrams (current-like
constructions and even more complicated structures) and then use them
as universal functions during the process of calculation.
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