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[MTPEJNCJIOBHUE

Hacrosiiee yueOHO-MeTOqUUECKOE TTOCOOME TPENCTABIIAET COOOM BTOPYIO
4yacTh Kypca JIeKIui no aucuumuinae «Marematuka. ['eomerpust u anredpa» u
npeaHa3HavueHo Ui CTyleHToB cnenuanbHocth 1-40 04 01 «MudpopmaTuka u
TEXHOJIOTHH TIPOTPaMMHUPOBaHUs» THEBHOU (opmbl. [locobue BirogaeT B cebst
TaKue pa3/eibl MATEMAaTUKH KaK TEOPUS YUCEN, TEOPUS KOHCUHBIX TPYMI U KO-
JIeT], KOTOPhIE IMMPOKO HCIIOIB3YIOTCS B COBPEMEHHBIX METOJaX KOIWPOBAHUS
uHbOpMaIluK, a Takxke Mpu pazpadoTke 3(P(HEKTUBHBIX U HAACKHBIX CHOCO0ax
ee mepenaun M 3am|Thl. Llenas mocobust - mpeacTaBuTh B IOCTATOYHO HEOOIb-
I0M 00BbEME BECh OCHOBHOM TEOPETUUYECKUN MaTepua, BXOIAIINN B yueOHYIO
porpaMmy JHUCHUILIMHEI BO BTOpoM cemecTpe. CikaTocTh Marepuania mpesmno-
JaraeT U CTWJIb U3JIOKEHUS. B 4acTHOCTH, OTCYTCTBYIOT JI0Ka3aTEJIbCTBA TEO-
peM. Tem He MeHee, TaHbI yKa3aHUs K JOKA3aTelbCTBAM, a COJIEpKaHUE TEOPEM
U UX CMBICJI PACKPBIBAIOTCS C TIOMOIIBIO CEPUH MPUMEPOB.

Jlnst ynoOcTBa movcKa MCIOIB3YETCsl TPOMHAsE HyMepalusl onpe/eeHu,
TeopeM, (hopmyJ, nmpuMepoB: (r1aBa, naparpad, mopsaakossii Homep). Crernu-
aJIbHbIE MAaTEMaTUYECKUE TEPMHUHBI BBIJICIICHBI JKUPHBIM MIPUPTOM, a BaXKHBIE U
CYIIIECTBEHHBIC JJIsI TOHUMAaHUS (PparMeHThI TEKCTa — KYPCUBOM.

Pemenus mpumMepoB 3aKaHYUBAIOTCSI CAMBOJIOM M.



I'JIABA 1
OCHOBbI APUPMETHUKH

§ 1. Henasblie yucaa.

Harypanesubii psia 1,2, 3, ... o0nagaer claeAyrOUIMMH OCHOBHBIMU
CBOMCTBaMU:

1. Axcuoma unoykyuu.
Ecnu HEeKoTOpoe MHOKECTBO HATypajbHBIX YHUCEN COACPKUT 1 U BMe-
CT€ C KaXXIbIM HATypalbHBIM YHUCJIOM, BXOJSIIAM B HETO, COACPKHUT
CJIEITYIOIEEe 32 HUM YHCIIO, TO OHO COJEPKUT BECh HATYPAJIbHBIHN PsiI.

2. Axcuoma Apxumeoa.
Jlist 1r00BIX HATYpaJbHBIX YMCENT M W N BCETla HailjeTcs yucio k Ta-
KO€, 4TO
m-k >n.
3. Bcskoe HemycToe MOJMHOXECTBO HATYpPaIbHBIX YHCEN COACPKUT
HaWMEHBIIIEE YUCIIO.

4. Bcskoe KOHEYHOE TIOJMHOYKECTBO HATYPAIbHBIX YHCEN COICPIKHT
HanOOJIBIIIEE YUCIIO.

5. Ilpunyun mamemamuyeckou UHOYKYUU.
Ecnu u3BecTHO, YTO HEKOTOPOE YTBEPKIACHUE
1) Bepro misi n = 1;
2) U3 NPEAnoJIOKEHUsI, YTO YTBEPKICHUE BEPHO MPU HEKOTOPOM K,
BBITEKAET, YTO OHO BepHO it k + 1,
TO YTBEP KJEHNE BEPHO JJI JTI000TO HATYypaJILHOTO 1.

6. Ilpunyun Jupuxne (1834 2.)
Ecmu k - n + 1 npeamer pasnoxeH no k smukam, TO Mo KpaiiHel mMepe
B OJTHOM M3 SIIITUKOB JISKUT HE MeHee, 9eM N + 1 mpeamer.

Mpumep 1.1.1. AaHbl n + 1 HaTypanbHbIX pasfiMyHbIX Yncen MmeHbwnx 2n. MNo-
KasaTb, YTO U3 HMX BCerga MOXHo BblbpaTb 3 Yncna Tak, YTo OgHO U3 HUX Oy-
AeT paBHO cymme AByx gpyrmx: m = k + [.

PeweHuve.




[MycTb m HanbonbLwee Yncno 13 BoidbpaHHbiX 1 + 1 yncen. Mo ycnosuio
OHO MeHblle 2n. [peanonoXxmm, 4To OHO HambonblUee M3 BO3MOXHbIX, TO
ectb m = 2n — 1.

[anee Bce HaTypanbHble 4yucna meHbwmne 2n — 1 (4MCNO UX paBHO
2n — 2), pasobbem Ha n —1 napy: {1,2n — 2}, {2,2n—3}, ..., {n —1,n},
Tak, YTobbl CymMa 4mucen B Kaxgow nape 6bina paBHa m = 2n — 1. Torga
cpeau n OCTaBLUMXCHA BbIOpaHHbIX Yncen cornacHo npuHuuny Oupuxne obssa-
TenbHO HamayTcsa Asa Yucna k n [ s ogHon napbl, a NO3TOMY

k+l=2n—-1=m.
Cnyvyan, korga Haubonbluee M3 OoTOoOpaHHbIX 4Yncen Medblle 2n — 1

paccMaTpmBaeTCAaA aHanorm4yHo, ecrnm gonyctntb HaliMinme OOHO3NEMEHTHbIX
rpynnmn. m

MHo>xecTBO HaTypasibHbIX yucell N 3aMKHYTO OTHOCHUTENBHO apud-
METUYECKHUX OTepanuil cioxeHus: (+) u yMHOXKeHUs (X), U HE 3aMKHYTO
OTHOCHUTEINIbHO omepanuii Beruntanus (—) u genenus (). JloGaBneHue K
HATYpaJIbHOMY DPsIIy OTPULIATEIBHBIX Ynced U uncia 0 pacimpser MHOXe-
CTBO HaTypaJbHbIX urcen N 10 MHOKeCTBa LENbIX yucen Z.

Teopema 1.1.1. ( 0 duckpemnocmu mHodicecmea yenwvix yucen 7,

ITycts a u b 1ienbie uncaa, npudem a > b. Torga crpaBeaInBo He-
PaBEHCTBO
a=>b+1.

MHOKECTBO LENBIX YUCEN 7Z 3aMKHYTO OTHOCHUTEJIBHO ONEpalnuil
crnoxxenust (+), BerauTanus (—) ¥ yMHOXKeHUs (X), ¥ HE 3aMKHYTO OTHO-
CUTEJIBHO Omeparuu AeIeHus ().

§ 2. JleseHue mesbIX 4mncedl.

Onp. 1.2.1. |Ilycts a,b,c € Z n a # 0. ['oBopsT, 9TO yucio a deium
yyucno b, ecny HaWAETCS YWCIO C TaKoe, YTO OYyJeT BBHITOJI-
HATBCS PAaBEHCTBO

b=a-c. (1.2.1)

OTHolIeHHEe IETMMOCTH IBYX II€JIBIX YKMCeT 0003HavYaeTcs Kak alb.
CBoucTBa onepauun geneHus.




1. Ilto6oe oTnuyHoe oT Hyns Yncno a aenut O:
Va=+0: all.
2. EanHnua gpenut ntoboe 4ncno:
Va 1|a.
3. Jltoboe oTnnMyHOE OT HyNsa YMcrno a aenuT cebs:
Va=+0: ala.
4. Ecnu yncno a genut ymicno b, To oHo BygeT AenuTb U nNpou3BeneHue
yucna b Ha noboe Lenoe Yncno c:
alb = albc.
5. Ecnu a penut b, a b genuTt ¢, TO0 a QENUT C:
alb,b|c = alc.
6. Ecnu a penut b n ¢, To a ByaeT AenuTb U X CyMMY U Pa3HOCTb:
alb,alc = a|(b % ).
7. Ecnv yncno a genut oTnnyHoe oT Hyns yvicno b, To Moaynb Yucna a
He npeBblaeT Mmoayns Ynucna b:
alb,b # 0 = |a| < |b|.

CaorictBa 1 1 5 yKa3pIBalOT HAa TO, YTO OTHOILIICHUE JIEIUMOCTH SIBJISI-
eTcsl peghnekcusHviM U mpansumuensiM. KpoMe 3Toro Ha MHOXECTBE 1ie-
JIBIX TIOJOXHUTEIbHBIX (TO €CTh HATYpPaJbHBIX) YUCEI OHO SIBISCTCS U aH-
MUCUMMEMPUUHBIM

a|lb,bla = a = b.

Takum oOpa3oM, Ha MHOXECTBE HaTypaibHBIX yucen N oTHoieHue

JETUMOCTH SIBJISIETCSL OTHOLIEHUEM YACMUYHO20 NOPAOKA.

Teopema 1.2.1. (0 denumocmu yenvix yucen)
st 1ro6wix NByX 1eNbIX uncen a u b # 0 Bcerga HalyTcs U MpH-
TOM €MHCTBEHHBIC II€JIbIe YUCTIA B T TaKUe, 9TO

a=b-q+r, rae 0 <r <|b|. (1.2.2)

B pasenctse (1.2.2) 4ncino a Ha3BIBAIOT OeaumMbiM, YUCIO b — Oe-
Jiumenem, Ycio q — HeNnOoJHbIM YaACMHbIM, YUCIIO T — OCMAmMKOM Om Oe-
JIeHUSL.

Mpumep 1.2.1. HanTn HenonHoe YacTHOE M OCTaTOK ANK yKa3aHHbIX Yncen:

1)a=3,b=5; 2 a=3,b=-5; 3)a=3,b=-5; 4)a=-3,b =—-5.
PelweHue.




3anuncbiBas 3agaHHble Yncna a B suge (1.2.2), Haxoanm:

—

3 =

N

—3 =
3 =
-3

\&vi

0-5 43 = qg= 0, r=3;

—-1-5 +2 = q=-1,r=2;
0:(-5)+3 = g= 0, r=3;
1-(-5)+2 = q=1 r=2.

§ 3. HOK u HOJI.

Onp. 1.3.1.

Yucno M # 0 Ha3bIBaeTCSA 00WuUM KpAmHbIM TENBIX YACeT a
u b, ectm a|M u b|M. Haumenvuiee nonoscumenvhoe H3
oOIIMX KpaTHbIX M Ha3bIBacTCS HAMMEHBIIMM OOIIHM
KPaTHBIM YHCEII, 1 0003HaYaeTCs KakK

HOK(a, b) = [a, b].

Kax cieyer U3 onpeeseHus, 0-CyIIeCTBY, Ul JTFOOBIX EIbIX YH-
cenaub HOK(a,b) ects uncio namypanvroe, nodTomMy oaiee 6e3 no-
mepu obwHocmu Mvl 6y0em paccmampuéams mMoibko HabOpbl HAMYPAib-

HbIX HUuceil.

Teopema 1.3.1.

cenaub.

Ecimu m = HOK(a, b), To m|M, rne M — moboe o0Iiiee KpaTHOE YH-

Onp. 1.3.2.

Yucnmo N Ha3bIBaeTCs 0Owum oenumenem 9ucen a u b, ecnu

Nla w N|b. HauGonpmee wu3 uncen N Ha3bIBaeTcs

HAHOOJIBIIUM OOIIUM JeuTeIeM 1 0003HaYaeTCs KaK
HO/l(a,b) = (a, b).

BBCI[GM Ba’XHOC OTHOIICHNUC MCIKAY YHCIIaMU.

Onp. 1.3.3.

Uwucna a u b Ha3BIBAIOTCS B3aUMHOIPOCTHIMH, €CITH
HOA(a,b) = 1.
Ceounctea HOK 1 HO[L:
1. [Ons noboro ymucna n:
HOA(0,n) = n. (1.3.1)

2. Ecnu a|b, 10

HO/Z(a,b) = a; HOK(a,b) = b.



3. Ecoma=b-q+r,7T0
HOA(a,b) = HOA(b, ). (1.3.2)
4. [Ona nobbix Yyscen a ¥ b cnpaBeannMBoO paBeHCTBO
HOK(a, b) - HOA(a,b) = a - b. (1.3.3)

5. Kpumepul e3aumHoU rpocmomei.
Opa uncna a u b OyayT B3aUMHONPOCTHIMU TOT/IA M TOJBKO TOT/IA,
KOT/1a HAMAYTCs ABA LEJbIX YHUCHA U U UV TaKUE, YTO
a-u+b-v=1.

6. Ecnun uyncno a sisnsietcsa B3aMMHOMNPOCTbIM C YCJTaMU b n C, TO OHO 6y-
AeT B3aMMHOIMPOCTbIM U C UX NpOn3BeJEHNEM.

HO[(a,b) = 1, HO/A(a,c) = 1 = HO/l(a, bc) = 1.
7. Ecnn a|bc n k TOMy Xe siBNSieTCA B3aMMHONPOCTbIM C b, TO alc.
8. Ecnn a|c w b|c, npuyem yucna a v b B3anmHonpocTele, To ab|c.

CaoiicTBo 3 BMecTe cO CBOMCTBOM 1 mMoO3BoJiIeT CHOPMYIUPOBATH
noctarouno mpoctoii anroputm Berauciaerus HO/(a, b) = (a, b) (3mech
a > b), OCHOBaHHBII Ha aNTOpUTME JeneHus EBkima:

(@,b) = (1) = (13,73) = = = (T, Tyy) = -+ = (7, 0) = 7,

Mpumep 1.3.1. Hantny HOK mn HO/I yncen 3009 n 894.

PeweHue.

BeinonHas genenue yncna 3009 Ha yncno 894, u nepexoasa panee K
OEeNeHno genutenen Ha octatkm (B COOTBETCTBUM C yKazaHHOW nocnegoBa-
TEeNbHOCTbLIO Aencteuin), Haxoaum HO/I:

3009 34+ 327 894 ’+ 240 327 14+
894 894 327 327 240 240
N 240 2_|_66 87 1_|_21 66 3+3 R 21 7_|_O
—_— = _— s — = _— s — = e _— = e
87 87 66 66 21 21 3 3

= HO0/(3009,894) = 3.



HOK 3agaHHbIx uncen Haiigem o gpopmyie (1.3.3):

3009 - 894
HOK(3009,894) = —s - 896682.

Oteet: HO/[(3009,894) = 3,
HOK(3009,894) = 896682. m

[Honstua HOK u HOJI ecrecTBeHHBIM 00pa3oM MEPEHOCATCS U Ha
Ha0OPBI, COCTOAIINE U3 HECKOJBKUX YUCEI:
HOK(ay, az, .., ax) = [aq, ag, ..., ai ],
HOA(ay, ay, ..., ax) = (a4, ay, ..., ).
CrnpaBennuBa cieayrolias TeopeMa

Teopema 1.3.2.

Hns HOK u HO/Jl coBokymHOCTH N umcen {a,, a,, ..., @, } AIMEIOT MECTO
COOTHOIICHUS

[a, .., Qp_1,an] = [[A4, ) An-1], anl, (1.3.4)

(ay, ..., ay_1,a,) = ((aq, ...,ap,_1), Ay), (1.3.5)

Teopema no3Bosisier cBectu Beiunciaenne HOK u HO/J coBokymHO-
ctu uucen K Beruuciiennto HOK u HO/I aByx umcen.

MNpumep 1.3.2. Haitn HOK 1 HO/JI uncen 12, 16 u 42.

PeweHue.

CornacHo obuen popmyne (1.3.5) umeem
(12,16,42) = ((12,16), 42).
Mo anroputmy geneHuns EBknvaa nocnegoBaTenbHO BbIYUCASEM:

o _14+2 1z_3})0 (12,16) = 4
—_— = _— s — = e = '
12 12 4 4 ’ ’

4
2

42 2 0
—=1O+Z = =2+§ = (4,42) =2 = HO/(12,16,42) = 2.

4
AHanoruyHo, gna HOK:

[12,16,42] = [[12,16],42].
[MoaTomy:



12-16 12-16 _

[12,16]=(12’ G 48;
48—1+ 6 =3 42—7+0 = (48,42) =6 = (48,42) = 6;
42 42 6 2 ’ - el
(4842] = 042 _ 4842 oo L HOK(12,16,42) = 336
T (48,42) 6 PR AN

Otset: HOJ[(12, 16,42) = 2,
HOK(12,16,42) = 336. =

§ 4. JIluneiinbie N0 aHTOBbIC YPABHEHUS.

Onp. 1.4.1. | AnreGpandeckoe ypaBHEHUE IEPBOWM CTENEHU C LETOYHC-
JIEHHBIMH KOX(PUIIMeHTaMU BUAA

a X + ayx, + -+ apx, = b, (1.4.1)
pelIeHrne KOTOPOTO UIETCS Ha MHOdcecmae yeavlx yucen 4.,
HA3bIBACTCS JIUHEHHBIM TMO0(AHTOBLIM YPABHEHHEM.

PaccMoTpuM nHHEitHOe OUO(pAaHTOBOE YpPaBHEHHE C JABYMS HEU3-
BECTHBIMU:
ax + by = c. (1.4.2)
[lTomaras ¢ = 0, moay4yuM OAHOPOAHOE JIMHEeHHOe TUO(PAHTOBOE yYpPaB-
HEHHe:
ax + by = 0. (1.4.3)
Teopema 1.4.1.

Onnoponnoe nuodanToBoe ypaBHeHue (1.4.3) Bcerna mmeer OecUncieH-
HOE MHOXXECTBO PEIIICHHI, KOTOPHIE B IMapaMeTpUIeCKor (popMe MOKHO
3aIucaTh Kak

(x,y) = (—bt,at), raet € Z. (1.4.4)

[lepeitnem Kk pelieHuro HeogHOpoaHOTOo ypaBHenus (1.4.2). 3ame-
tumM, uto eciu HO/l(a, b, c) = d # 1, To ypaBHEHHE MOKHO IHOJCIIUTEH Ha
d. Hanee npenmonoxum, uro HOZ(a, b, c) = 1.

[locne moacraHOBKM

X=cu, y=cv, (1.4.4)
ypaBHEHHUE MPUMET BU/I;
au + bv = 1. (1.4.5)

[To dopme 3TO ypaBHEHHE COBMANaeT C COOTHOIICHHEM KPUTEPHs
B3aMMHOI MPOCTOTHI JIBYX LIETbIX uncen a u b (Ceoictso 5, § 3). [ToaTo-
My UMEET MECTO CIIEAYIOIIasi TeopeMa.
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Teopema 1.4.2.

Jnst toro utoObl  nuodanToBOe ypaBHeHue (1.4.5) umeno penieHue
HEO0OXOJIMMO M JIOCTATOYHO, YTOOBI YKcia a U b ObLIM B3aMMHOIIPOCTHI-
mu. [Tpu 3TOM, €ciiu U3BECTHO HEKOTOPOE YacTHOE pemeHue (Uy, Vg), TO
o011iee penIeHne 3anuchIBaeTCs B BUJIE

u = uy — bt,

v = v, + at, (1.4.6)

raet € 7.

Takum oOpa3oMm, ypaBHeHue (1.4.5) He wuMeeT pelIeHUM, €CiH
HO/[(a, b) # 1. Ananusupys dopmy pernenust (1.4.6), MOKHO TPHATH K
BBIBOJY, YTO JJIsl JIMHEWHBIX TUO(MAHTOBBIX ypaBHEHUW CTPYKTypa Ipo-
CTPAaHCTBA PEIICHUI aHAJIOTHYHA CTPYKTYpE pEUICHUN OOBIYHBIX JIMHEH-
HBIX CUCTEM. A UMEHHO, 0Oujee peutenue He0OOHOPOOHO20 VPAGHEHUsL eCb
CYMMA HEKOmMopOo20 YACMHO20 peuleHus U oouje2o peueHus 00HOPOOHO20
YPA8HeHUsL.

Ocraercs Bomnpoc: xak Hatmu yacmuoe peuwterue. OTBET MOKHO
HAWTH, aHAM3UPYs aIroput™m aeneHus EBkiauaa kosadduiiieHToB a u b.
be3 morepu 00mHOCTH MOJOXUM @ > b > 0 (B ciaydae OTpULIATEIbHBIX
KO3 PUIMEHTOB MOKHO MPOCTO MEPEONPENETUTh HEU3BECTHBIE U U V).
BBenem 0003HaueHUS:

a=1_4, b=r,.
Torga BeITIONHSS ACNEHUE YKMCIa @ Ha yucio b mo anroputmy EBkiuaa,
MBI MOJTy4aeM CJIECAYIOUTYIO HEMOYKY COOTHOIICHUI:

aET_1=bq1+T‘1, OST'1<b=T0;
b=r1y=nq,+r,, 0<m<mn;

Tl = T2q3 + T3, O S T3 < TZ;
Th—2 = m—1qn + Ty, 0<n <m_i
rn—l - rnQn+1a Tn+1 - 09

U

r, = HOZ(a,b) = (a,b).
JanbHelmuii aHanu3 yno0HO MPOBOJUTH C HCIOJIb30BAHHEM MaT-
puuHOi anredpel. BBenem marpuiry

A = (% (1)) (1.4.7)

TOT}Ia HCTPYAHO 3aMCTUTb, YTO
Th— 1\ /Tie— Ty
()= o) (%) =4 ()

11



CJIEJOBATEIIbHO,

ay o\ _ N _ Tn-1
(5) =41 () =44 (1) = - = AAz A (),
3ametumM, uto detd; = —1 # 0, mosToMy Bce MaTpuIlbl A; HEBBI-
POXKICHBI 1 UMEIOT OOpaTHBIE:
0 1
B, = At = < ) 1.4.8
k k 1 —qx ( )
YMHOXasi TIpeapIayIiee PaBEHCTBO ClIeBa Ha OOpaTHBIC MaTPHIHI,
MOJTy4aeM:
-1\ _ ,-14-1 1 ("1
(51) = anaety it (7)),
WITH
Tn-1\ _ a
(71 =8(,) (1.4.9)
rIe
B=B,B,_1..B;. (1.4.10)

[ToncraBum B cooTHomeHue (1.4.9) ssBHBIN BUl MaTpullsl B:

() =C DG = (1)) = autrbv=r=(@h).

Takum obpazom, emopas cmpoka mampuyst B u 6yoem uckomwvim
yacmuvim pewenuem (Uy, V).

Mpumep 1.4.1. MNokynatento HeoBXoAMMO pacnnaTUTbCS 3a MOKYMKY LeHOW B
43 OeHexXHble eanHULbI. Y HEro B Hann4inm MMerTCsl acCUrHaumm Tomnbko B 12
N 7 oeHexHblx eguHny,. MoxXeT nn nokynaTtens caenatb pacyet (6e3 caaydn)?

PeweHue.
O603HaYMM KONMYEeCTBO acCUrHaLUUN pasHbiIX AOCTOMHCTB Yepes3 x 1 .
Torga nokynaTento, No-CyLecTBy, TpebyeTca pewnTb YpaBHEHHUE:

12x + 7y = 43.
Mocne nogctaHoBkn x = 43u, y = 43v, NONY4YMM ypaBHEHNE
12u+7v = 1.

Otmetum, yto HO/I(12,7) = 1, cnenosaTenbHO, ypaBHEHWE UMeeT pelle-
HWe. BbinonHUM aeneHve KoaMULIMEHTOB ypaBHEHUs Mo anroputMy EBknu-
na:
12=r_,=7-1+5,
7=1=5"1+2,
5=nrn=2-3+1,
2=r=1-2+0.
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Hanee no dopmynam (1.4.8) n (1.4.10) Haxogum maTpuuy B

0O 1)\/0 1H/0 1 -1 2
B=Bsb,5 = (1 —2) (1 —3) (1 —1) =( 3 —5) >
= (up,v9) =(3,-5) = (xo,yo) = (3-43,—-5-43) = (129,—-215).
O6wwee pelueHune:
X =xy— bt =129 - 7¢t,
y =Yy, +at=-215+ 12¢.
PeweHnem 3apaun saBnsetca napa HamypasbHbiX duces. [lonaras
t = 18, HaxogumM UCKOMOEe peLLeHune:
x =3, y=1
OTBeT: pacyem 803MOXeEH - ONA pacyeTa Nokynatento noTpe-
OGyetcsa 3 accurHauum HoOMWMHaNom 12 OEeHeXHbIX eau-
HUL 1 1 accurHaumst HOMMHaNOM 7 AEHEXHbIX e AUHWLL.
|

§ 5. IIpocTbie unciaa.

Onp. 1.5.1. | HepaBHoe 1 HaTypajdbHOE YMCIIO P Ha3bIBA€TCS MPOCTHIM,
€CJIM OHO HE UMEET ACIUTEIICH OTIIMYHBIX OT | U P.

Onp. 1.5.2. | HarypanbHble 4ucClia, HE SABJISIONIMECS MPOCTHIMU, HA3bIBA-
IOTCSI COCTABHBIMH YKCIIAMU.

Uucno 1 BbIJEICHO MO COIVIAIICHUIO B CHEIUATIBHBINA KJIACC U HE SIB-
JII€TCSL HU TIPOCTHIM, HU COCTABHBIM.

OTo0OpaTh MPOCTHIC YHUCIIA CPEIU YHUCENT HATYPaJIbHOTO Psa MOXKHO C
MOMOIIBIO AJITOPUTMA, KOTOPBIM HOCUT Ha3BaHHUE peuiemo Dpamocena.
[Tpu 5TOM TIOJIE3HA CEaYIOIIas JIeMMa.

Jlemma

ITycte N coctaBHOE YMCIIO, a p — €r0 HaMMEHbIIWM aenuTens > 1. Toraa
P — IPOCTOE YUCIIO, TPUUYEM

p? < N. (1.5.1)

W3 neMMbl creAyer, 4yTo JIF00OO€ COCTABHOE YHUCIO MMEET MPOCTOM
JEJUTEIIb.

Mpumep 1.5.1. YcTaHoBUTL aBnsetca i ymcro N = 1009 npocTbiMm.
PewleHne.

Ecnu yucno N = 1009 coctaBHOe, TO corfacHoO neMmmMme oHo obsa3aTenb-
HO AOJSKHO MMETb NPOCTON AeNUTENb p, YAOBNETBOPAOLWMA HEPABEHCTBY:
2<p<3l1,

13



Tak kak 322 = 1024 > 1009. Takum o6pa3om, NPOCTbIMM AENUTENAMU YnUCna

1009 MoryT ObITb TONbLKO YMcna:
2,3,5,7,11,13,17,19, 23,29, 31.
HenocpeactBeHHbIM geneHnem ybexgaemcsi, YTO HU O4HO U3 3TUX Yu-
cen penutenem 4ucrna N = 1009 He aBnseTcs, crnegoBaTtenbHo, Yncrno 1009
npocToe.

OteeT: uncrno 1009 npocToe.

|

OxkasbiBaercs, uto cpenu nepBoix 100 HaTypaapHBIX YHCEN UMEETCS

25 mpocTeix. Bo3HUKAET BONPOC: a CKOIbKO NpOCmbIX yucen 86000ue?

Teopema 1.5.1.

MHO0XeCTBO IMPOCTBIX YHUCCI CUCTHO.

OnHyuM W3 HampaBJICHWN Pa3BUTUA TEOPUM YHUCEN SIBJISIETCA MOUCK
dbopMyI1, MO KOTOPBIM MOXKHO OBLIO ObI TEHEPUPOBATh MPOCTHIC UKcia. Tak
u3BecTHB! Qopmyast Mepcenna (2P — 1), @epma (22" + 1) u ap. Ho,
COKaJICHUI0, CIJIEIyeT OTMETHUTh, YTO yKa3aHHBIC (POPMYJIBI TEHEPUPYIOT
HE TOJILKO MpoCThie yucia. Tak, Hanpumep, uucina depma npu n =
1, 2, 3,4 neicTBUTENBHO SBISIFOTCSA TIpocThiMu: {5,17,257,65537}, onna-
KO YK€ CIEYIOIIEe YUCIIO IPU N = 5 SBIAETCS COCTABHBIM:

22° +1 = 4294967 297 = 641 -6 700 417.

OTMETHM HEKOTOpPbI€ HU3BECTHHIC OOIIMUE PE3YIbTAThl, UMEIOIINE
HETOCPEACTBEHHOE OTHOIIEHUE K MTPOCTHIM YHUCIIAM:

1. Ecnu p — npocToe u plab, 1o p|a vim p|b (remma Eexiuoa).

2. Ecnu p — npoctoe wu a - HaTypanbHoe, To plaP — a (manas meopema
Depma).

3. YUucno p aBnseTca NpocTbiM Toraa v Tonbko Toraa, koraa p|(p — 1! + 1
(meopema Bunvcona).

4. Ecnu n — HaTypanbHoe, TO Bcerga Hangetcs npocToe YMcro p Takoe,
yton < p < 2n (nocmynam Bepmpana).

5. iobas apudmeTrdeckas nporpeccust, Ans KOTOPOW NepBbIA YneH a;, U

pa3HOCTb d — B3aMMHOMPOCTLIE YNCNa, COOEPXKUT GECUMCNIEHHOE MHO-
XXE€CTBO NPOCTbIX Yncen (meopema Jupuxie).

14



W3naBHa BenyTCs MOUCKU HAWOONBIIMX MPOCTHIX YHCEN, 32 HAXO0XK-
JICHHEe KOTOpbIX opranu3amueit Electronic Frontier Foundation 6sut0 mipen-
JI0’)KEHO HECKOJIBKO Harpaj B 3aBUCHUMOCTH OT BEJIMYHMHBI 4Hclia. Tak, B
2009 romy Obuta Bpyuena mpemus B pasmepe 100 000 mommapos CIILA,
Ha3HAYEHHAs 3a HAXOXJEHHUE MPOCTOr0 YHWCIIA, IECATUYHAS 3alUCh KOTO-
poro cozepkuT He MeHee 10 MuIMoHOB Udp.

OnuH u3 nepBbIX pekopaoB noctaBuil B 1772 rogy Jleonapn Duep,
Haii npoctoe umcno 2°- — 1 = 2 147 483 647.

HaunGoubliee M3BECTHOE MPOCTOE YMCIO (HA MEPUOJ O CEPEIHHbI
2019 rona):

82580933 _ |

Ono Obuio otkpeiTo [larpukom JlapomieM B paMKax MpOEK-
ta GIMPS 7 nexabps 2018 roga m comepxut 24 862 048 necatnaHbIX
uuQp.

Bce u3BecTHBIE MaKCUMallbHbIE HATypaJIbHbIE YUCHA SIBISIOTCS YUC-
namu MepcenHa. 1o 00bsICHsIeTCsl TeM (PakToM, 4To JIs urces MepceHHa
CYILLECTBYET JOCTATOYHO MPOCTOM JUIsl peanu3aliyd aJrOpPUTM IMPOBEPKU
IIPOCTOTHI yncia — tect JIroka-Jlemepa.

[Tonck MakCUMaIbHBIX MPOCTBIX YHCEN B HACTOSIIEE BPEMS SIBISCT-
Csl YpE3BBIYAITHO BAKHOM M aKTyaJIbHOM 3a/1aueil B CBSI3U C OYpPHBIM pa3BU-
THEM HH(POPMALMOHHBIX TEXHOJOTUW. bonblline HaTypalibHbIE yucia SB-
JSIOTCST LIEHTPAJIbHOW 4YacThI0 COBPEMEHHBIX METOJIOB KOJHMPOBAHHUS, 3a-
IIUTHI U TiepeAadyn HUPppoBoil UHPOPMALIUH.

Teopema 1.5.2. (ocnosnas meopema apugpmemuxu)

JIto6oe HaTypanpHOE YUCIO @ > 1 eMUHCTBEHHBIM 00pa30M pacKiaabiBa-
€TCsI Ha MTPOCTHIE COMHOXKHUTEIIN:

T pflp;cz ...p,’f{" (P <Py < <ppm). (1.5.2)

Paznoxenue (1.5.2) Ha3pIBa€TCS KAHOHUUECKUM PA3TIOHCEHUEM YUCTA
a Ha npocmule comuodxcumenu. OHO TMPENOCTaBIsIeT MOJHYIO MHpOpMa-
10 0 ynciie. B yacTHOCTH, C €ro MOMOLIBI0O MOXXHO CPOPMYTUPOBATH J0-
cratouHo npoctori anroput™m Beramcienus HOK u HO/Jl nabopoB membix
YHUCEIL.

PaccMoTpuM ATOT anropuT™ Ha IpUMEpe JIBYX 4mcel a u b.

AnropuTtm BblunucneHnsa HOO n HOK

LWar 1. Paznoxxuts uncna a u b Ha MPOCThIE COMHOKUTEIH:
— @1 2 Am, _ b1 B2 B
a=p; P, Pm b=qq° ...q .
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LWar 2. CocTaBUTh U3 NPOCTHIX ACIUTEICH MHOXKECTBA:
P ={pyps -, 0mb; Q =1{q1, 92 -, q}.

LWar 3. Haiftu nepecedenre u 00beJuHEHNE MHOXECTB P 1 Q:
C=PNQ={c,Cy ..,y U=PNQ ={uy,uy, .., u,lk

LWar 4. Beraucours HO/l(a, b) u HOK(a, b) mo popmynam:
HOA(a, b) = ¢j'c)? ..., (1.5.3)
HOK (a, b) = uj*ub? ...up™, (1.5.4)

rae v; = min{a;, B;}, a u; = max{a;, f;} s genurenet ¢; ¥ uU;, COOT-
BETCTBEHHO.

Opumep 1.5.2. Hantn HOJZl u HOK uucen 12, 16 u 42 (Mpumep 1.3.2).

PewweHue.

1). 3anuwem KaHOHMYEeCKMe pasnoXeHns 3afaHHbIX Yncen:
12=22-3; 16=2% 42=2-3-7.

2). CoctaBuM MHOXeECTBa AENUTENEN YMCES, N ONPEaESIMM UX NepeceyeHmne n
obbeanHeHune:
Pl = {2I3}l PZ = {2}1 P3 = {21 3; 7} = C = {2}1 U{2;3;7}

3). Mo cdopmynam (1.5.3) n (1.5.4) Hangem HO/Jl u HOK:
HO/Z(12,16,42) = 21 = 2;
HO/(12,16,42) = 2*-31-71 = 336.
OteeT: HO/(12,16,42) = 2,
HOK(12,16,42) = 336. =

§ 6. CpaBHeHUS O MOIYJIIO.
MHOXecTBO OECJIBbIX YHUCCII OECKOHEUHO. OI[HaI(O OTHOIICHUEC IACIIN-

MOCTH IIEJIbIX YHCEJI MO3BOJISIET Pa3OMTh 3TO MHOXKECTBO Ha KOHEYHOE
4yrcIo KiaaccoB. Hampumep, OTHOIIIEHUE IEIMMOCTH Ha YUCIIO 2 pa30uBaeT
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VI.

VIl

BCE IIeJIbIC YKCJIa HA YKCJIAa YETHBIC M HEUETHBIE. DTOT MPOCTOU IPHUMED
JIOMyCKAeT clienyrorniee 0000IIeHueE.

Onp. 1.6.1. |JIBa uensix yucia a U b, Ha3bIBAIOTCS CPABHUMBIMU MO

MOAyJI0 m € N, eciiu OHM PU ICJIEHUU HA M UMEIOT OJWH
U TOT XK€ OCTaTOK.

OTHoIllIEHNE CPaBHUMOCTH YHCEN 0003HAYAETCS KaK
a = b (mod m).

CBoMCTBa CpaBHEHMA NO MOAYIHO

Ecnu 4umcna a u b cpaBHUMBI 110 MOAYJIIFO m, TO MOAYJIb M ACIUT UX
b
Pa3HOCTb, IPUYICM BCPHO U O6paTHOCZ

a=b(modm) & m|(a—Db). (1.6.1)

. OTHOIIICHHE CPAaBHEHUS 110 MOAYJIIO €CTh OTHOIICHUE YKBUBAJICHTHOCTH:
a = a (mod m), (pecbriekTBHOCTB)
a=b(modm) & b=a(modm), (cmmeTpruHOCTL)
a=b(modm),b=c(modm) = a=c(modm). (TpaHanTMBHOCTb)

Ecmm a = b (modm) u ¢ = d (mod m), To cnpaBe/UIMBEI CIETYIOITHE
CpaBHCHHS

a+c=b+d(modm), (1.6.2)
a—c=b—d(modm), (1.6.3)
a'c=b-d(modm). (1.6.4)

. Ecmm a = b (mod m) u P(x) — HEKOTOpBIII MHOTOWIEH C LEJIOYUCIICH-

HBIMU KO3 PUImeHTaMu, To

P(a) = P(b) (mod m). (1.6.5)

. O0e yacTu cpaBHEHHUS MOXXHO TOJICIMTh HA UX OOITUN IETUTEIb, €CIIH OH

SIBJISIETCSI B3AMMHOIIPOCTBIM C MOJTYJIEM:
da = db (mod m), HOA(d,m) =1 = a=b (modm).
O06e JacTu cpaBHCHHUS M MOJYJIb MOYKHO TIOJCIIUTh Ha WX OOIIMI JeIr-
TEIIb:
da = db (mod dm) = a = b (mod m).
Ecmu a = b (mod m), to HO/I(a, m) = HO/I(b, m).
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VIIl. Eciu a = b (mod m) u d|m, to a = b (mod d).
Mpumep 1.6.1. meeT nn ypaBHeHnEe
x?—5y%2=3

uenble pellenns?
PewleHne.

[MycTb (a, b) HEKOTOPOE Lenoe peLleHne:
a’® — 5b?% = 3.
Torga, Tak kak a? — 3 = 5b%, 70 a? = 3(mod 5).
Bce uenble unucna pasdbmBaloTcs Ha rpynnbl YMCES, B KaXXAOW U3 KOTO-
pbIX BCE YMcna cpaBHMMbI Mo Moaynto 5 Tonbko nmdo ¢ 0,1, 2,3 vnn 4. Mpo-
aHanuanpyem Kesagpatbl 9TUX YNCES:

02 =0,
12 =1,
22 =4,

32 =9 = 4(mod 5),
4?2 =16 = 1 (mod 5).

Taknm ob6pa3om, HM OOUH U3 KBaJpaTOB Lerioro Yncna a He MoxeT ObiTb
CpaBHMM C 4ncrioM 3 Mo MOAYMNI0 5, 3HAYMT Halle MpPeanosioKeHne O cylle-
CTBOBaHUN LENOYNCIIEHHOMO peLleHns 3a4aHHOro ypaBHEHNS HEBEPHO.

OTBeT: ypaBHEHME LeNoYNCIEHHbIX
peLleHnn He UMeeT. [

§ 7. Kiacchl BbI4ETOB.

CornacHo cBoicTBY || oTHOIIEHNE CpaBHEHUS IO (PUKCHPOBAHHOMY
MOJYJIFO M €CTh OTHOIIEHNWE SKBUBAJICHTHOCTH, a 3HAYUT, BCE MHOYXECTBO
IEJIBIX YHCeNl Pa30MBAETCs] HA KOHEUHOE YHCIIO HEMEPECEKAIOIINXCs Kiac-
COB DKBUBAJICHTHOCTH.

Onp. 1.7.1. | Bce uncia, CpaBHUMBIEC TI0 33JIaHHOMY MOJAYJIIO m, 00pa3y-
0T KJIACC BBIYETOB M0 Moay.aw m. Ilpu stom moboe yuc-
JIO @ U3 KJIacca Ha3bIBACTCS BLIYETOM IO MOAYJII0 M.

W3 onpenenenus cieayer, 4TO KJiacc BHIYETOB 00pa3yloT BCE UMcIa,
KOTOPBIE MPU JEICHUU HA YUCIIO MM AAIOT OJAWH U TOT K€ OCTaToK 7. bes-
YCJIOBHO, TIPU 33JIAHHOM MOJYJIE M UMEETCS POBHO 1 PA3JIMYHBIX OCTAT-
KOB, a 3HAYUT, U KJIACCOB BHIYETOB, KOTOPBIC Oy/leM 0003HAYaTh YEPTOM
CBEpXY:



Onp. 1.7.2. | MHOXECTBO BCEX YMCEII, MPUHAJICKAIINX Pa3HBIM KilaccaM
BBIYETOB, Ha3bIBACTCS MOJHON CHCTEeMOH BbIY€TOB.

B kauectBe HpCI[CTaBI/ITCHH KJIacCa BBIUCTOB MOZKHO BBI6I/IpaTB JIFO-
606 quclio, Tak moJHEIMU cUCTEMAMU BLIYETOB 10 MOAYJIHO 5 ABIISAIOTCA:
{0,1,2,3,4}, {1,2,3,4,5}, {—2,—1,0,1,2} u ap.

Teopema 1.7.1.

Ecmu HO/l(a,m) = 1 u x npoberaet MoJHyIO CUCTEMY BBIYETOB I10 MOIYITIO
m, To yucia ax + b, rae b € 7Z, Takke mpoOeraroT MOJHYI0 CUCTEMY BBIYETOB
10 MOJTYJIIO M.

Cornacuo cBorictBy VI dmucia, npuHajiexaiye OJIHOMY Kiaccy
BBIYETOB, UMEIOT C MOJAYJIEM M OJUH U TOT K€ AENUTENb. PaccMoTpum
TOJBKO TE€ KJIACChl BBIYETOB, Mg KOoTophix HO/J(a,m) = 1, To ecThb KOTO-
pbI€ B3aUMHOIIPOCTHI C MOYJIEM.

Onp. 1.7.3. | MHOXECTBO BCEX YHUCEJ, NPUHAIIEKAIIUX PA3IUYHBIM
KJIacCaM BBIYETOB, KOTOPbIC B3aMMHOIIPOCTHI C MOAYJIEM m,
Ha3bIBACTCSl MPUBEIEHHO CHCTEMOI BHIYETOB.

Mpumep 1.7.1. MNyctb m = 24. Torga nonHas cucremMa BbIMETOB MOXeET BbITb
3anucaHa Kak

{0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15,16,17,18, 19, 20, 21, 22, 23},
NPy 3TOM MHOXECTBO

{1,5,7,11,13,17,19, 23}
aBngeTCca NpMBegeHHOW CUCTEMOMN.

Teopema 1.7.2.

Ecnmu HO/l(a,m) = 1 u x mpoOeraeT NpUBEACHHYIO CUCTEMY BBIYETOB I10
MOYJIF0 M, TO uucia ax + b, rae b € 7Z, Takxke npoOeraroT NpuBe/IeH-
HYIO CHCTEMY BBIUETOB IO MOIYJIIO M.

HpI/IBGJICHHBIG CUCTCMBI BBIYUCTOB, BIICPBLIC PACCMOTPCHHBLIC JI. Oi-
JCPpOM, AAr0T BO3MOKHOCTDb pa6OTaTI) C KJ1acCaMH BBIYCTOB H€ TOJIBKO IIO
IIPOCTBIM, HO U 110 COCTAaBHBIM MOAYJISIM.

19



§ 8. dynukuus Jiisepa.

Onp. 1.8.1. | ®ynknued IJujepa @(m) HA3bIBACTCS YHCJIO KJIACCOB B
MIPUBEJICHHON CUCTEME BHIYETOB MO MOIYJIIO M.

JInst HEeOOJBIIMX ApryMEHTOB 3HAa4YeHUs] (YyHKIMU Diliepa MOXKHO
OIPEICINTh HEMOCPEICTBEHHO, BHINMUCHIBAs SIBHBIA BUJ ITPUBEICHHON CH-
CTEMBL.

Mpumep 1.8.1. HekoTopble 3Ha4YeHU OyHKUNK Dnnepa:

m=2 = {1} = ¢@2) =1,
m=3 = {1,2} = ¢3) =2,
m=4 = {1,3} = ¢@B3) =2,
m =24 = {1,5,7,11,13,17,19,23} = ¢(24) = 8.

|
B oOmieMm cityyae BblUMCIIEHUE 3HAYCHUN (QyHKIMU Dijepa OCHOBA-
HO Ha MCMOJIb30BaHUU CJIEAYIOIINUX PE3YJIbTATOB.

Teopema 1.8.1.

Ecnu aprymeHnT ¢yHkiuu Ditliepa m = p — IpoCTOE YUCIIO, TO CIIpaBe/-
JIUBBI COOTHOLLICHUS:

p(@)=p-—-1 (1.8.1)
e(p*¥) =p* —p* 1, VkeN. (1.8.2)

Teopema 1.8.2. (ceoiicmeo mynrbmuniukamusHocmu)

Ecrmawn b B3aMMHOIIPOCTBIC YKUCJId, TO UMECT MECTO COOTHOIICHHC

@(a-b) = ¢(a) ¢(b). (1.8.3)

Teopema 1.8.3.

s dyskiuy Dinepa cupaBeaiuBa Gopmyia:

1
p(a) = a [lpa (1 - ;), (1.8.4)
rac HpOI/ISBeI[eHI/Ie HpOI/I3BOILI/ITC$I I1I0 BCEM paSJ'II/I‘-IHI)IM HpOCTBIM JACIIUTCIIAM
qyucia a.
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Teopema 1.8.4. (meopema Sunepa)

I[J'Iﬂ JF000T0 nejaoro 4yuciia a, B3aMMHOIIPOCTOro ¢ MOAYJIEM MM, BbIIIOJI-
HACTCA CPaBHCHUC!

a®?™ =1 (mod m). (1.8.5)

Cnedcmeue (manas meopema epma)

Ecmu HO/l(a,p) = 1, rae p — mpocToe 4nciio, To
aP~! =1 (mod p). (1.8.6)

Mpumep 1.8.1. Haintn @ (100).
PewleHne.

[MpenBapuTensHO pasnoXxum Ymcno 100 Ha NPOCTbIe COMHOXUTENN:
100 = 2252,
Torga no dopmyne (1.8.4) Haxogum:
1 1 1 4
@(100) = 100-(1——) : <1——) = 100-§-§= 40.

2 5
OTBeT:40. m
MNpumep 1.8.2. HaitTn nocnegHune ase umdpsbl Yncna 2190,

PeweHune.

3ameTuM, 4YTO nocriegHne ase undpsl Noboro Lenoro Yyucna cosnaga-
0T C ero BbiveTom no moaynto 100. [NMoaTomy, no-cyuiecTsy, TpebyeTcs HaNnTH

x = 2199 (mod 100).

Mogenum obe Yactu cpaBHEHUA U MOAYNb Ha 4 (0Owmin genuTens):

X
1= 2%8(mod 25).

Nanee HenocpeaCTBEHHO HAXOAUM:
210 = 1024 = —1(mod 25); 28 = 256 = 6(mod 25),
NnosaTomy
298 = (—=1)% -6 (mod 25) = —6 (mod 25).
Takum obpasom, nonyyaem

= —6(mod 25) = x = —24 (mod 100) = x = 76 (mod 100).
OTBeT: 76. m

SR
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§ 9. CpaBHeHus nepBOil CTENEHM.

Onp. 1.9.1. | CpaBHeHHeM IEePBOIl CTENEHU HA3bIBACTCSI CPABHCHHUE BU-
na

ax = b (mod m). (1.9.1)

3nech TpeOyeTcss HalTU BCe pa3iudHbIe KJIACChl BHIYETOB X IO MO-
JTyJIF0 M, YJIOBJIETBOPSIIOIIKX cpaBHeHUO (1.9.1).

Teopema 1.9.1.

CpaBHeHHE TEPBOM CTENEHHM pa3peniuMo TOTAa M TOJIBKO TOT/a, KOTrja
HO/l(a,m) nemut b, nOpuYeM KOJMYECTBO PEIICHHH COBHAAacT C
HO/Zl(a, m).

Cnedcmeue

Ecau HO/(a,m) = 1, TO cpaBHEHHE MEPBOM CTEIEHU UMEET C€AUHCTBEH-
HOE pEIICHUE.

Peliennie cpaBHEHUH, MO-CYIIECTBY, CBS3aHO C €ro MpeoOpa3oBaHU-
€M K IIPOCTEeUIIEMY BUAY C HCIOJIb30BAHUEM CBOMCTB cpaBHEHUU. Lleinb
npeoOpa3oBaHUil — MOJYYUTh MEPE]l HEU3BECTHBIM X KOA(h(HUIIMEHT paB-
HbIN 1.

Mpumep 1.9.1. PewunTb cpaBHEHUE
38x = 4 (mod 26).

PelleHne.
B nepByto oyepenb yMEHbLWNM KOIPULMEHTbI CPpaBHEHNS, 3aMEHASA UX
HaUMeHbLLUMMUM NpeacTaBUTENS MU COOTBETCTBYIOLLEro Kfacca Bbl4ETOB MO

mMoAayno 26:
38x =4 (mod26) = 12x =4 (mod 26).

3ameTtum, yto HOZ(12,4) = 2 n 2|(b = 4). MosTomy cornacHo Teope-
Me 1.9.1 cpaBHeHMe pa3pelnmo n UMeET ABa PELLEHUS.
KoadhdoumumeHTsl 1 Mmoaynb KpaTHbl 2. [locne geneHns Ha 2 nonyyvmm:

6x = 2 (mod 13).
[anee, ncnonb3yss CBOMCTBA CPaBHEHUN N 3aMeHAs KOI(PPULMEHTbI

npeacTaBUTENSIMM UX Kracca BblYeTOB, MPMBOAMM CpaBHEHME K NMpOCTeLemMy
BUAY:
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6x=2(mod13) =2 12x =4 (mod 13) = —x =4 (mod 13) =
= x = —4 (mod 13) = x =9 (mod 13).

BosBpallasack K UICXOAHOMY MOAYMI0, HAXOAUM ABa pPeLLeHUs:
x; =9 (mod 26), Xy = (94 13)(mod 26) = 22 (mod 26).
OtBeT: {9 (mod 26), 22 (mod 26)}. =

Crnenyer OTMETUTh TECHYIO CBSI3b MEXY JUHEHHBIMU AUO(DAHTOBBI-
MU YpPaBHEHUSIMU U CPABHEHHUSIMH MEPBOM CTENEHHU, YTO MO3BOJISIET IPU-
MEHSTh d(PGHEKTUBHBIE METOJIbI TEOPUH BBIUETOB K PEIICHUIO ITHO(aHTO-
BbIX YpaBHEHMI1. PaccMOTpUM B KayecTBe MpuUMepa peieHne AMopaHToBO-
ro ypaBHeHus u3 3anaun 1.4.1.

Mpumep 1.9.2. Pewuntb AM0GaHTOBOE YpaBHEHME
12x + 7y = 43.

PeweHue.
[Mepenuwem ypaBHeHWE B BUae

12x — 43 = =7y.

Takum obpasom, nepemMeHHas x NPUHaONEXUT Knaccy Bbl4ETOB, KOTO-
PbI SABMSIETCS PELUEHNEM CIieaYHOLLErO CPaBHEHUS:

12x = 43 (mod 7).
Mcnonb3ysa cBoncTBa CpaBHEHU, HAXOAUM

12x =43 (mod7) 2 5x=1(mod7) > 15x =3 (mod 7) =
= x = 3 (mod 7).

B kayecTBe 4acTHOro pelleHusi BolbepeM HauMeHbLIee MONoXUTENbHOE
uenoe: x = 3. [logcTaBnsas 9TO 3HAa4YeHME B UCXOAHOE ypaBHEHWe, Haxogum
BTOPYIO NEPEMEHHYIO:

7y=43-12-3=7 = y=1.

Mapa yucen (3,1) aABnNseTCA YaCTHbIM pelleHneM 3afgaHHoro AnodaH-
TOBOrO ypaBHeHUs1 (MMEHHO OHa aBndeTcsa peweHnem 3agaum 1.4.1). Obwee
pelleHne ypaBHeHUs 3anuceiBaeTca B Buae (1.4.6):

x=3—-7t,y= 1+12¢t, rue t € Z.

OteeT: (x,y) ={(3—=7t,1+12t)| t € Z}. m
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§ 10. Kuraiickas Teopema 00 ocTaTKax.

PaccMoTpuM 3a1ady O IOMCKE MHOKECTBA IIE€JIBIX YHCEN, KOTOPBIE
YIOBJIETBOPSIIOT OJHOBPEMEHHO HECKOJIBKMM CpaBHEHHsIM. IIpocreiimias
CHCTEMA CPaBHEHHI MMEET BHUJI

x = a,;(mod m,),

= a,(mod m,), (1.10.1)

x = a;(mod my,).
B ciiydae B3aMMHO IPOCTBIX MOJYJIEW PEIIEHUE 3TOM CUCTEMBI MO-
’KET OBITh HAlZICHO C TIOMOIIBIO TaK HA3BIBAEMOU KUMAUCKOU meopembl 00

ocmamkax.

=
I

Teopema 1.10.1.(kumaiickass meopema 06 ocmamrax)
Eciu Momynu cpaBHeHUUA mq, My, ...,my B cucreme (1.10.1) momapno
IIPOCTHI, TO CUCTEMA pa3pelIuMa U PEIICHUE MOXKET OBITh MPECTABICHO

B BUJIE

x = xy(mod M), (1.10.2)
TJIe
Xo = Myby + M,b, + -+ M, by,
M = HOK(my,m,,...,m, ) = mym, ...my,
Mle/ml, 1<I[<k,
a gKcia by SABJISIFOTCS YaCTHBIMH PENICHUSIMU CPAaBHEHUI
M;b, = a; (modm,;), 1<I[<k.

Mpumep 1.10.1. PewnTb cuctemy cpaBHEHUN

x = 3(mod 7),

x = 2(mod 11),

x = 1(mod 13).
PeweHue.

Moaynun cpaBHeHun 7,11,13 nonapHO MNPOCTbI, MO3TOMY pPELLUEHuEe Ccu-
CTEMbl MOXHO UCKaTb C MOMOLLbIO KUTANCKOM TeopeMbl 06 ocTaTKax.
MocnegoBaTenbHO HAXOOUM:
M= 7-11-13 =1001;
M, =11-13 =143, M, =7-13 =91, M3 =7-11=77.

Oanee pellaem BcriomoraTernbHble CPaBHEHWS U HAX0AMM Yucna by, Kak
HEKOTOpble YaCTHble peLleHns (Hanpumep, HauMeHbLLMEe Mo MOAYIH0):

M.;b; = a, (modm,;) = 143b;, =3(mod7) = b, =1;
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M,b, = a, (modm,) = 91b, =2(mod 11) = b, = —3;
M3b; = a; (modms) = 77b; = 1(mod 13) = b; = —1.

HakoHerr, BEIYUCISIEM YUCIIO X, W 3alUCHIBAEM PEIICHUE WCXOIHON
CUCTeMBI B BU/JIE Kitacca BbrdeToB (1.10.2):

Xo=143-1+91-(=3) + 77 (-1) = —207;
x = —207 (mod 1001) = 794 (mod 1001).

OteeT: x = 794 (mod 1001). m
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I'JIABA 2
KPUIITOTPA®UA U COBPEMEHHBIE KPUIITOCUCTEMBI

§ 1. OcHOBHBIEC NOHATHS M METOAbI KpUNTorpaguu.

Kpunmoepagus — 370 TUCIMIUIMHA, KOTOpasi 3aHUMaeTcs pa3paboT-
KOW METOJI0B MpeoOpa3zoBaHusa HHPOPMAIINH C LIETBIO €€ 3alIUThI OT He3a-
KOHHOT'O HCIIOJIb30BaHMUSI.

ugposanue — nporecc npuMeHeHus mudpa-npeoOpa3zoBaHusl K
3ammuInaeMoi naopmaruu.

Lugpomexcm (mnu kpunmozpamma) — 3ampoBaHHOE COOOIIIE-
HUE.

Jlewugposanue — iporiecc 00paTHBIN MKUGPOBAHUIO, 3AKITIOYAIO-
IIUHCS B BOCCTAHOBJICHUU UCXOAHOM MH(OpMAIIUH.

CoBpemenHas Kpunrorpadus SBseTcs 00J1acThl0 3HAHUM, CBS3aH-
HOM C peIIeHuEeM TaKUX MpooOsieM 0€301TaCHOCTH KaK
® KOH(MUIACHIMATHLHOCTD;
® IICJIOCTHOCTD;
® ayTeHTU(DUKAIIUS,
® HEBO3MOXKHOCTh OTKa3a OT aBTOPCTBA.

Hlugp — ceMecTBO 00paTUMBIX MPEOOPa30BAHUM, KAKI0€ U3 KOTO-
PBIX OIpEAesAeTCs HEKOTOPBIM MapaMEeTPOM, HA3bIBAEMBIM KIIOYOM, @
TaK)Ke MOPAIKOM MPUMEHEHHs] JTaHHOIO MpeoO0pa3oBaHUs, HAa3bIBAEMbIM
pedcumom wugposanus. Kaxmnoe npeodpazoBaHuE OJHO3HAYHO OIpEJie-
JSI€TCSL KIIIOYOM U OMHCBIBAETCS HEKOMOPbIM KpUnmocpaguieckum aneo-
pummom. OJIUH U TOT K€ KPUNTOTPAPUUECKUN aITOPUTM MOKET MpHUMe-
HATBCS U1 IUGPOBAHMS B Pa3IMYHBIX peXHMax. BrIOOp KOHKPETHOTO
pELICHUS 3aBUCUT OT CUTYAaIIUU.

Crnenyer OTMETUTbH, YTO KJIIOUM U aJNTOPUTMBI IIU(POBAHUS U Je-
mKU(PpPOBaHUs MOTYT OTIMYAThCs Apyr oT apyra. [lapy anroputmoB mud-
poBaHUs U M (POBAHUS HA3BIBAIOT KPUNIMOCUCMEMOU, & PEATTU3YIOIINE
UX YCTPOMCTBA WM MPUCTIOCOOICHUS — WUDPOMEXHUKOU.

PaccmMoTpuM HEKOTOpBIE THIBI MIHQPPOB, KOTOPHIE NMPHHITO OTHO-
CUTh K K1accuueckum wugpam. OHU pa3nyaroTcs 1Mo TUIY IpeoOpazoBa-
HUSl, OCYIIIECTBIISIEMOTO C OTKPBITHIM TEKCTOM.
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LWndop 3ameHbl.

ugpom 3amenvr HazbiBaeTcs mUdp, Npu KOTOpoM GHparMeHThl OT-
KPBITOI'O TEKCTAa 3aMEHSIIOTCS UX SKBHUBAJICHTAMH B IIUQPPOTEKCTE. ITO
MPOCTEHIIMK ¥ HanboJiee MOMYJISIpHBIM Kitacce mudpoB. M3BecTHBIMU HC-
TOPUYECKUMU IPUMEPAMHU ABIISAFOTCS:

e wndp Lesaps;

e “UuncmpHas asbyka” MNetpa 1;

e “Benukun wngp” PoccruHbons;

e “‘nnawyuime yenosedkn” A. KoHaH-Jounng.

OnpenenuMm MaTeMaTU4YECKy0 MOJEIb MHU(pa 3aMEHBI.

bynem cuutaTh, 4TO OTKPBITHIE U MHU(PPOBAHHBIC TEKCTHI SBIISIOTCS
cioBamu B andaButax A u B, mpuueM MOIIHOCTH (YUCIO CHMBOJIOB) aJl-
($haBUTOB paBHBI N1 ¥ M, COOTBETCTBEHHO.

Janee, o6o3HauuM dyepe3 A* u B* MHOKeCTBa CJIOB KOHCUHOU JTHHBI
B anipaButax A u B. Torga ucxoanslii TekcT X v mudpoBaHHBIN TecT Y
OymyT mogmMHOXkecTBamMu A* u B*:

X C A%, Y € B".

[lepen mmudpoBanreM TekCT pa3OuBaeTcs Ha (parMeHThI, KOTOpPbHIE
Ha3bIBAIOTCA wugposeruvunamyu. [lpu mmdpoBanun mupoBETUINHBI
3aMEHSIOTCS] SKBUBAJICHTAMH, KOTOPBIE IPUHATO HA3BIBATh WUDPO0OO3HA-
yeHusmu. be3ycioBHO, OHH SIBIISIFOTCS TTOJMHOXECTBAMU UITU JIEMEHTaMU
MHOkecTB A* u B*.

[lycts U = {u4,u,, ..., Uy} — MHOKECTBO BCEX BO3MOXKHBIX MIHPPO-
BenuuuH, a V = {v,,v,, ..., Uy} — MHOKECTBO BCEX BO3MOXHBIX HIUPPO-
o0o3HaueHuil. TpeOoBaHME OJHO3HAYHOCTU AeMIUPpPOBaHUS OYyIET BbI-
MIOJIHEHO, €CJTM MOITHOCTHA MHOXKECTB OyIyT YJOBJIECTBOPSATH HEPABEHCTBAM

N =n, M =m, M = N.

N3 nocnenHero HepaBeHCTBA CIEAYET, YTO MHOXKECTBO IMMGPO0OO0-

3HAUYECHUN MOXXHO pa3ouTh Ha N HemepeceKaronuxcs MOIMHOKECTB:

N
V= U AR
i=1

3nech BEpXHUU WHIEKC @ HyMEpyeT pasiudHbie pazOuenus. B pe-
3yJbTATC UMEEM CEMEHCTBO OMEKIIMIA:

(p(a): U - {Vl(a)' Vz(a)t . VN(CK)}’
rae
@) =V, i=TN.
B ciiywae N = M nosyyaem OJTHO3HAYHOE pa30UEHHUE.
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Kpunroananus onHoanpaBUTHBIX MIA(POB 3aMEHBI OCHOBAH Ha U3Yy-
YEHUH YaCTOThI OSIBJICHUS OT/AEJIbHBIX OYKB MJIM UX COYETaHUM (OUrpaMm,
TPUTPAMM U T.M.) B JAHHOM sI3bIK€. TaOJUIbl TaKUX YACTOT COCTABJICHBI
IUISl BCEX M3BECTHBIX SI3bIKOB. Kitaccmueckue npumepsl TAKOro KpUnToaHa-
Jn3a, OCHOBAHHOTO Ha HMCCJEJIOBAHMM YaCTOT 3HAKOB B IMIM(POTEKCTaX,
MO>XHO BCTPETUTh B juTeparype (pacckasbl J. Ilo “3omoroii xyk” u A.
Konan-/lotns “IInsurymue genoBeykn’™).

LLIndop nepecTaHoBKM.

Llugppom nepecmanoexku Ha3bIBaeTCA MWHUPP, B KOTOPOM OYKBBI OT-
KPBITOT'O TEKCTa JIUIIb MEPECTABISIOTCS MECTAMU.

OpnuMm U3 mpuMepoB MHUGPOB MEPECTAHOBKU SBISETCA wugdpocu-
cmema Buowcenepa. ludpoBanue 3mech OCyIIECTBISIETCS MO TaOHIIE,
IPEACTABISIONIEH cOO0K KBaJApaTHYIO MATPHUILy HOpsSaKa n X n, Tae n —
YUCJIO CUMBOJIOB andaBura. Kaxnas cTpoka TaOMMIBI TMOJy4YaeTCs U3
IPEABIAYIIECH CTPOKU C MTOMOIIBIO ITUKINYECKOTO CABUTA HA OJWH CUMBOJI
B BBIOPAHHOM H3HAYAJILHO HAMpaBIICHUH (BJIEBO WM BIpaBo). OOBIUHO B
an(aBUT BKJIIOYAIOT JOMOJHUTEIBHO CICIHaIbHBI CUMBOI LI, COOTBET-
CTBYIOLIUHM TTpoOemy.

Jlanee BeIOMpaeTcs KI0UEBOE CIIOBO WK (pa3a.

Anroput™ mudpoBaHUs COCTOUT U3 HECKOJIBKUX ITAIOB!

1) mox ka0l OyKBOW MCXOMAHOTO COOOIICHUS IMOCIICIOBATEIBHO TO/I-

MUCHIBAIOTCSI OYKBBI KJIFOYa, BOBMOXKHO C IIOBTOPEHUEM;

2) xaxnas OykBa mu(pPOTEKCTa HAXOAUTCS IO TadJMIe Kak OyKBa, CTO-

A11asl Ha TIEPECEUeHUH CTOJ0Aa U CTPOKHU, KOTOPBIE MOCIEI0BATEb-

HO OMpPEACNSIOTCSA M0 OyKBaM MCXOJHOTO TEKCTa U KJII04Ya, COOTBET-

CTBEHHO.

JlemudpoBanue MPOU3BOAUTCSA B OOpaTHOM IOPSIKE, a UMEHHO, B
CTPOKE, COOTBETCTBYIOIIEH OYepenHOW OyKBe KIH04Ya, HAXOAUM OYKBY
muppoTEeKCTa, HA KOTOPYIO YKa3blBaeT OyKBa Kitouya. Torna OykBa UCXO/I-
HOTO TEKCTa BOCCTAHABIIMBAETCS KaK meppasi OykBa CTOJIONA, coJepiKaille-
ro HaliIeHHYI0 OyKBY MIU(pPOTEKCTA.

[ToMmuMo TabmHIl U3MEHATHh MOPAIOK OYKB MOKHO C MOMOIIBIO CIIe-
[IMaJIbHO U3TOTOBJICHHBIX TpadapeToB, KIACCUIECKUM MPUMEPOM KOTOPHIX
sBiseTcs: peuemrka Kapoano. llpu HanoxeHWu Ha JUCT OyMaru OTKPHI-
TBHIMU OCTAIOTCS JIUIIhL HEKOTOphIe mo3uninu. COooOIIeHne BIHUCHIBACTCS B
orBepctus Tpadapera. [Ipu pacmmdppoBke Ha TEKCT MUPPOTEKCTA, HAKIIA-
JbIBaeTCsl TpadapeT, MOociae Yero CUMUTHIBAETCS TEKCT cooOuieHus. Bos-
MO>KHBI Pa3jIMvYHbIC KOMOWHAIIMKA TPUMEHEHUs TpadapeToB, HAIPUMED, C
IIOBOPOTOM U JIp.
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§ 2. RSA kpunrocucrema.

Cratbs duddu n Xennmana, Beimenmas B 1976 rogy, nepeBepHyia
NPEACTABJICHUS O KPUNITOTpapUUECKUX CUCTEMAaX, 3aJI0KUB OCHOBBI KPUII-
TOrpaduu C OTKPBITHIM KITI0UOM. Pa3paboTaHHBII BIIOCIEICTBUN AJITOPUTM
Huddu-Xennmmana no3Boisl ABYM CTOPOHAM MOJYYHTh OOILIMK CEKpeT-
HBIW KJIFOY, MCMOJIb3Yys HE3AIUIICHHBIA KaHal CBs3U. OQHAKO 3TOT aJro-
puUTM He peman mnpobiemy ayTeHTU(uKanuu. be3 TONMOJHUTENbHBIX
CPEJIICTB MOJIb30BATEJIM HE MOTJIU JOCTOBEPHO 3HATh, C KEM OHU Cr€HEpH-
POBAJIH KJTIOY.

N3yuuB 3Ty craThio, Tpoe yueHblx Ponansa Puect, Anu [lamup u
Jleonapn Anneman u3 MaccadyyceTcKOro TEXHOJIOTHMYECKOrO HMHCTUTYTa
(CIJA) mpuctynmid K MOWCKAM MaTeMaTHYeCKOTO aJrOpUTMa, KOTOPBIH
MO3BOJISUT OBl peanu3oBaTh ujek, chopmynupoBaHuyo Juddu u Xemnn-
maHoM. [locne uzyuyenus 6onee 40 BO3MOKHBIX BAPUAHTOB OHU OCTaHOBH-
JUCh HAa alIrOPUTME, B OCHOBE KOTOPOIO JieKalla MpoLeypa pa3ioKeHus
HATYpaJbHOI'O YUCJA HA MPOCThIE COMHOXHUTENIU. DTOT AJITOPUTM B Jallb-
HEeHIeM Mmoiayuua Ha3zBaHue RSA kpunrtocuctemsbl (MO0 MEPBBIM OyKBaMm
(dbaMunuii aBTOPOB AITOPUTMA).

HNHuTtepecHo, uTo B aBrycre 1977 roga B konoHke «MaremaTtudyeckue
urpel» Maprtuna ['apaHepa B HayuyHO-OMYJISIpHOM JKypHane Scientific
America ¢ paspemieans Ponanpia PuBecta mosBHIOCH NEPBOE ONKMCAHHE
RSA kpunrocucremsl. UuTaTensiM ObLIO MPEIoKEeHO paciudpoBaTh aH-
IIUACKyI0 ¢Gpa3zy, 3aMppPOBAHHYIO ONMHUCAHHBIM aIropuTMoM. B kadecTBe
OTKpPBITBIX [AapaMETPOB CHUCTEMbl ObUIM MCIOJIB30BAaHbl YUCIO N =
11438 ...541, umeromiee 129 3nakoB u u3zBectHoe kak RSA-129, u npo-
croe unciao e = 9007. 3a pacmmdposky Obita obemana Harpaga B 1008.
Ilo 3asBnenuto Puecra s pasznoxenus uucia RSA-129 na mpocteie
COMHOXKUTENH noTpedosanock 661 40 - 1012 ner. OaHaKo NPUOIU3UTENLHO
yepes 15 ner, a umenHo, 3 ceHTsa0psa 1993 roga Ob10 0OBABICHO O CTApTE
IIPOEKTA pacpeieICHHbIX BHIYMCICHUN ¢ KOOPAUHALIMEH Yepe3 3JEKTPOH-
HYIO TOYTY MO0 HaXOXKJICHUIO0 coOMHOXuTenei uncia RSA-129 c nensio pe-
meHus: rosoBojoMku. Ha mpoTsbkenun nonyroga 6omee 600 1oOpoBoIib-
ueB u3 20 cTpaH >KepTBOBAIM MPOLIECCOPHBIM BpEMEHEM pabOThl CBOMX
1600 mepcoHanbHBIX KOMIIBIOTEPOB. B pe3ysbrate MCKOMOE Pa3lIoKEHUE
ObLJIO0 HaileHo, a cooOienue pacumpponano. [lonyyeHHyro Harpaay mo-
oeauTenu MoXEpTBOBAIU B DOHO c80000HO20 NPOSPAMMHO20 O0becnede-
HUSL.
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[TonHoe omucanue anroputma Obulo omyOiaukoBaHo B 1978 roxay, a
MaTeHT Ha u300peTeHue Obul BeIaH B 1983 rony.
B 1989 rony RSA kpuntocucrema HauMHAET UCIOJIb30BATHCS B 3a-

poxxnaromieiics cetu Murepnert, a ¢ 1990 rona u MunuctepctBoMm 000po-
Hbl CIIA.

Anroputm RSA KpunToCUCTEMBI.

1) VcxoaHblii TEKCT IEPEBECTH B YHUCIOBYIO (hopmy.
Metoa mepeBojia CYUTAETCS M3BECTHBIM. B pe3yibrare TeKCT mpe-
CTaBJISIETCS B BHJI€ OJTHOTO OOJIBIIIOTO YHCIIA X.
2) BbiOpaTh OCHOBHOE YHUCIIO ayiropuT™Ma N, KOTOPOE MPEACTABISACT CO-
OO0l MPOU3BEICHHE IBYX OOJBITUX MPOCTHIX YUCE
N=p-q, (2.2.1)
npuueM p,q 1 x u
0 <x<N.
3) Berunciuth 3HaYeHHE QYHKIUMKM Ditiepa i yucia N

o(N) =g =@ =@-1(@-1). (222

4) BpIOpaTh HEKOTOPOE YHCIIO €, KOTOPOE SIBISCTCS B3aUMHOIIPOCTHIM C
urciiom @(N) (2.2.2):

HOZ(e, p(N)) = 1.
OOBIYHO B KaueCTBE ATOTO YHMCJIA BHIOMPAETCS MPOCTOE YHUCIO C He-
OOJIBIIIUM KOJIMYEeCTBOM Mu(p, HampuMmep, u3 kiacca yucena depma
{17,257,65537}.
5) Haiitu uncio d, KOTOpoe sBIISETCS B3aUMHO OOPAaTHBIM C € TI0 MO-
aymo ¢(N):
d-e =1mod ¢(N). (2.2.3)

3aMeTuM, 4TO ITO JIMHEHMHOE CPaBHEHUE UMEET €AMHCTBEHHOE pellie-
aue. [lapa {e, N} npexncrasiser coboit oTKpeITHIH, a mapa {d, N} 3a-
kpbIThid RSA kmtou. Hucno d aepxurcs B cekpere. YToOb! HaiiTh d,
HaJI0 ONpPeaeUTh MOLYJIb cpaBHeHus (2.2.3) — @(N), It BBIYUCIIC-
HUsI KOTOporo no ¢opmyie (2.2.2), He0OX0UMO 3HATh Pa3JIOKEHUE
yuciaa N Ha mpocThie coMHOXuTenu (2.2.1). B cBow ouepess, anro-
PUTM DPA3JIOKECHHS YHCIIa HA MHOXHUTEJIU HE SBJISETCS MOJMHOMU-
QJIbHBIM, W JJIs1 OOJIBIIIUX YMCEN MPEJCTABISIET COO0M Upe3BBIYAHO
CJIO’KHYIO BBIYMCIIUTEIBHYIO 3314y .
6) 3amudpoBaTh coolIIEeHUE X 110 opMmyie:
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y = E[x] = x¢ mod N. (2.2.4)

BaxHo, yTo oTnpaBuTenb A MOChUIAET 3alIUPPOBAHHOE COOOIICHUE
nostyyarento B no omxkpovimomy xkanany.
7) Tlocne momydenus muppoTeKcTa y nemm(poBaHUE MPOU3BOIUTCS
o ¢hopmyie
x = D[y] = y% mod N. (2.2.5)

JleicTBUTENBHO, cOrIacHO Teopeme OJiniepa 1.8.4 B mpenmoiioxe-
HUU, YTO YUCIO X HE JEJIUTCS HAa 4YuCia P U ¢, CIAEAOBATENbHO,
HO(x,N) = 1, umeeMm
x?™) =1 mod N.
Takum oO6pazom,
y?mod N = x** mod N = x**M*1mod N = x mod N.
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I'/TABA 3
I'PYIIIIbBI, KOJIBLA, I1OJIA

§ 1. OcHOBHBIEC NOHATHSA 001EH aNTeOpPbI.

Besikyto pyHkuio tumna

¢:MxMx..xM > M
n pas
OyzneM Ha3bIBaTh N-apHO omnepainuei, onpeaeeHHON Ha MHOXecTBe M .
[Ipr >TOM 4YMCIO apryMEHTOB M HA3bIBACTCS aApHOCHIbIO onepanuu. B
YaCTHOCTH, IIPU N = 2 nMeeM OMHAPHYIO ONEpaInio

P:MxM >M = w=gp(u,v).

Onp. 3.1.1. | MHO)xectBo M BMmecTe ¢ 3aJJaHHON Ha HEM COBOKYITHOCTBIO
omeparmit  Q ={@;,0,,...,0}  Ha3BIBaCTCA  a12eOpoIl
A=< M,Q >. Ilpu 3TOM cam0 MHOXXecTBO M Ha3bIBaeTcs

Hocumenem anzedpvl, a COBOKYITHOCTh ornepauuid Q — cue-
Hamypou anzeopul.

MuoxectBo M’ < M Ha3bIBaeTcs 3aMKHYMbIM OTHOCUTEIBHO HEKO-
TOPOM onepanuu ¢, onpeaeaeHHor Ha M , ecnu 3HaYeHus (¢ Ha apryMeH-
tax u3 M’ camu npunamiexxar M, T.e.

o(M)eM’.

Ecin M’ 3aMKHYTO OTHOCHTEIBHO BCEX OIEPAIldii M3 CHTHATYPHI
anreopsl Q ={®y,P5,...,0}, To M’ HasbiBacTCs nodanzedpoit anreOpbI
A

Mpumep 3.1.1. Ana anrebpbl A=< R{-,+} > => M =R, Q={-+}.
Tak kak obe onepaumun BuHapHble, To Tun anrebpbl A(2,2). Takas anrebpa

Ha3blBaeTCH MONeEM AeNCTBUTENbHbIX YCen.
OuesugHo, uto A =< Z {-,+} > ectb noganrebpa A. n

Mpumep 3.1.2. MycTb 3agaHo HekoTopoe MHoxecTBo M, a B(M) — ero 6y-
neaH. Torga anrebpa B =< B(M);U,n,” > umeeTt curHatypy Q = {U,N, 7}, a
ee tun (2,21). JaHHan anrebpa Ha3biBaeTcsi 6ynesol aneebpoli MHOXecms

unu aneebpou KaHmopa.
|
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Ecim M — xoHEYHOE MHOXECTBO, TO OWHApHBIE ONEpald MOTYT
OBITH 3aJ1aHBI TAOJIUIIAMHU.

Mpumep 3.1.3. PaccmoTpum kBagpar ¢ BepliHamm B Toukax A, A, A, Ay

1 NOBOPOThLI BOKPYF LleHTpa KBagpaTta, nepeBoasiine BepLlunHbl Apyr B Apyra.
3admkcupyeM HeKOTopoe HanpaBsrieHue NMoBOpOoTa Kak nonoxutenbHoe. Cy-
LLlecTBYeT Bcero 4 pasnuyHbiX NOBOPOTA, NEPEBOASLLUNX BEPLUMHbI B ce0s, a

T 3r
MMEHHO, NOBOPOTHLI Ha 0, E T, ? paguaH. Takum obpasom, nonyyaem an-

rebpy c Hocutenem M ={ A A, A;,A} v 4 yHapHbIMM onepaunsMu-
nosopotamun Q ={A,[,v,08}. Tabnuua nmeet BMA:

o B v & Tun anrebpbl (1, 1, 1, 1). Y aton
AlA A A A anrebpbl HeT noganreobp.
Al A A A
Al A A A
Alh A A A )

Mpumep 3.1.4. PaccmoTpum MHoxectBo nosopotoB Q ={A,[,y,0} wu3
npegblaywero npumepa ¢ buHapHom onepauunen: o — komnosmumen npeobpa-
3oBaHui. Torga A=< ;o> ecTb anrebpa noBopoToB ¢ Hocutenem 2 wu
cUrHaTypow, coctosilien n3 ogHon onepaumn {o} . Tun anrebpbl (2). Ee Tab-
nvua Kann nmeet Bua:

° o B Y o
o | o B Y 0
BIB v & a
Y| v § o B
S| & o B v

MuoxecTBo {a., y} obpa3yeT noganrebpy anrebpbl < ;o >:

=< R
=< R |R
<

Jlasiee paccMOTpUM pa3IMYHbIE aIreOphl C OAHON ornepaluen.
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Onp. 3.1.2.

Aunrebpa Buna <M, f, >, rne f, — Hekoropas OuHapHas

onepanust f,: M 2 _> M HasbiBaeTCs epynnouodom. Eciu f,

— omnepanusa THUIIA YMHOXKCHHS, TO I'PYHIIOHWA HA3BIBACTCH
MYJTbmMuniukamuervim, a C€CJIN TUII CIOKCHUA — aooumue-
HbIM.

Jlist OuHapHOW omepanuu yA00HO BBECTH HEKOTOpbIE 00IIMe 000-

3Ha4YCHUA:

Onp. 3.1.3.

af,o=ax*b.
['pymnmion Ha3bIBACTCS KOMMYMAMUGHBLM, €CITH
axb = bxa, (3.1.1)
U accoyuamueubim, €CIiu
ax(bxc) = (axb)=c. (3.1.2)

BaxxHplM npUMEPOM aCCOUMATUBHOIO I'PYNIOUAA SBISIETCS MHOXE-
CTBO OTOOpaxkeHMI ¢ KkoMmmosunuei. [IpumepoM HEKOMMYTaTUBHOIO
IPYIIIONIA SIBJIAETCA MHOKECTBO MATPHUIl C ONepalued — MaTpUuyHOE
ymHOxeHue. [Ipumep He acconuatuBHOro rpynmnouga — oynean B(U) ¢

ACKApPTOBLIM ITPOU3BCACHUCM X.

Onp. 3.1.4.

DneMeHT € rpynmnouga < M; x> Ha3bIBaeTCs eOUHUUHBIM

AJIsL OIICpalvu *, CCJIN BBIIIOJHAKOTCA PaBCHCTBA

are=exa=a. (3.1.3)

I[JISI MYJbTHUIIJIMKATUBHBIX I'PYIIIOUI0B € €CTh 1, a i afAuTUBHBIX

- 0.
Onp. 3.1.4.

I'pynnona ¢ accounatuBHOM Onepanyen * Ha3bIBAECTCA HO-

Jlyepynnoit, a OJyrpyIa ¢ eIMHUIICH Ha3bIBACTCA MOHOU-
oom.

[Mpumep 3.1.5. PaccmoTpum criegyrowime rpynnonabl Ha MHOXeCTBe Z:

1) < Z;+ > — nonyrpynna,

T.K. (@+b)+c=a+ (b+C) ans nobeix yucen n3 Z.

2) < Z;—> —rpynnoug, HO He nonyrpynna,

T.k. (a—b)—c=a—(b—C) nHet accounatmpHocT. =
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BaxHbIM TTPMEPOM TOJIYTPYII ¢ TOYKH 3PCHUS TPUI0KCHUN SIBIIS-
eTcs CIeIyrolnas anredpandeckas CUCTeMA.

Ilyctp mMeeTcss MHOXECTBO CHMBOJIOB S={S,S,,...}, KOTOpbIE
Ha3oBeM aghasumom. Torma HEKOTOpas YHOPSJAOYCHHAS COBOKYITHOCTH
CHMBOJIOB 00pa3yeT ¢1060. J1ns ynoOCcTBa BBOAUTCS B KAUECTBE OTICIBHO-

ro CUMBOJa npooein L. PaccMOTprM MHOKECTBO BCEX CUMBOJIOB S . BBe-
JIEM HaJl CUMBOJIaMU CJIEIYIOLIYI0 OMHAPHYIO ONEPALHIO:

UoV =UV. (3.1.4)
Ee Ha3bIBaloT konkamenayuei (Ipyrve Ha3BaHUs - CIEIUICHUE, MTPHU-
nuckiBaHue, ciusiaue). O4eBUIHO, YTO AT ONepalUs—CIUIHUE HE KOMMY-

*
TaTMBHA, HO accouuarruBHa. Clea0BaTeNbHO, HAIl TPYHIION] < S o > sB-
nsiercst monyrpynnoi. OHa Has3bIBa€TCsl €80000HOU noJyzpynnoi. bes-

YCJIOBHO, MOKHO BBIJICTIUTh HE BCE CIIOBA, a TOJBKO MX 4YacTh L C S. Ta-
KO€ IMOJAMHOKECTBO YA00HO Ha3bIBaTh A3bIKOM.

IToHATHE sA3bIKa MOXKHO BBECTU Ha JIIOOOM MHOXECTBE, B YaCTHOCTH,
Ha JByXx3JIeMeHTHOM MHOecTBe {01} . Ha s13p1ke MOKHO BBOAMTH pa3iny-

uele rpamMaruky tana a'b™, b"ab™ u .. PasButne Takoit anreGpaude-
CKOU TEOpUH MPHUBOUT HAC K MEOPUU ABMOMANOE.

Besikyro MONyrpyIny MOXKHO IIOJyYUTh U3 CBOOOTHBIX IOIYTPYIII
IIyTEM 3aaHMs TaK Ha3bIBAEMBIX OIPEIEISIONMX COOTHOIICHHMIA:

a’=a, ab=ba urm

13 1100010 CII0Ba, UCIOJB3Ys ONPEICIISIONINE COOTHOIICHHUS, MOX-
HO TIOJIYYHTh SKBHBAJICHTHBIE CIIOBA.

Hamnoro 0Oosee ciioHOU siBIsieTcsl 0OpaTHas 3ajada — yCTaHOBJIE-
HHE YKBUBAJICHTHOCTH JIBYX CJIOB. DJTa 3a/1a4ya NPUBOJIUT K meopuu anzo-
pummos.

§ 2. I'pynnsl ¥ NOATPYNIbL.

Onp. 3.2.1. |Ilycts G - anrebpa ¢ omHOM OWHapHOU omeparueit o. Torma
anreOpa G Ha3bIBACTCS 2PYMHOI, €CIV BBIMOJHSIIOTCS Clie-
IYIOLIKE YCTOBUSL:
Gy ao(boc)=(aob)oc, Va,b,c € G;
Gy: de = aoce=eca=aq, Va € G;

G;:Va da™! > aloa=aocal=e.
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B cnygae, eciam rpymmoBas omeparus o0jaaaer JAOMOJHUTEIHLHO
CBOUCTBOM KOMMYT&THBHOCTI/IZ
aob=beoa, Va,b €EQG,
TO TPYIIA HA3bIBACTCS KOMMYMAMUSHOU WK abeesol.
C 1eNpro yIpoIIeHUsT 3aIIUCH YacTO CHMBOJI TPYIIIIOBOM OIepaiuu
OITyCKAaIOT:
aob = ab.

Qobuwime ceBoucTBa rpynmn

l. JTioBas rpynna coaepXuT TONbKO OAVH €ANHUYHBIN 3NTIEMEHT €.
Il. Ons moboro anemeHTa rpynnbl @ CywecTByeT TOMbKO OAMH 0DpaTHbIN
anemeHT a” L.
lll. B rpynne BbINoOnHAETCA npasuio COKpauieHus:

ab=ac & b=c.

IV. Teopema niepeepyrnnuposKku. MNycTb g; HEKOTOPbLIA 3MEeMEHT rpynnbi
G. Torgoa MHOXeCTBO 3rieMeHToB g, G coBnagaet ¢ G:
ng =G.

Mpumep 3.2.1. MHOXeCTBO uenblx Yncen Z obpasyoT abenesy rpynny OTHO-
CUTENbHO onepaunn CrioXeHns:

aob=a+b.
3noecbe =0,aa ! = —a. n

Mpumep 3.2.2. lonHasa cuctema KrnaccoB BbIMETOB MO NMPOCTOMY MOAYSIO p
ABNsieTcs abeneBon rpynnon OTHOCUTENBbHO Kak onepaunn cnoxeHunsa (addu-
mueHasi epynna Z,), Tak 1 YMHOXeHuWs (MynibmuriukamueHas 2pynna Z,). =

Mpumep 3.2.3. lNonHaa cuctema KNnaccoB BbIMETOB MO COCTAaBHOMY MOAYMO m
ABngeTca agaAnTUBHOM rpynnon Z,,. MynbTunivkaTtmBHOW rpynnon oHa He AB-
nseTcs, Tak Kak He Bce aneMeHTbl obpaTumbl (HapylwaeTcs ycrnosue Gs). Oa-
HaKo YyXe rpusedeHHasi CUCTEMA KIlaCcCoB BbIYETOB (Mpuyem no nobomy mo-
AyNi0) NpeacTaBnsieT cobonm MynbTUNIMKATUBHYIO rpynny Zi,. [

Onp. 3.2.2. | Yucno 31eMEHTOB 11 KOHEYHOW TIpymnmbl G Ha3bIBaeTCs €e
nopsaokom (0003HaydaeTcs Kak |G|):
|G| = n.
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Mpumep 3.2.4. Ina agaANTUBHOW U MyNbTUMIIMKATUBHOM TPy, KOTOPbIE MOX-
HO obpas3oBaTb M3 KNACCOB BbIYETOB MO MOAYSO M UMEEM:

|Z,,| = m, (3.2.1)

|Zin| = @(m). (3.2.2)

|

Koneunsie rpynibl MajibIX MOPSIAKOB YJIOOHO 33/1aBaTh C MOMOIIBIO

tabmu Kann.

Onp. 3.2.3. |TlonmHoxkectBo H rpynmel G, KOTOopoe caMO oOpasyer
IpYIIy OTHOCUTENBHO OOLIEH TpyNnmnoBOM ONepaluu o,
Ha3bIBACTCSI HOOZPYRNOUL.

VY mro6oii rpynmsl G BCeraa €cTh JBE MOATPYIIBI — MyCTOE MHOMXKE-
CTBO J u cama rpynmna G. DT MOATPYIIbI HA3BIBAIOTCS HECOOCMBEHHbI-
MU, @ BCE OCTaJIbHBIE — COOCMBEHHBIMU.
[IycTh @ — HEKOTOPBIN 3JEMEHT rpynnsbl G. [[elCcTBys 3JEMEHTOM Ha
ceOs1, MPUXOJAUM K TTOHSTUIO CTETICHH:
aoao..oa=am. (3.2.3)
m 15a3
MoHO moka3arh, YTO B CIIy4de KOHEYHBIX I'PYMI BCErJa HAUAETCS
HaTypaJibHOE YMCIIO | Takoe, 4To

al =e. (3.2.4)

Onp. 3.2.4. | HaumeHsbIiee 9ucio [, 1j1ss KOTOPOTO CIPaBEIMBO COOTHO-
meHue (3.2.4), Ha3bIBACTCS HOPAOKOM J1eMeHma Q.

Cnegyer OTMETHUTb, YTO 3JEMEHThl OECKOHEUYHBIX T'PYIIN MOTYT HE
MMETh KOHEYHOI'O MOPSJIKA.

Teopema 3.2.1.

[Tycts snemeHT a rpynmnbel G uMeeT mopsiaok [. Torma MHOXKECTBO diie-
MenToB {a, a?,a?, ..., al} obpasyer moarpymnmy rpynmsi G.

Takum 00pa3zoM, 1000 3JIEMEHT IPyMIIbl HOPOKIAET MOATPYIIITY.

Onp. 3.2.5. |Ilycts H moarpymnma rpynmsl G, u g € G. Torga MHOXKECTBO
ANEMEHTOB Hg HA3bIBAECTCS HPABHIM CMENCHBIM KAACCOM, A
gH neevim cmescnvim Kiaccom, KOTOPHIE MOPOKIAIOTCS
noarpynmou H u a3semMeHToMm g.
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Teopema 3.2.2.

Bce cmexHble Ki1acchbl OJHOTO THUIIA, OPOKAAEMBIE OJHOM IOATPYIIION
H 3anaroT pazoueHue rpyniebl.

JIelCTBUTENBHO, 000 JIEMEHT TPYIIbI OMAIAE€T B KAKON-HUOY1b
CMEXHBIM KJIacC, HANpUMEp, MOPOKIAEMbI CaMHM HTHUM 3JEMEHTOM.
OcTaercst TONBKO MOKa3aTh, YTO JIIOOBIE JIBA CMEXHBIX KJacca, UMEIOIINX
OOIIMI DJIEMEHT, COBITAAAIOT.

Mpumep 3.2.5. MNyctb G = Z. Torga 2Z - nogrpynna YeTHbIx yucen, a 2Z + 1 —
CMEXHbIN Krnacc He4vyeTHbIX yncen. OTMEeTUM, YTO 3TOT CMEXHbIM Knacc noa-
rpynny He obpasyeT, Tak Kak He COAEPXUT eOUHMUYHOIO 3rieMeHTa (KOHKPETHO
—yucna 0) aganTneHon rpynnel Z. [

Onp. 3.2.6. | Yucino CMEXHBIX KJIacCCOB KOHEYHOW Tpymmbl G 1O MOA-
rpynme H Ha3biBaeTcsa undexcom noozpynnwst H u 0003Ha-
yaetcs Kak [G: H] u [H: G] nis JIeBbIX U MPaBBIX CMEXKHBIX
KJIACCOB.

B cootBercTBUM ¢ TeopeMoii 3.2.1 uMeeT MecTO CleAyIolIee pa3iio-
YKE€HHe rpynmsl G no noarpynne H:
G=HUgHUg,HU ... U g, H.
OHO 3aaeT OnpenesIEeHHOE OTHOLICHHE 3KBUBAJICHTHOCTH ISl 3JIEMEHTOB
rpynmbl. AHaToruyHoe pa3OueHre MOXKET ObITh 3alUCaHO U AJIA IPaBbIX
CMEXHBIX KJIACCOB.

Teopema 3.2.3. (meopema Jlacpanorca)

[Topsimok mo0o0#t moarpynnel H KoHEeYHOU rpynmbl G sSBISETCS AEIUTe-
JIeM Nopsiika rpynsl G, npudaem
|G| = |H|-[G:H] = |H| - [H: G]. (3.2.3)

CnepnctBue 1

Yucno JeBbIX W NPaBbIX CMEXKHBIX KJIACCOB Ipymnnbl G IO OAHOM MOJI-
rpynne H paBHBI.

CnenctBue 2

Besikast koHeuHas Tpynmna mpocToro MopsiKa P HE UMEeT COOCTBEHHBIX
NOArPYMII.
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Cnencteue 3

Jlist mo00ro 31eMeHTa a KOHEYHOU rpynnbl (- CipaBeIMBO COOTHOIIIE-
HUE

alél = e, (3.2.4)

JlokazarenbCcTBO TEOPEMbI OCHOBAHO Ha MPOBEPKE TOTO (pakTa, 4yTo
BCE CMEXHBIE KJIacChl (OJHOTO THUIIA) IO HEKOTOpoW moarpymnne H cojaep-
KaT OJMHAKOBOE KOJUYECTBO PJIEMEHTOB IPYIIIIHI.

§ 3. HopmauabHbie moarpynnsi 1 GpakTop-rpyinnbl.

Onp. 3.3.1. | JIBa anemenTa a v b rpynnbl G Ha3bIBAIOTCA CORPAIHCEHHbI-
Mu, €CIi HaWAETCsl dJEMEHT TPYIbl g TaKoW, 4To OyAeT
BBITIOJTHSATHCS] PABEHCTBO

a=gbg L (3.3.1)

Teopema 3.3.1.

OTtHo1IeHNE COIIPSKCHUA 3JICMCHTOB €CTh OTHOIICHHWEC DKBUBAJICHTHOCTH!

a=gbg ! > a~bh.

Jlnst joka3arenbCcTBa TEOPEMbI HEOOXOAUMO MPOBEPUTH PEPIICKCUB-
HOCTb, CHMMETPUYHOCTh U TPAH3UTUBHOCTh OTHOLIEHUS COIPSYKEHHOCTH
3JIEMEHTOB IpymIbl. Tak sl MPOBEPKHU CBOMCTBA Pe(PIEKCUBHOCTH JAOCTa-
TOYHO MOJIOXKUTh g = e. Janee HaxoauMm:

eae ! = ae = a.

CHUMMETPUYHOCTh CIEAYeT U3 0OpaTUMOCTH BCEX 3JEMEHTOB IpyI-

IIBL:
a=gbg™ = b=yglalg) ' =gag ", teg=g"

AHQJIOrMYHO IIPOBEPSAETCS U TPAH3UTUBHOCTD !

b=giagi',c=g,bg;" =
= ¢ =g,(g1a911)92" = (g291a(g29) 7" = gsags .

Kaxk HN3BCCTHO, BCJAKOC OTHOHIICHHC JOKBHBAJICHTHOCTHU paB6I/IBaeT

MHOKCCTBO Ha HCIICPCCCKANOIUCCA KJIACChI. Takum 06p330M, OTHOILICHHC
COIMPAKCHHOCTH paS6I/IBaCT IpyHIly Ha Kiaccbl CONPANCEHHBIX D1EMEHNMOSE.
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Teopema 3.3.2.
Eciu sneMeHT a COmpshkKeH dIeMeHTy b, To U sneMeHT af compsxen
s1eMeHTy b¥.

CnepctBue

COprDKeHHI)IG 9JICMCHTBI UMCIOT OJIUH ITOPAOOK.

Mpumep 3.3.1. PaccmoTpum rpynny NoACTaHOBOK TpeTbero nopsgka S ¢ KoM-
nosvumnen NoLaCTaHOBOK B KayecTBe rpynnoBown onepauun. Beegem cnegyto-
Lmne obo3Ha4YeHUs oNsa 3NeMeHTOB rpynnbi:
m,=0023),n1,=1213),135=(132),1,=321),n1c =(312), 1, =(231).
Pas3noxmm anemeHTbl N0 LuKnam:
mo=em,=(12)3),m;=00)(23),7, =2)(13),15 =(132),71, =(123).
[lanee Haxoaum:
ni=e mi=ni=mi=e  mWi=m=e.
Takum obpasom, rpynna S; pasbuBaeTca Ha CONPSXKEHHbIE KNaccChl:

S3 = {T[l} U {T[Z' T3, 77:4} U {77:5'77:6}'

|
[Tycts H HexoTopas moarpymnmna rpymnmsl G. Boobmie rosops, sie-
MEHTHI TOATPYNIBI H MOTYT ¥ HE OBITH CONMPSKEHHBIMU APYT C Apyrom. B
3TOM clly4ae JIEBbI€ U MpaBble CMEKHbIE KJIacchl N0 noarpymnme H He Oy-
YT COBNAJATh:
gHg '+ H = gH # Hg.

Onp. 3.3.2. |lloarpynma H Ha3bIBA€TCS HOPMAIbHOU NOOZPYRANOU TPYTI-
mbl G (0oO6o3Hauaercs kak H < (), eclid BBITIOIHSETCS pa-
BEHCTBO

gHg ' =H. (3.3.2)

3aMeTHM, 9TO JUUIsl HOPMAJIBHOM MOJTPYIIIBI JIEBBIC H TPABbIC CMEXK-
HbBIE KJIACCHI COBIIA/IAIOT:
gH =Hg. (3.3.3)
[TosToMy isi abeneBbIX (KOMMYTHUPYOIIUX) TPYII BCE TOATPYIIIBI aBTO-
MaTUYCCKH SBISIFOTCS HOPMAJIbHBIMH.

Onp. 3.3.3. |I'pynna G Ha3bIBaeTCs MPOCMOI, €CIIi OHA HE UMEET HOp-
MaJIbHBIX MOATrPYIIIL.
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Npumep 3.3.1. Paccmotpum rpynny S; (cMm. npumep 3.3.1). MHoxecTBO
H = {m,, s, m,} 0OpasyeT nogrpynny S;, B YeM HETPYAHO yOeanTbCH, NOCTpo-
nB ansa S; Tabnuuy Kanw:

Mo Tabnuue onpegensieM neBble U NpPaBble CMEXHbIE KIacChl AN 3NEeMEHTOB,
He BXoOsaWwwmx B nogrpynny H (ans anemMeHToB M3 H neBble M NpaBble CMEeX-
Hble Kfaccbl coBnagatoT ¢ H):
n,H = nsH =y H = {m,, M3, 7,4},
Hr, = Hny = Hr, = {m,, T3, T4}
Takum obpasom, neBble M MpaBble CMEXHble Knaccbl coBnagalwT Ans
BCEX 3MEMEHTOB Ipynnbl, a 3Ha4WT, noarpynna H = {m,, 75, s} ABNSAETCA HOP-
manbHow: H < S;.
|
[Iycts rpynmna G He gBIs€TCSA MPOCTOU, 1 H — €8 HOpMasibHasl MOJ-
rpynna. PaccMoTpuM COBOKYITHOCTh CMEXKHBIX KJIACCOB Ipymibl G 10 MOJ-

rpynme H.

Teopema 3.3.3.

MHOkECTBO BCEX CMEXHBIX KJIACCOB Ipynmnbsl G MO HOpMaldbHOW mMOA-
rpynme H C OuHapHO# onepaiueit

(9:H) ° (9;H) = (9:.9)H (3.3.4)
oOpasyer rpymmy (HassBaeMyro gaxkmop-epynnot G/H) ¢ eIUHUYHBIM
sanemenToM e = H u nopsinkom |G /H| = |H|.

[TpoBeprM KOPPEKTHOCTh (OJHO3HAYHYIO OMPEACICHHOCTh) Orepa-
uuu (3.3.4). Jlnsa mpeicTaBUTENE CMEKHBIX KIaccoB g;hy u gjh,, wc-
HOJIB3YSl aCCOIMATUBHOCTh T'PYIIIOBOM omepaiud W TOT (GakT, 4To s
HOPMAaJILHOM MOATPYIIIBI JICBBIE U IIPAaBbIC CMEKHBIE KIIACCHI COBIAAAIOT, a
3HAYUT, BCErJla HaiiieTcsa >aeMenT hy Takoi, uro h,g; = g;hj, mocneno-
BATCJIbHO HAXOUM:

— — ! —
(gih)(g;h2) = gi(hig;)hs = gi(gjhDh, = (9ig)hs.

B cuiy mpou3BOJIBHOCTH BBIOOpA MPEACTABUTEICH CMEKHBIX Kiac-

COB JleJlaeM BBIBOJ, 4uTO omepanus (3.3.4), ompezencHHass Ha MHOKECTBE
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CMEXHBIX KJIaCCOB, KOPPEKTHA. /{7151 3aBepIilieHns JOKa3aTEIbCTBA TEOPEMBI
OCTaJIOCh MPOBEPHUTH BHITIOJHEHUE akcuoM G — Gj.

§ 4. T'omomop¢pusm u nu3o0Moppu3M rpyIit.

BaxxHeHmmMu noHATUSIMHA 00IIEH aareOphl SBISIOTCS TOMOMOP(PH3M
U U30MOp(U3M, KOTOpHIE SIBISIOTCS OOOOIICHUSIMU TaKUX MOHATHH Kak
PaBEHCTBO, TOXKIECTBO, SKBUBAJIEHTHOCTh. OHM MO3BOJISIOT CBECTU 3a]a4y
U3YYEHUsl CBOMCTB ainreOp K H3YYEHUIO CBOMCTB TOJIBKO CIELHAIBHOIO
Habopa anreOp. PaccMOTpuM 3TH NOHATHS HA PUMEPE TPYIIIL.

Onp. 3.4.1. | Onno3HauHoe otobpakenue f rpynmsl G B rpynmy G', npu
KOTOPOM JJIsl IFOOBIX JIBYX 3JIEMEHTOB a U b U3 G BBINOIHS-
eTcsl paBEHCTBO

f(ab) = f(a)f (b) (3.4.1)

Ha3bIBACTCS 20MOMOppusmom rpynnsl G B rpynny G'.

CBonctea romomopduama rpynn

[. Mpn romomopdursme eguHNYHBIA ANIEMEHT e oTobpaXkaeTcs B eaUHNY-
HbI 3NeMeHT e’.
ll. Mpn romomopduame B3anMHOOBpaTHLIE 3nemMeHTbl g U g~ 1 oTobpa-
XaloTcs BO B3aMHOOBpaTHbIe anemeHTsl g' n g’ 1.
[ll. Mpn romomopdmame Bce anemMeHTbl rpynnbl G, oTobpaxarolwmneca B
€AVHUYHBIN 3N1eMeHT e’, 0bpasytoT HopmanbHyto noarpynny H < G.

Onp. 3.4.2. | MHOXECTBO BCEX 3JIEMEHTOB IPyNIbl G, OTOOPAKAIOIIMXCS
npu romomMopdusme f:G — G' B eIMHWYHBIA dJeMEHT e’
HAa3bIBACTCS A0POM 2omomopusma Ker |

kerf ={g € G|f(g) = €'}.

Cornacuo cBoiictBy |ll sapo mroGoro romomopdusma olpasyer
HOPMAJIBHYIO MOATPYIITY UCXOTHOU TPYIIIIHL.

Mpumep 3.4.1. HeBbIpOXAEHHbIE MAaTPULblI OAHOro Nopsigka n obpasyoT rpyn-
ny (o6o3HavaeTcs kak GL(n, R)) ¢ rpynnoBon onepauvein — MaTpuyHoe yMHO-
xeHune. Torga, conoctaensas kaxgon matpuue A € GL(n, R) ee onpegenutens
det A # 0, nony4yum romomopunam:

f:GL(n,R) - R/{0},
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roe R/{0} — mynbTMnnNuUKaTMBHAasa rpynna AencTBUTENbHbIX yucen. [encTeu-
TerlbHO, COrnacHO CBOMCTBY MyNbTUNIMKATUBHOCTU onpegenutenen numeem
det(AB) = det AdetB,
YTO COOTBETCTBYET XapakTepusylLwemy romoMopdpunam cooTHowweHuto (3.4.1).
Mockonbky B rpynne R/{0} eouHW4YHbIN 3nemMeHT e = 1, TO 94p0 roMoMop-
dn3ma cocTouT N3 BCEX MaTpuL, C onpeaenmrenem pasHbiM 1:
ker f = {A € GL(n,R)| detA = 1}.

3Tu e MaTpuubl 06pasytoT HopmarnbHyto nogrpynny rpynnsl GL(n, R).

|

Onp. 3.4.3. | Baumno oonosnaunsiii romomMopdusMm f rpynmsl G B Tpyn-
ny G', HaseiBaercs uzomopgusmom. I'pynnst G u G', Mex-
Ay KOTOPBIMH MOXHO YCTaHOBUTH HEKOTOPBIN M30MOPHU3M
f: G & G' naswiBarorcs uzomoppuvimu: G = G'.

Anpo mroboro nzoMopduMa COCTOUT TOJBKO U3 OJHOTO €IUHUYHO-
ro anemenTa ker f = {e}. CBoiicTBa 3;1eMeHTOB M30MOP(HBIX TPYII MOJ-
HOCTBIO COBMANAOT. MI30MOp(HBIE TPYMITBI OTIWYAIOTCS TOJBKO MPUPOION
CBOMX DJICMECHTOB U OIPEACICHUEM TPYIITOBBIX ONEPAIIH.

HmeroT Mecto cienyronme GyHIaMeHTATLHBIC TEOPEMBI.

Teopema 3.4.1. (0 comopghuzme)

[ycts f — romomophusm rpynnsl G Ha Bero rpynny G (snumopgdusm), a
ker f ero sapo. Torma rpymma G' uzomopdHa (GakTop-rpyIie mo supy
ker f:

G'=G/Kkerf.

Teopema 3.4.2. (meopema Konu)

JIto0as koHeuHas rpynna G mopsiika n M3oMopgHa rpynne nepecTaHo-
BOK N—TO TMOpsIAKA Sy,.

Teopema Koim ykaspiBaeT Ha MCKIIOYHMTEIBHOCTH TPYNN S, Kak
ATAJIOHHBIX MPU U3YUYCHUU CBOMCTB KOHEYHBIX TPYII.

§ 5. Cummerpuveckue rpynibl.

Ilycte M — HEKOTOpOE KOHEYHOE MHOKECTBO Mopsnka n. Ilepeny-
MEpPYEeM €ro J3JIEMEHTBI, TEM CaMbIM YCTAaHOBUB B3aUMHO OJHO3HA4YHOE
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otoOpakeHne (OMEKIMI0) MHOXKECTBa M B MHOXECTBO IE€pPBBIX N HaTy-
panbabIX uncen X = {1, 2, ...,n}.

Jlanee paccMOTpUM MHOXECTBO Owekuuil m:X — X, Ha3bIBaeMbIX
NOOCMAHOBKAMU NOPAOKA N

—(1 ?f“"ﬁ)z(Qirngg,nmik:nqky (35.1)
ll 12 l3 ln
[ToBTOpHBIE OTOOpAXKEHUS TMO3BOJISIOT €CTECTBEHHBIM 00pa3oM BBe-
CTH Ha MHOKECTBE MOJICTAHOBOK OWHAPHYIO OMIEPALNIO — KOMIOUYUIO:
Ty © Ty = T,
(6vinonnsiemcs cneea nanpaso) W HaJICAUTh 3TO MHOXECTBO ajreOpanye-
CKOM CTPYKTYPOU C XapaKTEPHbBIMU CBOMCTBAMMU:
® KOMIIO3UIUS MOJICTAHOBOK ACCOYUAMUBHA.
Ty (mym3) = (M17,)13;
e mooicoecmeennas noocmarnoska (k) = k,Vk = 1,n, moxer pac-
CMaTpUBAaThCA KaK €AMHUYHBINA 3JIEMEHT:
e=(12..n);
e s M000H MOoACTaHOBKU T = (i iy ... I) CYIIECTBYET €IWHCTBCH-

Has eif obpamuan noocmanoska w1

_ I iy Iz 1 _

7T1:(1 2 13 ”)=>7T°7T1=e.
123 n

Takum 06pa3oM, BCe MOACTAHOBKM OJHOTO MOPSAAKA ¢ KOMIO3UIUEN

00pa3yloT rpymiy.

Onp. 3.5.1. |I'pynna moACTaHOBOK MOPsAKA N HA3bIBACTCS CUMMEmpU-
YecKoul cpynnoi S,,.

[Topsimok CUMMETPUYECKON TPYIIbl PABEH YHMCIY BCEX Pa3IUYHBIX
MOJCTAHOBOK 11— I'0 TOPSIAKA:
|S,,| = n! (3.5.2)
PaccmoTpuM crienanbHbIN KJIacC MOICTaHOBOK.

Onp. 3.5.2. |IloacranoBku Buga 1 - 2 - --- - k - 1, T0 ecTh
n()=1+1, Vi<k, n(k) =1,
Ha3bIBAIOTCS YUKIOM O JJITUHBI K.

[uksel npuHATO 0003HAYATH KPYTJIBIMU CKOOKAMU':

a=(123mk)5(132:£)
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Onp. 3.5.3. | JIBa nuKJIa HAa3bIBAKOTCS HEe3a8UCUMbIMU, €CITA OHU HE UMeE-
IOT OOIIUX AJIEMEHTOB.

OI—IGBI/IHHO, YTO HE3aBUCHUMBIC ITUKIIbI HepeCTaHOBOI{HLIZ
0-10-2 - 0-20-1. (353)

Onp. 3.5.4. | Hukn piavHbl 2 Ha3bIBACTCA MPAHCNOZUYUEI.

Teopema 3.5.1

JIro0ast mojcTaHOBKA €MHCTBEHHBIM 00pa3oM pas3jioKuMa B MPOU3BEIE-
HHE HE3aBUCHUMBIX IHUKJIOB:

T = 010, ... 0. (3.5.4)

12345
43251

Mpumep 3.5.1. Pasnoxmntb NOACTAHOBKY T = ( ) B Npou3BeLeHNE He-

3aBMCUMbIX LIMKIOB.
PelueHue.
Craptyem ¢ 1 u onpegensiem nepsbii LNKN d;
1-on(1)=4-n1(4)=5->n(5)=1 = g,=(145).

[anee Bblbupaem nwboe 4ymcrno, He Bxoasiliee B g;, Hanpumep, 2, u

onpegensdem cnegyoLwmin LUKI:
2-n(2)=3-n(3)=2 = g, =(23).
Takum o6pasom, ICKOMOE pasnoXeHne nMeeT BuAa;
T = 0,0, = (145)(23). n

Teopema 3.5.2

JIto0as moACTaHOBKA ABJISIETCS] IPOU3BEICHUEM TPAHCIIOZUIIM.

B teopeme 3.5.2 eAMHCTBEHHOCTh MPEACTABJICHUS HE MPEANOJIAracT-
cs. OgHako oO0Iee KOIMYECTBO TPAHCIIOZUIINK MO3BOJISIET BBECTH BAXKHOE
KJIACCU(DUITUPYIONINE MOICTAHOBKHU MOHSTHE.

Onp. 3.5.5. |TloacraHOBKA 7T HA3bIBACTCS YeMIHOIl, €CIIM OHA TPEICTABH-
Ma B BHUJE KOMIO3UIIMM YETHOIO YHCJIAa TPAHCIO3ZUIUU, U
HeuyemHoul, €CIIA YUCIIO TPAHCIIO3UIIUN HEYETHO.

[Ipu n > 1 xonuyecTBa YETHBIX U HEUYETHBIX MOACTAHOBOK COBIIA-
JAI0T U paBHbI n! /2.

Teopema 3.5.3

Bce ueTHble 0/1ICTaHOBKY 00pa3ylOT NOJArPYIITY TPYIIBL Sy, .

45



JlelicTBUTENBLHO, TOXKACCTBEHHAS I10JICTAHOBKA € OTHOCHUTCS K KJjac-
CYy YETHBIX MOJCTaHOBOK. J[J1s 11000 TPaHCTIO3UIIMKM T UMEEM:
2 _
T =
a 3Ha4uT,

T=TTy.Ty = T 1

— +—1.-1 -1 _
- Tm Tm—l Tl — Tme_l Tl

Onp. 3.5.6. | Iloarpyrma YeTHBIX IOJICTAHOBOK TPYIIBI S, Ha3bIBACTCS
3HAKONepemMeHHOoU no0zpynnoi 1 0003HaYaeTcs Kak A,,.

Komnosunus t4,, rae T = (1 2), coBmagaeT ¢ MHOXECTBOM BCeX
HEUYETHBIX MOJICTAHOBOK M OJJHOBPEMEHHO OMPEIeIsieT CMEXKHBIN Kiacc 1Mo
noarpynme A,. Takum oOpa3zom, Uisi CHMMETPUYECKON TPyNIsl S, clpa-
BEJIJIUBO pa30OUEHUE:

S, = A, UTA,.

§ 6. lukan4yecKkue rpynmnbl.

Onp. 3.6.1. |I'pynna G Ha3bIBaeTCs WUKIUUECKOU, €CITU OHA TIOPOKIACT-
Csl OJTHUM DJIEMEHTOM Q.

G ={a,a?a3..,.a*=e} =< a >.
DNeMEHT a Ha3bIBaeTCs nopoxcoarouwium (Tpyniy) Iie-
MEHMOM.

W3 ompeneneHust cieayer, 4TO HMUKIMYECKOW MOXXET OBITh TOJBKO
KOHeyHas abenesa Tpynmna. Ha3Banue rpynmbl «IIUKIAYECKas YKa3bIBaeT
Ha HaJIMYMeE B IPYIIE €CTECTBEHHBIX ITUKJIOB!

a™ = qmt" (3.6.1)
st Vm. 311ech n — NOPSA0K TPYIIIIHL.

Mpumep 3.6.1. Knaccel BblMeTOB MO N0OBOMy mMoayno m obpasyloT agouTue-
HYKO UMKINYecKkyto rpynny Z,, nopsgka m. [Mopoxgarwmnm aneMeHToM aBIs-
eTcsa knacc 1.

|

CBoMCTBA LIMKANYECKUX TPy

1. JTiobaga noarpynna LMKIMYECKOW rpynnbl Takke SIBMSETCH LMKNn4ve-
CKOW, MpMyeM oHa nopoxaaeTtcs nobbiM CBOMM 31IEMEHTOM g # e.

2. B uuknunueckon rpynne < a > nopsaka n anemeHt ak

nogrpynny nopsiaka

nopoxaaet
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n

[ = rL rae d = HOA(n, k).

3. Ona nwboro genutens d nopsgka n UMKIMYeckon rpynnbl < a >
rpynna coaepXuT ToNbKO OAHy noarpynny nopsgka [ = n/d.

4. Uuknuyeckas rpynna < a > nopsigka n COAepXUT poBHO @ (n) ob-
pasylolmx anemMeHToB. MNpuyem anemeHT a® 6GymeT oGpasyroLnm
Tonbko, ecnn HOJl(n, k) = 1.

Mpumep 3.6.2. MNMyctb G =< a > - yuknmyeckasa rpynna nopsiaka 6 u a ee ob6-
pasylLwmn anemMeHT. Toraa umeem

o=o(1-)(1-1) =2

CnepoBaTenbHO, cCOornacHoO CBOWCTBY 4, rpynna cogepXxut 2 obpasyowmx

ANeMeHTa, a UMEeHHO, g = a W g, = a5. B kauecTtBe NnpoBepKn BbiNnMiemM BCe
pa3rnyHble CTENEHN BTOPOIo 3rfieMeHTa.

(a5,a1%, a5, a20,a?5, a3} = {a5,a*, a3, a, a, e} = G,
Tak kak a® = e.

§ 7. Koabua u nmoJis.

[lepelineM K pacCMOTPEHUIO aNreOpanvyecKuX CUCTEM C JIByMsl OU-
HApHBIMU OIEPaLUSIMU.

Onp. 3.7.1. | Konvyom HaszpiBaeTcs anredpandeckas cuctema < M; +,x>
C IByMsI OMHApHBIMH OMEPAUSAMH —+ («cllodicenue») M *
(«<yMHOICEHUe»), KOTOPbIE YIOBJIETBOPSIOT CIECAYIOIIUM
YCIIOBHSIM:

K;: < M; +> — abenesa rpymra,

K,: < M;*> — moHouA (MOJyTpyIa ¢ eAMHULEH);

K;: cnpaBe BB 3aKOHBI TUCTPHOYTUBHOCTH:

ax(b+c)=ax*xb+a=xc, (3.7.1)

(a+b)xc=axc+b=x*c. (3.7.2)

KoIbIi0 HA3BIBAETCS KOMMYMAMUEHBIM, €CITA TOTIOJIHUTEh-
HO

a*b=>b=a. (3.7.3)

[Mpumep 3.7.1. PaccMOTpyM MHOXECTBO LenbIX Yncen Z ¢ apudpmMeTnyeckumm
onepaunsMn CnoXxeHnsa n ymHoxeHus. Torga < Z; +,X > eCTb KOMMyTaTuB-
HOe KOnbLO. u
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[Mpumep 3.7.2. PaccMoTpuM MHOXECTBO 8cex KBagpaTtHbIX maTtpuy M, ., OO-
HOro mopsigka n C onepauusiMn CroOXeHUs U YMHOXEHUS maTpuu. Torga aTa
anrebpaunyeckada cuctema obpasyeT HEKOMMYTaTUBHOE KOMbLO.

|

[IpuHATO HYJIEBOM 3JIEMEHT aIIWTHUBHOM rpynnbel < M; +> Ha3bl-

BaTh Hyaem (oOo3Havyaercs kak (), a CIMHUYHBIN 3JCMEHT MOHOHA
< M; *> — eounuyen (ob6o3Havyaercs Kax 1).

3amMeTuM, 4YTO, TaK KaK MHOXECTBO M OTHOCUTEIBHO OIlepanuu

«CIIOXKEHUS» + €CTh alIUTUBHAS IpyMNa, TO IJs KaKJI0T0o 3JIEMEHTA a U3

M umeetcst «OOpaTHBINA PJIEMEHT». DTOT 3JIEMEHT HA3bIBAECTCSI NPOMUBONO-

JIOJICHbIM W 0003HauvaeTcsl Kak —a. YTto kacaercss BTOPOM olepamuu —
«YMHOXEHHSD» X, TO B 00IIIEM ciydae JJisl KOJiell CyIleCTBOBaHUE o0part-
HOrO 2JIEMEHTa a4 ' He Npeanojaraercs. 3aKOHbl JUCTPUOYTHBHOCTH
(3.6.1) 1 (3.6.2) m03BOJISIIOT KOPPEKTHO COTJIACOBBIBATH BBHIMOJHEHUS JABYX
orepanum.

OO1uMHU 7151 KOJICTL SIBJISIFOTCS CIIEYIOIINE PE3yJIbTaThl.

Jlemma 1
B nmro6om konbne < M; +,%> HYJIb aJIIMTUBHON rpynnbl < M; +> sBis-

€TCs HYyJIEM U 151 MOHOUAA < M; x>
0xb=>hx0=0. (3.7.4)

Ilemma 2
JI1st M0OBIX 2JIEMEHTOB @ U b MPOU3BOJILHOTO KOJbla < M; +,%> crpa-
BEIJINBO COOTHOILICHUE

(—a) * (—b) = a * b. (3.7.5)

JlaHHBIE PE3YJIBTATHl SIBJISIOTCA NOPSMBIM CIEACTBUEM TIPYIIOBOU
CTPYKTYpBbI cUCTEMBI < M; +>, a UIMEHHO, HATMYUE EAUHCTBEHHOIO €/IM-
HU4YHOro 3neMenta (0, obpatumMocTH (CyIIECTBOBAHHWE €IMHCTBEHHOIO

MPOTHUBOMOJIOKHOTO @ JIEMEHTA — @) ¥ 3aKOHA COKPAILCHUS:
at+x=a = x=0;
a+x=0 = X =-—a;
at+x=b+x = a=h.

Onp. 3.7.2. | JIBa HEHYJIEBBIX dJIeMeHTa a U b konbla < M; +,*> Ha3bl-
BAIOTCS Odenumenamu Hyasa, €ClIi UX IPOU3BEICHUE €CTh
HYJIb KOJIbIIA:

axb=0. (3.7.6)

48



B ciyyae KOHEUHBIX KOJel HEOOJIBIIOro MOpsiiKa OCHOBHBIE OIepa-
MU HaJl UX 3JIEMEHTaMHu YJIO0HO 3aJaBaTh B BUje Tabnuil. BaxHehmum
MIPUMEPOM KOHEUHBIX KOJICI] SIBJISIFOTCA KOJIbIla KJIACCOB BBIYETOB MO MO-
JTyJII0 M
Zy, =1{0,1,2,...,m—1}.

M 7.3. MOTPUM KOfbL| . nvubl, onpegensiowne onepa-
Mpumep 3.7.3. Paccmo onbuo Z,. Tab onpefensowine onepa
LMW CITOXXEHUA N YMHOXEHUA MEXAY 3rieMeHTaMu KorbLua, UMerT BUA!

WI NI = Ol
NI Ol NI O N
=N W Ol Wl

Ol WI NI | =]
= O W NI NI
N = Ol WI| W
Wl NI = Ol X
ol Ol Ol Ol| ol

wI N = Ol 4+
=N R Ol Ol

B yacTtHOCTK, Haxoaum
2+2=0, 2x2=0.
Taknum o6pasom, B Konbue Z, «08ax0bl 08a» paBHO HE YETbIPEM, a HyIO, U

KOIMbLIO COAEPXUT AenUTENb HYMA — Knace 2.
]

B uncnoBeix konpnax 7Z, Q, R nenurenerr Hyns Her. [Jpyrumu ciio-
Bamu, eciu Xy = 0, To 6o x = 0, mmbo y = 0.
[Ipumepamu KoJIell C ASTUTENAMU HYJIS SIBJISIOTCS KOJIbIIA
® KBaJpPaTHBIX BBIPOKICHHBIX MATPHII;
® KJIACChI BEIYETOB C COCTABHBIMU MOAYJISIMU.

Onp. 3.7.3. | Obnacmeto uenocmuocmu HA3bIBACTCS KOMMYTaTUBHOE
KOJIBIIO C €IUHUIICH 0€3 menuTeneii Hys.

Jlemma 3

B o00nacTu e0CTHOCTH BBITIOIHACTCS 3aKOH COKPAIICHUSI:
a*b=a*xc © b=c, puaVa+0. (3.7.7)

B xonwiie K ¢ enuHUIIEH €CTECTBEHHO BBIJICTUTh MHOXKECTBO 00Opa-
TUMBIX 3JIEMEHTOB, KOTOPBIE IO aHAJOTMU C omnpeaeiaeHueM 3.7.2, mo-

CYIIECTBY, ABISIOTCS JEIUTEISAMH €HMHHIbI:
axal=atl+a=1. (3.7.8)
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OpHako B KOJBIAX, COACPIKANTUX CTUTEIN HYJIS, HE BCE DJIEMEHTHI
oOpatuMsl. JlelicTBuTeNbHO, eciu a * b = 0, mpudem a,b # 0, To B ciy-
yae CyNIECTBOBAHMS DJIEMEHTA A~ 1 MBI ObI UMEIIH

alx(a*xb)=a1x0 = (al*a)*b=0 =1xb=0 = b=0,
YTO TMPOTUBOPEUUT MUCXOTHOMY MPEATOIOKECHHUIO O CYIIECTBOBAHUHN JCITH-
teneit Hynsa (b # 0).

MNpumep 3.7.4. [Ins anemeHTOB Konbua Z, (npumep 3.7.3) HENOCPELACTBEHHO
N3 «TabnunLbl YMHOXEHMS» HAXOOUM:

I1x1=1 = 17t=1,

3x3=1 = 37t= 3,
OnemMeHT 2 HW C O4HWUM 3MIeMEeHTOM KombLia B nNpou3BedeHun knacc 1 He aa-
eT, OANA Hero B KomnbLie HeT o6paTHOro anemeHTta 2-1, a 3Ha4uT, oH Heobpa-
M. Mpn 3TOM, Kak crieayet us npumepa 3.6.3, anNemMeHT 2 sABnsaeTcs Aenu-
Tenem Hyns.

Teopema 3.7.1

Bce oopamumvie snemenmur konbiia K =< M; +,x> ¢ enunuieid oopa-
3ytoT rpynmy G (K) no yMHOXKEHHUIO *.

OcoOblil MHTEpPEC C TOYKHU 3PEHUS] MPUIIOKEHUIN MPEICTaBIAIOT CO-
OOl KOJbLA, IJIs1 KOTOPBIX B IPYIIY OOpPaTUMBIX 3JIEMEHTOB BXOIST BCE
AJIEMEHTHI KOJIbLIa

Onp. 3.7.4. | Ilonem P Ha3piBaeTCsI KOMMYTAaTHBHOE KOJBIIO C SAUHUIICH
(obnacme yenocmuocmu), B KOTOPOM BCE DJIEMEHTHI 3a HC-
KIIFOUCHUEM HYJII 0OpaTUMBI.

[To-cymiecTBy, B HOJIE 8ce HeH)eble IEMEHThI 00pa3yloT MyJIbTH-
IUIMKATUBHYIO Tpymmy. BaxkHeWmuMu npumepaMu OECKOHEYHBIX MOJICH
ABJISIFOTCS MOJISI paluOHANIbHBIX Q, nericTBuTeNbHBIX R 1 koMIUIeKCHBIX C
YHUCEIL.

OcoObIii HHTEpEC MPEACTABISIOT COO0N KOHEUHBIE TOJIS.

Teopema 3.7.2

Bcesikas koneunast 00J1acTh OCJIOCTHOCTU ABJIACTCA ITOJIEM.

MIMeHHO KOHEYHOCTh 00JIACTH IIEJIOCTHOCTH OOyClaBIMBaeT oOpa-
TUMOCTH BCEX €€ DJIEMEHTOB.
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Teopema 3.7.3

Konbio kmaccoB BbIYETOB Z,, SBISIETCS IMOJIEM TOTJA U TOJIBKO TOT/A,
KOTr'Jla MOIYJIb M = P — NPOCTOE YHCIIO.

Onp. 3.7.5. | Iloje KIaccoB BBIMETOB 110 IPOCTOMY MOJYJIIO Z, Ha3bIBACT-

csi nonem I'anya nopaoka p v 0003HaYaeTCs KaKk
GF(p) = Z,.

§ 8. Iloakoabua n uaeanbl.

Onp. 3.8.1. | IlogmHOXECTBO S Koblla K Ha3bIBAC€TCS €TI0 HOOKOJIbUOM,
€CJIM OHO 3aMKHYTO OTHOCHUTEILHO OINPEICICHHBIX B KOJbIIE
K omepanuii coxeHusl + 1 YMHOXKEHHUS *, I caMO o0pasyer
KOJIBIIO OTHOCHUTEJIbHO ATHUX OIEpaIUH.

Beenewm mu1s Koseny aHAJIOT HOPMAJIbHOW MOATPYIIIBI TPYIIbI (.

Onp. 3.8.2. |Tlonkombnio H xonbiia K Ha3bBaeTcs uodeanom (Wi 08y-
CMOPOHHUM U0eaaom) OSTOTO KOJblAa, €CIH IS JIFOOBIX
s7eMeHTOB h € H u a € K »nemMeHThl a * h 1 h * a puHaJI-
JIeKAT MOJKOJbIY H.

Mpumep 3.8.1. MHOXeCTBO LeNbIX Yynucen Z 4aBnseTcs nogKonbLoMm rnons pa-

LMOHAalrbHbIX Yncers Q, HO HE nageasriomMm, Tak Kak, HarpuMmep,

1 2
ZE—E$Z | ]

Bcesakoe konpo K coaepuT, Mo KpaiiHEeW mepe, ABa hacalia: MHO-
xectBo {0} u camo kosbiio K. DTH uaeanbl Ha3bIBAIOTCS HeCOOCMBEHHbL-
MU, @ BCE IPYTHE — COOCMBEHHBIMLU.

Teopema 3.8.1

JIx0001 3I€MEHT @ KOMMYTaTHUBHOTO KoJibIia K TTOpOJKIaeT uacan Buaa
<a>={ax*x|x €K}

Teopema sBISIETCSA CIIEICTBUEM CBOMCTB ITUCTPUOYTUBHOCTH, aCCO-
IUATUBHOCTA U KOMMYTATHBHOCTH ONEpALMi + U *, ONPEACISIONIUX aJl-
reOpanyecKyro CTpyKTypy Kouibla K.
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Mpumep 3.8.2. PaccmoTpuMm KombLO LenbiX Yncen Z. Torga cornacHo Teope-
Me 3.8.1 uncna, KpaTHble HEKOTOPOMY LerloMy Ymcny m obpasyoT ngean, Ko-
TOpbI 0003Ha4YaeTcs kak mZ.

Onp. 3.8.3. | Unean H KOMMYTaTHBHOT'O KOJbIla K Ha3bIBACTCS 2/1A6HbIM
uoeanom, €Ciiv B KOJIbLIE HAUAETCS AIIEMEHT A, KOTOPBIX MO-
poxaaer 3Tot uaean: < a > = H.

Ecnu koMmyTaTUBHOE KOJBIO K HE ABIAETCSA MOJIEM, TO CPEAU €r0
AJIEMEHTOB HaWJIeTCs XOTs Obl OJIMH HEOOPATUMBIM HEHYJIEBOU AJIEMEHT d.
Ho Torpa uaean, mopoxaaeMblii 3TUM 3JIEMEHTOM, HE COJIEpKUT 1, a 3Ha-
YUT, HE MOKET COBMAJaTh CO BCEM KOJIbIIOM K U B Jt000M Cilydae sIBJISICT-
Cs1 COOCTBEHHBIM. TakuM 00pa3oM, MbI IPUXOIUM K CICIYIOMIEMY OTIUYH-
TEJIbHOMY CBOMCTBY MOJIEU.

Teopema 3.8.2

JIro0o0e 11os1e P HE nMeeT COOCTBEHHBIX UIIEAJIOB.

PaccmoTtpum kombio K ¢ eaquauner. Equauna nopoxaaeT nuKiIinye-
CKYIO TOATrPYNIny aiAuTHUBHOW TPYMIIBI KOJbIA. JTAa IUKINYECKAs IO/I-
rpyIina aBTOMaTU4eCKU OyAeT MOAKOIbIIOM. [IecTBUTEIRHO,

Q1+t Ds(141++1)= (1+1+--+1)
m

n mn

Onp. 3.8.4. | Xapakmepucmuxoii xonblia K Ha3zbIBaeTCs MOPSIIOK €ro aj-
OUTUBHOW moarpymnmnsl < 1,+>, mopoxaaeMonl eauHUIIEH
KoJbna 1:

char K = | <1,+>|. (3.8.1)
B cnyuae, korga noarpynmna < 1, +> 0ecKkoHeYHa, TO T'OBO-
PAT, 4TO Koibyo umeem xapakmepucmuxy 0.

Mpumep 3.8.3. XapakTepucTuKa KosibLia BbIYETOB MO MOOYSH0O m paBHa m:
char Z,, = m.

Teopema 3.8.3

XapakTepucTUKa KOJIblia, SIBJIAIONIErocs 0O0JacThiO LETOCTHOCTH, PaBHA
0 unu npocTomy uncy p.
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Onp. 3.8.5. | Hlenmpom C xonwiia K Ha3pIBaeTCs MHOXKECTBO €r0 AJIEMEH-
TOB, KOTOPbIE KOMMYTUPYIOT CO BCEMU IJIEMEHTAMH X KOJb-
1a:

C={alaxx=x+a, Vx€K}

OuyeBHUIHO, UTO LIEHTP KOMMYTaTUBHOrO KoJiblla K COBHajaer ¢ ca-
mMuM KoJieiioMm: C = K.

Teopema 3.8.4

[{enTp M000T0 KOJBLA SBISETCS €0 MOJKOIBIIOM.

Mpumep 3.8.4. lNyctb M,, — KONbLO KBagpaTHbIX MaTpuy nopsaka n. LleHtp
9TOro KofbLia COCTOUT U3 BCEX MATpuL, KpaTHbIX eOUHUYHON MmaTpuue E':
C = {AE}.

|

[lo anamorum ¢ QakTop-Tpymnnou, MOpoxKAAEMON HOPMATHHOU TMOJ-

rpynmnoit rpynmsl G, mobou uaean H konbna K mopoxkagaer ¢aktop-

konb1i0 K /H. IIpu 5TOM YMHOKEHHE COOTBETCTBYIOIIMX KJIACCOB CMEXHO-
CTH BBOJMTCS 110 IIPaBUILY:

(a+H)*(b+H)=(axb)+H. (3.8.2)

Mpumep 3.8.5. PaccmoTpum naean mZ (MHOXECTBO LiEMNbIX YMcen KpaTHbIX
m) konbua Z. Torga dgaktop-konbuo Z/mZ., no-cylwecTsy npeacrasnsieT co-
Gow knacc BbIMETOB MO MOAYIO M.

L/ml = Z,,.

|

DaKTOp-KOJbI[a HACJIECAYIOT HE BCE CBOMCTBA KOJIel. Tak KOJbIO Lie-

JIBIX YKCelN Z ACNUTENCH HYJsl HE UMEET, a, HalpuMep, ero (hakTop-KoJbiio
L1]6Z. = 7, vMeeT yXKe IBa ACTUTEIs HYJIS.

§ 9. 'omomopdusm u usomopdusm KoJiell.

Onp. 3.9.1. |Tlycts < K; +,X>u < K';®,Q> — xonbua. Torma orodpa-
xenue f: K — K' naswiBaercsa 2omomoppusmom Koney, ec-
JI1 OHO COXPAHSIET MOPSIIOK XapaKTEPU3YIOUIUX CTPYKTYPY
KOJIEL[ OTIEpaLi:
fla+b) = f(a) ® f(b), (39.1)
flaxb) = f(a) ® f(b). (3.9.2)
J1J1s1 Kosen ¢ eIMHULIEH TOTIOJHUTEIBHO

fa)=1. (3.9.3)
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Jlemma 1

[Tycts f — romomopdusm konery f: K — K'. Torna

f(0) =0, (3.9.4)
f(=a) = —f(a). (3.9.5)

B ciyuae ecnu anement a € K obpatum, TO
f@™ = fla)™. (3.9.6)

[MousTHs — s0po, 0bpas, snumopdusm (cropvexyus), MOHOMOPHu3M
(UHVeKYUs), u3oMopdu3m U APyrue UMEIOT JJIs KOJIeIl TOT K€ CMBICT, UYTO
Y JUISL TPYTIIL.

Onp. 3.9.2. | Aopom zomomopgpusma f:K — K' HaspIBae€TCs MHOKECTBO
BCEX DJIEMEHTOB KoJiblla K, KOTOpbIE 0TOOpa)karoTcsi B HYJIb
KoJbia K':

ker f = {a € K|f(a) = 0}.

Jlemma 2

SInpo Ker f romomopdusma f: K — K' sBiseTcst moaKoIpIoM Koibiia K'.

JleMma siBII€TCS CJICACTBHEM OCHOBHBIX CBOMCTB TOMOMOP(]HBIX
otobpaxenuii (3.9.1) u (3.9.2).

Onp. 3.9.3. | H3omoppusmom (6uexkuueir) xoney K n K' nasbiBaercs
m000M MX B3aWMMHO OJTHO3HAYHBIN (OUexmueHblll) TOMOMOP-
buzm.

OtHomienre u3oMopdusma koser, obosHayaercs kak K = K'. Uszo-
MOp(]HBIE KOJIbIIa UMEIOT OJHY aIre0pandecKyto CTPYKTYPY U OTIIMYAIOTCS
TOJIKO MTPUPOAON CBOMX AJIEMEHTOB U OINPECIICHHEM 0a30BbIX OTEepaIii.

Npumep 3.9.1. PaccmoTtpum otobpaxenue f:Z — Z,,. 3To oToOpaxeHue siB-

naeTcs roMmoMopr3MOM Komnbla LenbiXx Yucen Z B Knacc BblMeToB Z,, Mo
moaynto m, OHO O4EBMOHO CIOPBLEKTUBHO, HO HE MHBEKTUBHO (KaXabli Knacc
COOEPXNUT CYETHOE MHOXECTBO YMUCEN), a MOITOMY He BGMEKTMBHO. Aapo romo-
mMopdmama f COCTOUT U3 BCEX LieNbIX YMcen KpaTHblX m: Ker f =mZ (npumep
3.8.5).

Teopema 3.9.1

Iycts f: K = K' — romomopdusm xonsia K B xonsiio K' u Ker f — ero
anpo. Torga koasio K’ usomopduo dakrop-kousiy K/ Ker f.
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§ 10. JIuneiinble cucTemMbl HAJ MoJieM P,

CranpmapTHas T€OpHsl JIMHEMHBIX CUCTEM C JEHCTBUTEIBbHBIMU KO-
s¢dueHTaMu U METOJbl MX PEUIEHUS OCHOBAaHbI Ha aJIrOPUTMax BbI-
noJiHEeHUs1 apumernueckux omnepanuil. [Ipu 3ToM HUKaK HE yUUTHIBAETCSA
cnenuuKa 1nojis JeMCTBUTENbHBIX yucen R, ero 0COOEHHOCTH U OTJIMYHS,
HaIpuMep, OT NOJISI PalMOHANIBHBIX ynced Q. DTO HABOAWUT HA MBICIb, YTO
BCE W3BECTHBIE B TEOPHM JIMHEWHBIX CUCTEM PE3YJbTaTbl MOXHO €cTe-
CTBEHHBIM 00pa30M OOOOIIMTH M Ha APYrHe MOJIL, B TOM YHCIE U KOHEY-
HBIE.

Mpumep 3.10.1. MNycTb 3agaHa ogHOpPOAHAs CUCTEMA NMHEWHbLIX YpaBHEHWUN
cnegywowiero smaa:

1 2 3 4
—10 13 14 15

12 -9 14 15
12 13 -815

AX = O, rpe A= ||al]|| =

[Mpamble BblYMCNEHUS OatoT:
detA = 23113,
CnepoBaTenbHo, ecnu a;j, x, € P, rAe P — HEKOTOPOE Mose xapakTepucTukn 0
mnn [ # 2,11 (B aTOM criydae KoapununeHTbl N HEN3BECTHbIE paccMmaTpuBa-
IOTCS KaK KnaccCbl BblHETOB), TO CUCTEMA ABMAETCH HEBLIPOXAEHHON U nMeeT
€AVHCTBEHHOE HYyNneBOoe peLleHne:
X=0.

Monoxum P =Z,. Torga char P = 2, n, ncnonb3ys CpaBHEHUS MO MO-

ayno m = 2, MmaTpuly A MOXHO npeobpasoBaTtb K BUAY:

1 2 3 4 1
4 |[720 13 14 15| _ |0
—|[ 12 =914 15(| T |[o
0

12 13 -815

010
101
101 (mod 2).
101

1
0
0
0

OueBMAHO, YTO paHr CUCTEMbI B 3TOM Crly4ae paBeH 2 U cuctema [o-

nyckaeT 2 NMMHENHO HE3aBUCUMbIX PeLLEeHUs, Hanpumep:
X, =(1,0,1,0) n X,=(0,1,0,1).

3ameTnm, 4TO 34ecb (M B AanbHenWweM) UCMNoNb3YyTCS YMNPOLLEHHbIE
0603Ha4YeHns 1 BCe Yncra Hago NoOHMMaTb Kak COOTBETCTBYHLLME KIlacChbl Bbl-
yeTtoB 0, 1, .....

[Monoxwum P = Z,,. Toraa char P = 11, n, ncnonb3ysa cpaBHEHUS NO MO-
aynio m = 11, ana matpuubl A UMeeM:

1 2 3 4 1234

~10 13 14 15 1234
A=|l19 _914 15| = |1 2 3 4| (mod1D).

12 13 -815 1234
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Tenepb paHr maTpuubl KoOadduuMeHToB A paBeH rg A = 1, u cuctema gonyc-
KaeT yxxe 3 NMMHENHO He3aBUCUMbIX peLLEeHWs, Hanpumep:
X;=091,00); X, =(8,0,1,0); X; =(7,0,0,4).

Taknm obpa3om, OTBET CyLLECTBEHHO 3aBUCUT OT Norns P, Hag KOTOPbIM
paccMaTpuBaeTCcd CUCTEMa, HO ee aHanM3 HUYeM He OTnM4yaeTcs OT CTaH-
AapTHOTrO.

|

Koneunsie nosst, Hanpumep nojie [Nanya GF (p), MIUPOKO UCIIOIb3Y-

I0TCSl B TEOpUHU KOAUpoBaHus. Tak A nepenayu cooomeHus
MHUPY MUP
B MPUHIIUIE JOCTATOYHO IMOBTOPEHHS YETHIPEX 3JIEMEHTapHBIX COO0OIIIe-
HUM:
M = {0, 0}, " = {1,0}, P ={0,1}, y=1{1,1}.
WX MOXXHO MHTEPIPETHUPOBATh KAK BEKTOP-CTPOKH JIBYMEPHOI'O JTUHEHHO-
ro MpocTpaHcTBa Hax mojem P = Z, = {0,1}. Bo Bpems nepemnauu curxHa-
JIOB B KaHAJIE CBSI3U MOXKET MPOU30UTH COOM:
0 1.

B pe3ynbrare aapecaT MOKET HOJYyUYUTh HEBEPHOE COOOIICHHE, HAITPUMeED:

PUMY PUM.

CornacHo Teopeme llleHHOHA 3a cueT yBeIWYEHHs JUIMHBI 3JIEMEH-
TapHBIX COOOIIeHUH (4TO P (PEKTUBHO MPUBEAET K YMEHBIIEHUIO CKOPO-
CTH TIEpe/layil CUTHAJIOB) BIMSAHHUE TIOMEX MOXKET ObITh YCTPAHEHO.

[Ipenmnonoxum, 4To MpHU Mepeaade CUTHAIOB BO3MOKHO MCKa)KEHUE
OJTHOTO CHMBOJIAa U3 MATU TNEpeJaHHBIX. 3aUKCHUPYyEM B JTUHEHHOM IPO-
cTpaHcTBe L = Zg HOIMHOKECTBO

S, = {M(0,0,1,1,0), 1(1,0,0,1,1),P(0,1,1,0,1),¥(1,1,0,0,1)3.

[TonMHOXECTBO Sy COCTOUT U3 TaK HA3bIBAEMBIX KOOOBbIX 8EKIMOPOS.

CocTtaBuM TaOIUIly BO3MOMXHBIX UCKAKEHUM:

Koposkle  |n 91 1091001101101 11000
BeKTOpr
0001000011001 0101000
Kogosele 19001 00/10001/01001/10000
ie;;gm 00111100100110011100
vexawermen |0 11101011101111/11001
101101101111101/11010

OTMeTHM, 9TO KOJIMYECTBO BO3ZMOXKHBIX HA0OPOB
25=32 > 4-5=2,
U MHOYKECTBO MCKa)KEHHBIX BEKTOPOB M3 Pa3HBIX CTOJIOIIOB HE Iepeceka-
10Tcs. [103TOMy BO3MOXXHO MPaBWIBHOE AEKOAMPOBAHHE WCTUHHOTO CO-
OOIIeHNs TPU HATTMYUH OJTHON OIIHUOKH.
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[Mepexons k mpocTpaHcTBY L = Z5 pa3MepHOCTH N MOXKHO CKOH-
CTPYMpPOBaTh AHAJIOTUYHBIA KOJ, CIIOCOOHBIN 0€30IMO0YHO MepeaaBath,
HaIlpuMep, BECh PYCCKUHN a(aBUT, TO €CTh JIEOOOH TeKCT. UTOOBI IeK0au-
pOBaHUE HE CBEJIOCH K JUIMTEIBHOMY IIPOCTOMY MEpedOopy, MOAMHOKECTBO
So cTpoutcs cnenuaibHbIM 00pa3oM. [Ipu 3TOM KCIONB3YIOTCSI CBOMCTBA
KOHEUYHBIX nojiei [F,, (moneii I'amya xapakrepuctuku p).

§ 11. Koib1io MHOTO4J1€HOB.

ITycth K — HEKOTOPOE KOMMYTAaTUBHOE KOJIBIIO.

Onp. 3.11.1. | Muozounenom (noaurnomom) CTEIICHA M OJHOTO apryMeH-
Ta X HaJ KOMMYTaTHBHBIM KOJIBIIOM K Ha3bIBaeTCs BhIpaxe-
HUE BUJIA

P,(x) =ag+a;x +ax*>+ .. +a,x™, (3.111)
rae a; € K Vk = 0,m, npuuem a,, # 0. IIpu sTtom popma
(3.11.1) 3anucu MHOTOYJIEHA HA3bIBACTCS CMAHOAPMHOU VIIH
KAHOHUYECKOL.

CrangapTHBII MHOTOWIEH OJHO3HAYHO ONPENENsIeTCs] CBOMMHU KO-
s dumeHTaMu, KOTOpble MOKHO paccMaTpUBaTh KaK KOOPJIUHATHI MHO-
rouneHa B 6azuce ogHowieHoB B = {1, x,x?, ..., x™}:

P, = (ay, ay, ..., p).

UtoObl Bce KOI(PUIMEHTHI OBIIM PaBHOMPABHBIMH, HEOOXOIUMO
JOMYCTUTh BO3MOKHOCTh oOpatienus B 0 u crapuero kosdduimenra a,, .
[Tpu 3TOM HyJI€BOIM MHOTOWIEH OYyJET UMETh HyJIEBbIE€ KOOPAUHATHI

P,(x) =0=(0,0,...,0).

Crenenb MHOTOYJIEHA, 33JJaHHOTO CBOMMH KOOPAMHATAMHU, OTpeJe-

JSIeTCsl 0 MAaKCUMAJIbHOMY HOMEPY OTIUYHON OT HYJISI KOMIIOHEHTHI:
(ag,aq, ..., A, 0,...,0) = degP(x) = k.

Onp. 3.11.2. | IBa muorowiena P, (x) wu Q,(x) paBHBI ApyT ApyTy, €CIH
MMEIOT OJIHY U Ty K€ KaHOHHUYECKYIO (hopMmy.

Nemma (kpumepuii pageHcmea MHO20U1eHO8)

Mmuorounensr P, (x) u Q,(x) paBHBI TOIr[1a ¥ TOJLKO TOr/IA, KOTAa
1) paBHBI UX CTEIIEHU: M = N,
2) paBHBI BCE X COOTBETCTBYIOIINE KO3PPUIMEHTHL: a;, = by, VK.
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CrnoxeHrie MHOTOYJIEHOB OIpPEAEISIETCS KaK ONepalus MpUBEICHUS
NOJ00OHBIX, TO €CTh CJIOXEHUE KOA()PUIMEHTOB NPHU OAUHAKOBBIX CTEIle-
HSIX apryMEHTa X. Y MHOKE€HHE B CHJIy KOMMYTAaTUBHOCTH Kojbla K ompe-
JeJSIeTCsl IO 3aKoHaM OObIYHOM anreOpsl. [Ipu 3TOM 11l cTeneHu pe3yiib-
TUPYIOLIET0 MHOTOUWIEHA UMEEM

deg(P(x) + Q(x)) <max{degP,deg Q},
deg(P(x)Q(x)) =deg P(x) + deg Q(x). (3.11.2)

MHOKeCTBO BCEX MHOTOWICHOB HaJl KOMMYTaTHBHBIM KOJBIIOM K ¢
BBCJICHHBIMH OTICPAIMSAMHU CIIOKCHUS M yMHOXXCHHS 00pa3yroT KOJBIIO
mHorowieHOB K (x). [IpuyeM MHOTOUJIEHBI HYJIEBOW CTENEHU, TO €CTh
KOHCTaHThI, 00pa3yloT KOJbIO u3oMOophHOEe KoJiblly K — konbyo xkoaghghu-
YUEHMO8.

MHorousneHsl, onpeaeNeHHble Haj moieM P, o0magaroT TOTOJIHU-
TEJILHBIMHU CBONCTBAMH.

Teopema 3.11.1

Han mo6piM mostieM P k0ib110 MHOTOUIEHOB K (X) sABISIETCS 001acThIO
IIEJIOCTHOCTH, TIpudeM B Koiblle K (X) oOpaTUMbIMU SBISIFOTCA TOJBKO
HCHYJICBbIC KOHCTAHTBI.

JlokazarenbCTBO TEOPEMBI, MO-CYIIECTBY, MOBTOPSET AITOPUTM Jie-
JIEHWSI MHOTOUJIEHOB.

Onp. 3.11.3. | Muorounen P(x) B kojbiie Muorourenos K (x) Ha3pIBaeTcs
NPUGOOUMbBIM, €CITA HAAyTCA nBa MHOTOUIeHa p(x) u q(x)

TaKue, YTo

P(x) = p(x)(q(x), (3.11.3)
B IMPOTHBHOM CJIy4a€ MHOI'OYJICH HA3bIBACTCA Henpueot)u-
MbIM.

[IpuBOAMMOCTH MHOTOWJICHOB CYIIECTBEHHO 3aBUCHUT OT IOJIsl, HaJ
KOTOPBIM PacCMaTPUBAETCS MHOTOUJIEH.

Npumep 3.11.1. Myctb P(x) = x? — 2. MHorouneH P(x) HenpuBOoAMM Hap no-
nemM paumoHarbHbIX Yncen P = Q 1 noniemM KnaccoB BbIYETOB Z; MO MOAYIHO 3.
OpaHako OH MpMBOAMM Haf Nonem AeUCcTBUTENbHbIX Yncen P = R:
x2=2=(x=v2)(x +2),
1 NOMEM KNaccoB BbIYETOB Z, N0 MOAymto 7:
x?2—2=(x+3)(x+4).
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PaccMOoTpuM MHOTOUJIEHBI HAJI KOMMYTATUBHBIM KOJIBIIOM K, KOTO-
poe mpeAcTaBiseT co00i 001aCTh ETOCTHOCTHU C €UHUILICH.

Onp. 3.11.4. | DnemeHT ¢ € K Ha3bIBAaCTCs KOPpHeM WU Hyl1eM MHO204]ie-
Ha P(x), ecnu
P(c) = 0. (3.11.4)

Teopema 3.11.2 (meopema be3zy)
OnemeHT ¢ € K sBisieTcsi KOpHEM MHOTowieHa P(x) Toria v TOJBKO TO-
r/1a, KOT/1a IBy4JIeH X — ¢ JeauT MHorowieH P (x) B koubie K.

Jloka3aTenbCTBO TEOPEMBI, MO-CYIECTBY, MOBTOPSIET JOKa3aTElb-
CTBO Teopembl besy B 00bIuHON anredpe, rae Koubllo K ecTh mone Jei-
cTBUTENbHBIX uncen K = R.

JleneHre MHOTOUYJICHOB Ha JIBYWJIEH HaJl JII0ObIM KoJiblloM K ya100HO
BBITIOJIHATH C UCIIOJIb30BAHUEM cxembl 1 opHepa.

Mpumep 3.11.2. Mogenutb MHorouneH P(x) = 2x%+ 5x —3 Ha [aByuneH
q(x) = x + 2 Hag nonewm:

a) Q;
6) GF(5) (Zs).

PeweHue.
Ncnonbaysa cxemy TopHepa, Haxoaum:
a)
2 5,
2 5 —3 :>2x+5x3:2x+1_i.
-2 2 1 _5 x+2 x+2

3agaHHbIi MHorouneH P(x) Hag nonem pauvoHanbHbIX uncen Q Ha
aByyneH q(x) = x + 2 HaLeno He AenuTCcs: OCTaToK OT AeNeHuss paBeH —5.
ANCKpUMUHAHT MHoroyneHa paseH D = 25424 =49, n MHOroudneH

MMeeT ABa paunoHanbHbIX KOPHS:
X, = %,xz = —3.
6) B cnyyae nonsa anya GF(5), koTopoe coBnagaet ¢ nonem Zg, koaddu-
UMEHTbl MOXHO 3aMeHUTb JlobbIMU NpeacTaBUTENAMU KITacCoOB BblYETOB, KO-
TOpbIM KO3(hpnumeHTbl NnpuHagnexar. Takum obpas3om, nmeem:
P(x) = 2x%? + 5x — 3 = 2x% + 2.
[anee BbinonHsem genexHuve (no cxeme opHepa):

2 0 2 N 2x2+5x—3
—2 2 1 0 x+2

= 2x + 1.

59



Takum obpasom, Hag nonem GF(5) 3agaHHbIi MHOTOYNEH packnagbiBaeT-
Csl HA MHOXUTENN:
P(x)=2x?4+5x—3=(x+2)2x+ 1)
N UMeeT OaBa KopHA x; = —2 =3 mod 5 U x, = 2 mod 5.
|

Onp. 3.11.5. | DnemeHT ¢ € K Ha3bIBaeTcs KopHem Kpamuocmu k muoro-
yireHa P(x), ecnmu MHorowieH P(x) nenuTcs Ha MHOTOYJICH
(x — ¢)* u He pmenurca ma muorouneH (x — ¢)**1. Kopau
KpaTHOCTHU 1 HA3BIBAIOTCS NPOCMbIMU KOPHAMU.

Teopema 3.11.3
[Tyctp xombiio K — koMMyTaTuBHasi 00JacTh 1enoctHoctH, P(x) £ 0 —
MHorouwleH Han K, a ¢4,¢y, ..., C; — €r0 KOpHU KpaTHOCTH ki, k,, ..., k;,
COOTBETCTBEHHO. Torna MHOTOWIEH €IUHCTBEHHBIM 00pa3oM pacKIIaibl-
BAETCSl HA MHOXKUTENIN

P(x) = (x —c)*r(x —c)* ... (x —c)*q(x), (3.11.5)
rae q(c,) # 0, Vk = 1,1, npuuem

ki+k,+ ...+ k <degP(x).

Crnemyer 3aMETUTh, YTO O€3 MPEANOI0KECHHS O IETOCTHOCTH KOJIbIIa
(OTCYTCTBUU JenuTeNeld HyJs) TeopeMa HEeBEepHAa — HApYIIUTCA €IUH-
CTBEHHOCTH Pa3IOKEHUS.

Mpumep 3.11.3. PaccmoTtpum MHorouneH P;(x) = x3 Hap konbuom Zg. [aH-
HO€ KOmbLO He SIBMSieTCsl 06nacTblo LIeNOCTHOCTU U UMEET ABa AenUTenNs Hy-
na, a UMEeHHO, Krnaccbl 2 n 4.

Danee Haxogum: P;(0) = P5(2) = P3(4) = P3(6) = 0 (mod 8). Takum
obpasom, MHorouneH nmeet 4 (!) pasnnyHbIX KOPHA U HECKONbKO hopMm pas-
NOXEHWIN Ha MHOXUTENN:

P(x)=x3=x(x—4)?>=(x—-2)x>+x+4)=(x—6)(x? —x+4).

Teopema 3.11.4
JIBa muorouwnena P(x) u Q(x) Hag koJbloM K, SBISIOMUMCS KOMMYTa-
TUBHOHM 00JIACTHIO LIEJIOCTHOCTH, CTENEHU < N, MPUHUMAIOIIUE PaBHbBIC
3HAYEHUS TIPU MOJCTAHOBKE M + 1 pa3nuuHbIX 371eMEeHTOB U3 K, Toxe-
CTBEHHO PaBHBI:

P(x) = Q(x).

60



Onp. 3.11.6. | Ilone P Ha3bIBaeTC aneedpauyecku 3aMKHymusIM, €CIIN JTIO-
0ol MHOTOUJICH U3 KOJblla MHOTOWIeHOB P (X) (TO ecTh Haf
nosieM P) mpenctaBuM B BHJIE Pa3NIOKEHUS Ha JMHCHHbBIE
MHOKUTEJIH.

Jpyrumu cioBaMu 1osie P — 3aMKHYTO, €ClIM HaJ 3TUM IOJEM He-
IPUBOAUMBIMU SIBJISFOTCS TOJIBKO MHOTOYJIEHBI IEPBOM CTETICHH.

Jlemma
Ecim xaxaplii MHOTOYJICH HaJ MojieM P uMeeT, 1o KpaHel Mepe, OJUH
KOPEHb, TO MoJie P sBIsieTCS aire0panyecku 3aMKHYTHIM.

Teopema 3.11.5 (ocnosnas meopema ancedopuol)
[Tone kommiekcHbIX uncen C sBusieTcsa anreOpanyecku 3aMKHYThIM.

CornacHO OCHOBHOM TeopeMe anreOpsl gcsikuti MHOTOWIEH P, (Z) Hax
1oJIeM KOMILUTEKCHBIX urcesl C mMeeT poBHO 1 KOpHEH (C y4eToM MX KpaT-
HOCTEM), a 3HAYUT, MOXKET ObITh MPEICTABJICH B BUC

P.(z2)=a(z—c)M(z—-c)k ... (z=c)k, (3.11.6)
rae
ki +k, + ...+ k; =n. (3.11.7)

PaccMOTpUM KOJIBIIO MHOTOWIEHOB HAJl MOJIEM JCHCTBUTENIbHBIX YH-
cen R. [Tone R He sBisieTcs: anredpanyecku 3aMKHYTBIM, TaK KaK, HaIpH-
Mep, mEorounied P,(x) = x? + 1 He uMeeT JelcTBUTENBHBIX KOpHE. Tem
HE MEHee, JJI1 KOJbIla MHOTOYICHOB HaJ mojeM R mmeer Mecto ciemyro-
Ui OOIIMI Pe3yiIbTaT.

Teopema 3.11.6
Besikuit MHOTOwIeH P(x) Hax mojem AeMcTBUTENbHBIX unced R Ha m-
HEWHBIE MHOXKUTENHN U KBaJAPATHBIC TPEXUIIEHBI (C OTPULIATEIbHBIMU JIUC-
KpPUMUHAHTaMHU).

MNpumep 3.11.4. Ana mHorouneHa P,(x) = x* + 1 Haxogum:
2
x4+1:x4+2x2+1—2x2=(x2+1)2—(\/§x) =
= (x% - V2x + 1)(x2 + V2x + 1).
|
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