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1 �¨á«®¢ë¥ àï¤ë

�¨á«®¢ë¬ àï¤®¬ ­ §ë¢ ¥âáï ¢ëà ¦¥­¨¥ ¢¨¤ 

a1 + a2 + a3 + . . . + an + . . . =
∞∑

n=1
an , (1)

£¤¥ an ∈ R. �¨á«  a1, a2, . . . , an, . . . ­ §ë¢ îâáï ç«¥­ ¬¨ àï¤ ; n-©
ç«¥­ àï¤  ­ §ë¢ ¥âáï â ª¦¥ ®¡é¨¬ ç«¥­®¬ àï¤ . �ã¬¬  n ¯¥à¢ëå
ç«¥­®¢ àï¤  ­ §ë¢ ¥âáï n-ç áâ¨ç­®© áã¬¬®© àï¤  ¨ ®¡®§­ ç ¥âáï
á¨¬¢®«®¬

Sn = a1 + a2 + a3 + . . . + an .

�á«¨ áãé¥áâ¢ã¥â ª®­¥ç­ë© ¯à¥¤¥« S = lim
n→∞Sn, â® àï¤ ­ §ë¢ ¥âáï áå®-

¤ïé¨¬áï,   ç¨á«® S | áã¬¬®© àï¤ 

S =
∞∑

n=1
an.

�ï¤ ­ §ë¢ ¥âáï à áå®¤ïé¨¬áï, ¥á«¨ lim
n→∞Sn ­¥ áãé¥áâ¢ã¥â ¨«¨

à ¢¥­ ¡¥áª®­¥ç­®áâ¨. �ï¤

an+1 + an+2 + . . . + an+k + . . . =
∞∑

k=1
an+k = Rn ,

¯®«ãç¥­­ë© ¨§ àï¤  (1) ®â¡à áë¢ ­¨¥¬ ¯¥à¢ëå ¥£® n ç«¥­®¢, ­ §ë¢ -
¥âáï n-¬ ®áâ âª®¬ àï¤  (1).

�¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á¢®©áâ¢  àï¤®¢:
1. �â¡à áë¢ ­¨¥ ®â àï¤  ¨«¨ ¯à¨á®¥¤¨­¥­¨¥ ª àï¤ã «î¡®£® ª®­¥ç-

­®£® ç¨á«  ç«¥­®¢ ­¥ ¬¥­ï¥â ¥£® áå®¤¨¬®áâ¨ ¨«¨ à áå®¤¨¬®áâ¨.

2. �á«¨ àï¤ (1) áå®¤¨âáï, â® ¯à¥¤¥« ¥£® n-£® ®áâ âª  ¯à¨ n → ∞
à ¢¥­ ­ã«î, â.¥. lim

n→∞Rn = 0.

3. �á«¨ ç«¥­ë áå®¤ïé¥£®áï àï¤  (1), ¨¬¥îé¥£® áã¬¬ã S, ã¬­®¦¨âì
­  ç¨á«® λ, â® ¯®«ãç¥­­ë© àï¤ ∞∑

n=1
λan ¡ã¤¥â â ª¦¥ áå®¤ï-

é¨¬áï,   ç¨á«® λS | ¥£® áã¬¬®©.

4. �¬­®¦¥­¨¥ ç«¥­®¢ à áå®¤ïé¥£®áï àï¤  ­  ç¨á«® λ 6= 0 ­¥ ­ àã-
è ¥â ¥£® à áå®¤¨¬®áâ¨.

5. �á«¨ áå®¤ïâáï àï¤ë S1 =
∞∑

n=1
an ¨ S2 =

∞∑
n=1

bn, â® àï¤, ®¡à §®¢ ­­ë©
á«®¦¥­¨¥¬ á®®â¢¥âáâ¢ãîé¨å ç«¥­®¢ ¤ ­­ëå àï¤®¢:

(a1 + b1) + (a2 + b2) + . . . + (an + bn) + . . . ,

â®¦¥ áå®¤¨âáï ¨ ¥£® áã¬¬  à ¢­  S1 + S2.
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�¤­  ¨§ ¢ ¦­¥©è¨å § ¤ ç â¥®à¨¨ ç¨á«®¢ëå àï¤®¢ | à §à ¡®âª 
¬¥â®¤®¢ ¢ëç¨á«¥­¨ï ¨å áã¬¬. �®ç­®¥ ¢ëç¨á«¥­¨¥ áã¬¬ë àï¤ , ¥á«¨
®­® ¢®§¬®¦­®, ª ª ¯à ¢¨«®, á¢ï§ ­® á £à®¬®§¤ª¨¬¨ ¢ëç¨á«¥­¨ï¬¨. �®-
íâ®¬ã ç é¥ ¢á¥£® ®£à ­¨ç¨¢ îâáï ¯à¨¡«¨¦¥­­ë¬ ¢ëç¨á«¥­¨¥¬ áã¬¬ë
àï¤ , ¯®« £ ï S ∼= Sn ¨ ¤®¯ãáª ï ¯à¨ íâ®¬ ®è¨¡ªã, à ¢­ãî áã¬¬¥ àï¤ 
∞∑

k=1
an+k. �® ¯à¥¦¤¥ ç¥¬ ¡à âìáï §  ¢ëç¨á«¥­¨¥ áã¬¬ë àï¤ , ­ã¦­® ¢ë-

ïá­¨âì, áå®¤¨âáï ¨«¨ à áå®¤¨âáï ¤ ­­ë© àï¤, ¨¡® à áå®¤ïé¨©áï àï¤
áã¬¬ë ­¥ ¨¬¥¥â. �à¨ íâ®¬ ®á®¡®¥ §­ ç¥­¨¥ ¯à¨®¡à¥â ¥â § ¤ ç  ®¡ ¨á-
á«¥¤®¢ ­¨¨ àï¤  ­  áå®¤¨¬®áâì.

�¥®¡å®¤¨¬ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ àï¤ .
�á«¨ àï¤ ∞∑

n=1
an áå®¤¨âáï, â® ¯à¥¤¥« ¥£® ®¡é¥£® ç«¥­  à ¢¥­ ­ã«î:

lim
n→∞ an = 0 .

�âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ lim
n→∞ an 6= 0, â® àï¤ à áå®¤¨âáï. �á«¨ ¦¥

lim
n→∞ an = 0, â® ç¨á«®¢®© àï¤ (1) ¬®¦¥â ª ª áå®¤¨âìáï, â ª ¨ à áå®-
¤¨âìáï. � íâ®¬ á«ãç ¥ âà¥¡ã¥âáï ¤®¯®«­¨â¥«ì­®¥ ¨áá«¥¤®¢ ­¨¥ ¤ ­­®£®
àï¤ .

�à¨¬¥à®¬ à áå®¤ïé¥£®áï àï¤ , ã¤®¢«¥â¢®àïîé¥£® ­¥®¡å®¤¨¬®¬ã
¯à¨§­ ªã áå®¤¨¬®áâ¨, á«ã¦¨â â ª ­ §ë¢ ¥¬ë© £ à¬®­¨ç¥áª¨© àï¤

1 + 1
2 +

1
3 + . . .+ 1

n
+ . . . =

∞∑

n=1

1
n

.

�¤¥áì lim
n→∞ an = lim

n→∞
1
n = 0, ­® àï¤ à áå®¤¨âáï.

�à¨â¥à¨© �®è¨.
�«ï â®£®, çâ®¡ë àï¤ (1) áå®¤¨«áï, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

¤«ï ¢áïª®£® ǫ > 0 áãé¥áâ¢®¢ «® ç¨á«® N > 0 (§ ¢¨áïé¥¥ â®«ìª® ®â ǫ)
â ª®¥, çâ® ¤«ï ¢á¥å n > N ¨ «î¡®£® ­ âãà «ì­®£® p ¡ë«® á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

| an+1 + an+2 + . . .+ an+p |< ǫ .

�à¨¬¥à 1. �§¢¥áâ­®, çâ® àï¤ ­ ç¨­ ¥âáï ç«¥­ ¬¨ 1
2 +

4
3 +

9
4 +16

5 + . . .. � ¯¨á âì ä®à¬ã«ã ®¡é¥£® ç«¥­  àï¤ .
�¥è¥­¨¥. �¥âàã¤­® § ¬¥â¨âì, çâ® ç¨á«¨â¥«¨ ¤ ­­ëå ç«¥­®¢

àï¤  ï¢«ïîâáï ª¢ ¤à â ¬¨ ­ âãà «ì­ëå ç¨á¥«,   ¢ §­ ¬¥­ â¥«ïå áâ®ïâ
­ âãà «ì­ë¥ ç¨á«  ­ ç¨­ ï á 2. �®à¬ã«  ®¡é¥£® ç«¥­  àï¤  ¡ã¤¥â
¨¬¥âì ¢¨¤

an = n2/(n+ 1) .
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�à¨¬¥à 2. �®ª § âì, çâ® àï¤
∞∑

n=1

√
n

n
ã¤®¢«¥â¢®àï¥â ­¥®¡å®¤¨-

¬®¬ã ¯à¨§­ ªã áå®¤¨¬®áâ¨, ­® ï¢«ï¥âáï à áå®¤ïé¨¬áï.
�¥è¥­¨¥. � ¯¨è¥¬ àï¤ ¢ à §¢¥à­ãâ®¬ ¢¨¤¥:

∞∑

n=1

√
n

n
=

∞∑

n=1

1√
n
= 1 + 1√

2
+ 1√

3
+ 1√

4
+ . . . + 1√

n
+ . . . .

�¥®¡å®¤¨¬ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ ¢ë¯®«­ï¥âáï, â ª ª ª

lim
n→∞ an = lim

n→∞
1√
n
= 0.

�«ï ¤®ª § â¥«ìáâ¢  à áå®¤¨¬®áâ¨ ¤ ­­®£® àï¤  ®æ¥­¨¬ ¥£® n-î ç á-
â¨ç­ãî áã¬¬ã:

Sn = 1 + 1√
2
+ 1√

3
+ 1√

4
+ . . . + 1√

n
≥

≥ 1√
n
+ 1√

n
+ 1√

n
+ . . . + 1√

n
︸ ︷︷ ︸

n pa§

= n√
n
=

√
n ;

¨â ª, Sn ≥ √
n. �à¨ n → ∞,

√
n → ∞,   á«¥¤®¢ â¥«ì­®, Sn → ∞.

�ï¤ à áå®¤¨âáï.

�à¨¬¥à 3. �à®¢¥à¨âì, ¢ë¯®«­ï¥âáï «¨ ­¥®¡å®¤¨¬ë© ¯à¨§­ ª
áå®¤¨¬®áâ¨ ¤«ï àï¤®¢:

a)
∞∑

n=1
ln 3n

2 + 1
n2

, ¡)
∞∑

n=1

n2

2n
.

�¥è¥­¨¥.  ) � ª ª ª

lim
n→∞ an = lim

n→∞ ln 3n
2 + 1
n2

= ln lim
n→∞

3n2 + 1
n2

= ln 3 6= 0 ,

­¥®¡å®¤¨¬ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ ­¥ ¢ë¯®«­ï¥âáï ¨ àï¤ à áå®¤¨âáï.
¡) �®«ì§ãïáì ¯à ¢¨«®¬ �®¯¨â «ï, ¢ëç¨á«¨¬ ¯à¥¤¥«:

lim
n→∞ an = lim

n→∞
n2

2n
= lim

n→∞
2n

2n ln 2 = lim
n→∞

2
2n(ln 2)2 = 0 .

�¥®¡å®¤¨¬ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ ¢ë¯®«­ï¥âáï, ­® ® áå®¤¨¬®áâ¨ àï¤ 
­¨ç¥£® ­¥«ì§ï áª § âì, ­ ¤® ¨áá«¥¤®¢ âì àï¤ ¤ «ìè¥.

�à¨¬¥à 4. � ©â¨ áã¬¬ã àï¤  ∞∑
n=1

1
n(n + 1)(n + 2) .
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�¥è¥­¨¥. �à¥¤áâ ¢¨¬ ®¡é¨© ç«¥­ àï¤  an ¢ ¢¨¤¥ áã¬¬ë ¯à®á-
â¥©è¨å ¤à®¡¥©

an = 1
n(n + 1)(n + 2) =

1
2

(1
n
− 2

n + 1 + 1
n + 2

)

.

�âáî¤ 
a1 =

1
2

(

1− 2
2 + 1

3

)

, a2 =
1
2

(1
2 − 2

3 + 1
4

)

,

a3 =
1
2

(1
3 − 2

4 + 1
5

)

, a4 =
1
2

(1
4 − 2

5 + 1
6

)

, . . .

Sn = 1
2

(

1− 2
2 + 1

3 + 1
2 − 2

3 + 1
4 + 1

3 − 2
4 + 1

5 + 1
4 − 2

5 + 1
6 + . . .

+ 1
n − 1 − 2

n
+ 1

n + 1 + 1
n
− 2

n + 1 + 1
n + 2

)

=

= 1
2

(1
2 − 1

n + 1 + 1
n + 2

)

.

�â ª, lim
n→∞Sn = 1

4; á«¥¤®¢ â¥«ì­® àï¤ áå®¤¨âáï ¨ ¨¬¥¥â áã¬¬ã 1
4.

�¯à ¦­¥­¨ï

� ¯¨á âì 4-5 ¯¥à¢ëå ç«¥­®¢ àï¤  ¯® ¨§¢¥áâ­®¬ã ®¡é¥¬ã ç«¥­ã an.
(�® ®¯à¥¤¥«¥­¨î, (2n− 1)!! = 1 · 3 · 5 . . . (2n− 1); (2n)!! = 2 · 4 · 6 . . . (2n);
0!! = 1 ).

1. an = 3n − 2
n2 + 1 . 2. an = (−1)nn

2n .

3. an = 2 + (−1)n
n! . 4. an = (2n)!!

n2 .

5. an = (−1)
n(n−1)

2 . 6. an = sin
πn

4 .

� ¯¨á âì ¯à®áâ¥©èãî ä®à¬ã«ã n-£® ç«¥­  àï¤  ¤«ï á«¥¤ãîé¨å
àï¤®¢:

7. 1 + 1
4 + 1

9 + 1
16 + . . . . 8. 13 + 1

6 + 1
9 + 1

12 + . . . .

9. 1 + 2
2 + 3

4 + 4
8 + . . . . 10. 34 + 4

9 + 5
16 + 6

25 + . . . .
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11. 1 + 1 · 3
1 · 2 + 2 · 4

1 · 2 · 3 + 3 · 5
1 · 2 · 3 · 4 + . . . .

12. 1 + 1 · 3
1 · 4 + 1 · 3 · 5

1 · 4 · 7 + 1 · 3 · 5 · 7
1 · 4 · 7 · 10 + . . . .

13. 1− 1 + 1− 1 + 1− . . . . 14. 25 + 4
8 + 6

11 + 8
14 + . . . .

� ©â¨ áã¬¬ë á«¥¤ãîé¨å àï¤®¢:

15.
∞∑

n=1

2
3n . 16.

∞∑

n=1

1
n(n + 1) . 17.

∞∑

n=1

1
4n2 − 1 .

18.
∞∑

n=1

1
(4n − 3)(4n + 1) . 19.

∞∑

n=1

3n + 4n

6n+1 . 20.
∞∑

n=1

n

3n .

�à®¢¥à¨âì, ¢ë¯®«­ï¥âáï «¨ ­¥®¡å®¤¨¬ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ ¤«ï
àï¤®¢:

21.
∞∑

n=1

2n
n + 1 . 22.

∞∑

n=1

3n + 1
4n + 3 . 23.

∞∑

n=1
cos

n + 1
n2 + 1 .

24.
∞∑

n=1
arctg

2n2
2n + 3 . 25.

∞∑

n=1

n2 + 1
n + 1 . 26.

∞∑

n=1

2n3 − n

3n + 1 .

1.1 �à¨§­ ª¨ áå®¤¨¬®áâ¨ ç¨á«®¢ëå àï¤®¢

�ãáâì § ¤ ­ àï¤ ∞∑
n=1

an (1) á ¯®«®¦¨â¥«ì­ë¬¨ ç«¥­ ¬¨ an > 0. �ã¦­®
®â¢¥â¨âì ­  ¢®¯à®á, áå®¤¨âáï ®­ ¨«¨ à áå®¤¨âáï. �«¥¤ãîé¨¥ ¤®áâ â®ç-
­ë¥ ¯à¨§­ ª¨ ¯®§¢®«ïîâ áã¤¨âì ®¡ íâ®¬.

�¥à¢ë© ¯à¨§­ ª áà ¢­¥­¨ï
�ãáâì ¤ ­ë àï¤ë

∞∑

n=1
an (1.1)

¨ ∞∑

n=1
bn (1.2)

á ¯®«®¦¨â¥«ì­ë¬¨ ç«¥­ ¬¨ an ≥ 0, bn ≥ 0, ¯à¨ç¥¬ 0 < an ≤ bn, ­ ç¨-
­ ï á ­¥ª®â®à®£® n ≥ N ≥ 1. �®£¤ 
1) ¨§ áå®¤¨¬®áâ¨ àï¤  (1.2) á«¥¤ã¥â áå®¤¨¬®áâì àï¤  (1.1);
2) ¨§ à áå®¤¨¬®áâ¨ àï¤  (1.1) á«¥¤ã¥â à áå®¤¨¬®áâì àï¤  (1.2).
�à ¢­¥­¨¥ ¨áá«¥¤ã¥¬ëå àï¤®¢ ¯à®¨§¢®¤¨âáï ®¡ëç­® á â ¡«¨ç­ë¬¨ àï-
¤ ¬¨:
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1.
∞∑

n=1
aqn−1, a 6= 0 (£¥®¬¥âà¨ç¥áª ï ¯à®£à¥áá¨ï, áå®¤ïé ïáï ¯à¨ |q| <

1 ¨ à áå®¤ïé ïáï ¯à¨ |q| ≥ 1);

2.
∞∑

n=1

1
n
(à áå®¤ïé¨©áï £ à¬®­¨ç¥áª¨© àï¤);

3.
∞∑

n=1

1
np (®¡®¡é¥­­ë© £ à¬®­¨ç¥áª¨© àï¤, áå®¤ïé¨©áï ¯à¨ p > 1 ¨

à áå®¤ïé¨©áï ¯à¨ p ≤ 1).

�à¨¬¥à 5. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤
∞∑

n=1

n

(n + 1)3n .

�¥è¥­¨¥. �à ¢­¨¢ ï ®¡é¨© ç«¥­ ¤ ­­®£® àï¤  á ®¡é¨¬ ç«¥­®¬
áå®¤ïé¥©áï £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

∞∑

n=1

1
3n , £¤¥ q = 1

3 < 1, § ¬¥ç ¥¬,
çâ®

n

(n + 1)3n <
1
3n ¯à¨ ¢á¥å n ≥ 1 .

�«¥¤®¢ â¥«ì­®, ¨áá«¥¤ã¥¬ë© àï¤ áå®¤¨âáï ¯® ¯¥à¢®¬ã ¯à¨§­ ªã áà ¢-
­¥­¨ï.

�à¨¬¥à 6. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤
∞∑

n=2

1
lnn

.

�¥è¥­¨¥. � ª ª ª 1
lnn

>
1
n
¤«ï n ≥ 2,   1

n
| ®¡é¨© ç«¥­ à áå®-

¤ïé¥£®áï £ à¬®­¨ç¥áª®£® àï¤ , â® ¢ á¨«ã ¯¥à¢®£® ¯à¨§­ ª  áà ¢­¥­¨ï
¤ ­­ë© àï¤ à áå®¤¨âáï.

�â®à®© ¯à¨§­ ª áà ¢­¥­¨ï
�áá«¥¤ã¥âáï ­  áå®¤¨¬®áâì àï¤

∞∑

n=1
an (1.1). �§¢¥áâ­® ¯®¢¥¤¥­¨¥

àï¤ 
∞∑

n=1
bn (1.2). �á«¨ áãé¥áâ¢ã¥â ª®­¥ç­ë© ¨ ®â«¨ç­ë© ®â ­ã«ï ¯à¥¤¥«

lim
n→∞

an

bn
= k (k 6= 0,∞) ,

â® àï¤ë ¨«¨ ®¡  áå®¤ïâáï, ¨«¨ ®¡  à áå®¤ïâáï (â.¥. ¢¥¤ãâ á¥¡ï ®¤¨­ -
ª®¢®).

�à¨¬¥à 7. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤
∞∑

n=2

1
n + lnn

.

�¥è¥­¨¥. �à ¢­¥­¨¥ á £ à¬®­¨ç¥áª¨¬ àï¤®¬ ¯® ¯¥à¢®¬ã ¯à¨-
§­ ªã áà ¢­¥­¨ï §¤¥áì ­¨ç¥£® ­¥ ¤ ¥â, â ª ª ª 1

n + lnn
<

1
n
¤«ï «î-

¡®£® n ≥ 2, ¨ ­¨ª ª®£® § ª«îç¥­¨ï ® áå®¤¨¬®áâ¨ ¤ ­­®£® àï¤  á¤¥-
« âì ­¥«ì§ï. �®á¯®«ì§ã¥¬áï ¢â®àë¬ ¯à¨§­ ª®¬ áà ¢­¥­¨ï, ¯®« £ ï
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an =
1

n + lnn
; bn =

1
n
(£ à¬®­¨ç¥áª¨© àï¤). �®£¤ 

lim
n→∞

an

bn
= lim

n→∞
1/(n + lnn)

1/n = lim
n→∞

1
lnn
n + 1 = 1 6= 0 .

�®«ãç¥­ ª®­¥ç­ë© ¨ ®â«¨ç­ë© ®â ­ã«ï ¯à¥¤¥«. �à ¢­¨¢ ¥¬ë¥ àï¤ë
¢¥¤ãâ á¥¡ï ®¤¨­ ª®¢®, ¨ â ª ª ª £ à¬®­¨ç¥áª¨© àï¤ à áå®¤¨âáï, â®
à áå®¤¨âáï ¨ ¤ ­­ë© àï¤.

�à¨§­ ª � « ¬¡¥à 
�ãáâì áãé¥áâ¢ã¥â ¯à¥¤¥«

lim
n→∞

an+1
an

= q ,

â®£¤  àï¤
∞∑

n=1
an (1.1) áå®¤¨âáï, ¥á«¨ q < 1 ¨ à áå®¤¨âáï ¯à¨ q > 1 (¯à¨

q = 1 àï¤ ¬®¦¥â áå®¤¨âìáï ¨«¨ à áå®¤¨âìáï|¢ íâ®¬ á«ãç ¥ ¢®¯à®á ®
áå®¤¨¬®áâ¨ àï¤  ®áâ ¥âáï ®âªàëâë¬).

�à¨¬¥à 8. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤
∞∑

n=1

2n

n! .
�¥è¥­¨¥. �¤¥áì

an =
2n

n! , an+1 =
2n+1

(n + 1)! .

�à¨¬¥­ï¥¬ ¯à¨§­ ª � « ¬¡¥à .

q = lim
n→∞

an+1
an

= lim
n→∞

2n+1n!
2n(n + 1)! = lim

n→∞
2

n + 1 = 0 < 1 ,

¨,á«¥¤®¢ â¥«ì­®, àï¤ áå®¤¨âáï.
� ¤¨ª «ì­ë© ¯à¨§­ ª �®è¨
�ãáâì áãé¥áâ¢ã¥â ¯à¥¤¥«

lim
n→∞

n

√
an = q ,

â® ¯à¨ q < 1 àï¤
∞∑

n=1
an (1.1) áå®¤¨âáï, a ¯à¨ q > 1|à áå®¤¨âáï (¯à¨

q = 1 ¢®¯à®á ® áå®¤¨¬®áâ¨ àï¤  ®áâ ¥âáï ®âªàëâë¬).
�à¨¬¥à 9. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤

∞∑

n=1

(

n + 1
3n + 2

)n

.
�¥è¥­¨¥. �à¨¬¥­ï¥¬ ¯à¨§­ ª �®è¨ ¢ ¯à¥¤¥«ì­®© ä®à¬e:

q = lim
n→∞

n

√
an = lim

n→∞
n
√
√
√
√

(

n + 1
3n + 2

)n
= lim

n→∞
n + 1
3n + 2 = 1

3 < 1;
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â ª ª ª q < 1, â® ¤ ­­ë© àï¤ áå®¤¨âáï.
�­â¥£à «ì­ë© ¯à¨§­ ª �®è¨
�ãáâì ®¡é¨© ç«¥­ àï¤  (1.1) an = f(n) > 0. �á«¨ äã­ªæ¨ï f(x),

¯à¨­¨¬ îé ï ¢ â®çª å x = n, n = 1, 2, 3, . . . §­ ç¥­¨ï an = f(n),
¬®­®â®­­® ã¡ë¢ ¥â ¢ ­¥ª®â®à®¬ ¯à®¬¥¦ãâª¥ a < x < ∞, £¤¥ a ≥ 1,
â® àï¤ (1.1) ¨ ­¥á®¡áâ¢¥­­ë© ¨­â¥£à «

∞∫
a

f(x) dx ®¡  áå®¤ïâáï ¨«¨ ®¡ 
à áå®¤ïâáï (â.¥. ¢¥¤ãâ á¥¡ï ®¤¨­ ª®¢®).

�à¨¬¥à 10. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤
∞∑

n=2

1
n lnn

.
�¥è¥­¨¥.�à¨¬¥­ï¥¬ ¨­â¥£à «ì­ë© ¯à¨§­ ª �®è¨. � ª ª ª an =

1
n lnn

, â® äã­ªæ¨¥©, ¯à¨­¨¬ îé¥© ¢ â®çª å x = n §­ ç¥­¨ï an = f(n),

¡ã¤¥â äã­ªæ¨ï f(x) = 1
x lnx

. �­  ­¥¯à¥àë¢­  ¢ ¯à®¬¥¦ãâª¥ 2 ≤ x < ∞
¨ ¬®­®â®­­® ¢ ­¥¬ ã¡ë¢ ¥â. �ëç¨á«¨¬ ­¥á®¡áâ¢¥­­ë© ¨­â¥£à «:

∞∫

2

1
x ln x

dx = lim
b→∞

b∫

2

1
lnx

dlnx = lim
b→∞

(ln ln b − ln ln 2) = ∞ .

�­â¥£à « à áå®¤¨âáï. �§ ¥£® à áå®¤¨¬®áâ¨ á«¥¤ã¥â à áå®¤¨¬®áâì ¨
¤ ­­®£® àï¤ .

�®áâ â®ç­ë© ¯à¨§­ ª à áå®¤¨¬®áâ¨ àï¤ 
�ãáâì ç«¥­ë àï¤  (1.1) ­¥®âà¨æ â¥«ì­ë. �á«¨ áãé¥áâ¢ã¥â ¯à¥¤¥«

lim
n→∞nan 6= 0, â® àï¤ (1.1) à áå®¤¨âáï.

�¯à ¦­¥­¨ï

� ¯®¬®éìî ¯à¨§­ ª®¢ áà ¢­¥­¨ï ¨áá«¥¤®¢ âì ­  áå®¤¨¬®áâì á«¥-
¤ãîé¨¥ àï¤ë:

27.
∞∑

n=1

1
2n − 1 . 28.

∞∑

n=1

n

2n2 + 1 . 29.
∞∑

n=1

1
2n + 3 .

30.
∞∑

n=1

2
n2 + 1 . 31.

∞∑

n=1

3n − 1
n3 + n

. 32.
∞∑

n=1

1
n2n .

33.
∞∑

n=1

√
n3

3√
n4 + 1

. 34.
∞∑

n=1

1
5√
n4 4√n + 1

. 35.
∞∑

n=1
2n sin π

4n .

36.
∞∑

n=1

n2 + 4
(n2 + 2)2n . 37.

∞∑

n=1
tg2

π

4
√

n
. 38.

∞∑

n=1
2narctg

5
3n .
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39.
∞∑

n=1

3
√

n

(n + 1)
√

n
. 40.

∞∑

n=1

1
n + n n

√
n

. 41.
∞∑

n=1

1
n2 + lnn

.

42.
∞∑

n=1
ln

(

1 + 1
4√
n5

)

. 43.
∞∑

n=1
(
√

n −
√

n − 1) . 44.
∞∑

n=1

lnn
4√
n5

.

� ¯®¬®éìî ¯à¨§­ ª  � « ¬¡¥à  ¨áá«¥¤®¢ âì ­  áå®¤¨¬®áâì á«¥-
¤ãîé¨¥ àï¤ë:

45.
∞∑

n=1

n

2n . 46.
∞∑

n=1

3n

n2
. 47.

∞∑

n=1

1
n ! .

48.
∞∑

n=1

n + 1
(n + 1) ! . 49.

∞∑

n=1

3n

(2n) ! . 50.
∞∑

n=1

2n

(3n − 1) ! .

51.
∞∑

n=1

n !
nn . 52.

∞∑

n=1

(2n − 1) !
n ! . 53.

∞∑

n=1
n2 sin π

2n .

54.
∞∑

n=1
3ntg

1
n2

. 55.
∞∑

n=1

√
n

(3n + 1) ! . 56.
∞∑

n=1

√

(n2 + 1)3n

n · 2n/2 .

57.
∞∑

n=1

2 · 5 · 8 . . . (3n − 1)
1 · 5 · 9 . . . (4n − 3) . 58.

∞∑

n=1

7 · 13 · 19 . . . (6n + 1)
1 · 8 · 27 . . . n3

.

�áá«¥¤®¢ âì ­  áå®¤¨¬®áâì á«¥¤ãîé¨¥ àï¤ë á ¯®¬®éìî à ¤¨-
ª «ì­®£® ¯à¨§­ ª  �®è¨:

59.
∞∑

n=1

(

n

2n + 1

)n

. 60.
∞∑

n=1

(

n + 1
3n − 1

)n

. 61.
∞∑

n=1




2n2 + 1
n2 + 1





n

.

62.
∞∑

n=1

(3n + 1
2n + 5

)n2

. 63.
∞∑

n=1

(

n

10n + 5

)n2

. 64.
∞∑

n=1

(

n + 2
n

)n2

.

65.
∞∑

n=1

1
lnn(n + 1) . 66.

∞∑

n=1

(n + 1)n2

nn23n
. 67.

∞∑

n=1

(

n + 1
n

)n

.

68.
∞∑

n=1

nn+2

(2n2 + 1)n/2 . 69.
∞∑

n=1
sin





√
n

n + 1





n

. 70.
∞∑

n=1




n2 + 3
n2 − 1





n2+2n
.

�áá«¥¤®¢ âì ­  áå®¤¨¬®áâì á«¥¤ãîé¨¥ àï¤ë á ¯®¬®éìî ¨­â¥£-
à «ì­®£® ¯à¨§­ ª  �®è¨:
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71.
∞∑

n=2

1
n lnn

. 72.
∞∑

n=2

1
n ln2 n

. 73.
∞∑

n=1

√

ln(n + 1)
n + 1 .

74.
∞∑

n=2

1
(n + 3) ln3 n

. 75.
∞∑

n=1

n

n2 + 4 . 76.
∞∑

n=1

n

2n2 .

77.
∞∑

n=1

e−
√

n

√
n

. 78.
∞∑

n=1

lnn

n(ln4 n + 1) . 79.
∞∑

n=1

31/n

n2 .

80.
∞∑

n=1

1
n ln2(3n + 1) . 81.

∞∑

n=4

n + 1
3n2 ln(n − 2) . 82.

∞∑

n=1

1
n2 lnn .

�áá«¥¤®¢ âì ­  áå®¤¨¬®áâì á«¥¤ãîé¨¥ àï¤ë à §«¨ç­ë¬¨ á¯®á®-
¡ ¬¨:

83.
∞∑

n=1

nn

lnn(n + 1) . 84.
∞∑

n=1

1
(2n − 1) 3√

n2 + 2
.

85.
∞∑

n=1

(1 + n

n

)n/3
. 86.

∞∑

n=1

2n + 1
n3 .

87.
∞∑

n=4

1
n lnn ln lnn

. 88.
∞∑

n=1
arctgn 1

n
.

89.
∞∑

n=1

lnn√
n

. 90.
∞∑

n=1

1 · 4 · 7 . . . (3n − 2)
2 · 7 · 12 . . . (5n − 3) .

91.
∞∑

n=1
sin 1

n2 . 92.
∞∑

n=1
ln

(

1 + 1
n

)

.

93.
∞∑

n=1

( 2 + 3n
2 + 3n2

)2
. 94.

∞∑

n=2

1
n 3
√

n −
√

n
.

95.
∞∑

n=1
(1− cos π

n
) . 96.

∞∑

n=1

3
√

n

(2n − 1)(5 3
√

n − 1) .

97.
∞∑

n=1

2nn!
nn . 98.

∞∑

n=1

3nn!
nn .

99.
∞∑

n=1

(

1− lnn

n

)n

. 100.
∞∑

n=2

n

(n2 − 3) ln4 n
.
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101.
∞∑

n=1

1
n + 1(e

1/ 3√n − 1) . 102.
∞∑

n=1

n2 + 4
n3 + sin 3n .

1.2 �­ ª®ç¥à¥¤ãîé¨¥áï ¨ §­ ª®¯¥à¥¬¥­­ë¥ àï¤ë. �¡á®«îâ-
­ ï ¨ ãá«®¢­ ï áå®¤¨¬®áâì

�ï¤
∞∑

n=1
an . (1.3)

á ç«¥­ ¬¨ ¯à®¨§¢®«ì­ëå §­ ª®¢ ­ §ë¢ ¥âáï §­ ª®¯¥à¥¬¥­­ë¬.
�á«¨ §­ ª®¯¥à¥¬¥­­ë© àï¤ á®¤¥à¦¨â ª®­¥ç­®¥ ç¨á«® ®âà¨æ â¥«ì-

­ëå (¯®«®¦¨â¥«ì­ëå) ç«¥­®¢, â® ¥£® ¨áá«¥¤®¢ ­¨¥ ­  áå®¤¨¬®áâì á¢®-
¤¨âáï ª ¨áá«¥¤®¢ ­¨î §­ ª®¯®«®¦¨â¥«ì­®£® àï¤ , â ª ª ª ®â¡à áë¢ -
­¨¥ ®â àï¤  ª®­¥ç­®£® ç¨á«  ­ ç «ì­ëå ç«¥­®¢ ­¥ ­ àãè ¥â ¥£® áå®¤¨-
¬®áâ¨ ¨«¨ à áå®¤¨¬®áâ¨. � ª¨¬ ®¡à §®¬, áãé¥áâ¢¥­­® ­®¢ë¬ á«ãç ¥¬
¡ã¤¥â â®â, ª®£¤  áà¥¤¨ ç«¥­®¢ àï¤  ¥áâì ¡¥áª®­¥ç­®¥ ª®«¨ç¥áâ¢® ª ª
¯®«®¦¨â¥«ì­ëå â ª ¨ ®âà¨æ â¥«ì­ëå ç«¥­®¢.

�ï¤ (1.3) ­ §ë¢ ¥âáï  ¡á®«îâ­® áå®¤ïé¨¬áï, ¥á«¨ áå®¤¨âáï
àï¤

∞∑

n=1
|an| , (1.4)

á®áâ ¢«¥­­ë© ¨§ ¬®¤ã«¥© ç«¥­®¢ ¤ ­­®£® àï¤ .
�ï¤ (1.3) ­ §ë¢ ¥âáï ãá«®¢­® áå®¤ïé¨¬áï, ¥á«¨ ®­ áå®¤¨âáï,  

àï¤ (1.4), á®áâ ¢«¥­­ë© ¨§ ¬®¤ã«¥© ¥£® ç«¥­®¢, à áå®¤¨âáï.
�â­®á¨â¥«ì­® §­ ª®¯¥à¥¬¥­­ëå  ¡á®«îâ­® áå®¤ïé¨åáï àï¤®¢

¨¬¥¥â ¬¥áâ® á«¥¤ãîé¥¥ á¢®©áâ¢®:
�¡á®«îâ­® áå®¤ïé¨©áï àï¤ ®áâ ¥âáï áå®¤ïé¨¬áï ¨ ­¥ ¬¥­ï¥â

¢¥«¨ç¨­ë á¢®¥© áã¬¬ë ¯à¨ «î¡®© ¯¥à¥áâ ­®¢ª¥ ¥£® ç«¥­®¢ (¯¥à¥-
¬¥áâ¨â¥«ì­®¥ á¢®©áâ¢®). �á«®¢­® áå®¤ïé¨¥áï àï¤ë ¯¥à¥¬¥áâ¨â¥«ì­ë¬
á¢®©áâ¢®¬ ­¥ ®¡« ¤ îâ.

�«ï ¨áá«¥¤®¢ ­¨ï §­ ª®¯¥à¥¬¥­­®£® àï¤  (1.3) ­   ¡á®«îâ­ãî
áå®¤¨¬®áâì ¬®¦­® ¯à¨¬¥­ïâì «î¡®© ¨§ ¯à¨§­ ª®¢ áå®¤¨¬®áâ¨ ¤«ï §­ -
ª®¯®«®¦¨â¥«ì­®£® àï¤  (1.4). � ç áâ­®áâ¨, àï¤ (1.3) áå®¤¨âáï  ¡á®-
«îâ­®, ¥á«¨

lim
n→∞

∣
∣
∣
∣
∣

an+1
an

∣
∣
∣
∣
∣
= q < 1 ¨«¨ lim

n→∞
n

√

|an| = q < 1 .
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� ®¡é¥¬ á«ãç ¥ ¨§ à áå®¤¨¬®áâ¨ àï¤  (1.4) ­¥ á«¥¤ã¥â à áå®¤¨-
¬®áâì àï¤  (1.3). �® ¥á«¨ lim

n→∞

∣
∣
∣
∣
∣

an+1
an

∣
∣
∣
∣
∣
> 1 ¨«¨ lim

n→∞
n

√

|an| > 1, â® à áå®-
¤ïâáï ª ª àï¤ (1.4), â ª ¨ àï¤ (1.3).

�áá«¥¤®¢ âì ­  áå®¤¨¬®áâì §­ ª®¯¥à¥¬¥­­ë© àï¤ | §­ -
ç¨â ­¥ â®«ìª® ®â¢¥â¨âì ­  ¢®¯à®á, áå®¤¨âáï ®­ ¨«¨ à áå®¤¨âáï,
­® ¨ ª ª áå®¤¨âáï:  ¡á®«îâ­® ¨«¨ ãá«®¢­®.

�à¨¬¥à 11. �áá«¥¤®¢ âì áå®¤¨¬®áâì àï¤ 

1−
(2
3

)2
−

(3
5

)3
+

(4
7

)4
+ . . . + (−1)n(n−1)

2

(

n

2n − 1

)n

+ . . . .

�¥è¥­¨¥. �®áâ ¢¨¬ àï¤ ¨§ ¬®¤ã«¥© ç«¥­®¢ ¤ ­­®£® àï¤ :

1 +
(2
3

)2
+

(3
5

)3
+

(4
7

)4
+ . . . +

(

n

2n − 1

)n

+ . . . .

� ª ª ª (¯® à ¤¨ª «ì­®¬ã ¯à¨§­ ªã �®è¨)

lim
n→∞

n

√

|an| = lim
n→∞

n
√
√
√
√

(

n

2n − 1

)n
=

= lim
n→∞

n

2n − 1 = lim
n→∞

1
2− 1

n

= 1
2 < 1 ,

â® àï¤ ¨§ ¬®¤ã«¥© áå®¤¨âáï. �«¥¤®¢ â¥«ì­®, áå®¤¨âáï ¨ §­ ª®¯¥à¥¬¥­-
­ë© àï¤, ¨ ¯à¨â®¬  ¡á®«îâ­®.

�­ ª®ç¥à¥¤ãîé¨¥áï àï¤ë
�à¥¤¨ §­ ª®¯¥à¥¬¥­­ëå àï¤®¢ ®á®¡® ¢ë¤¥«ïîâ ª« áá §­ ª®ç¥à¥-

¤ãîé¨åáï àï¤®¢. �ï¤

u1 − u2 + u3 − u4 + . . . + (−1)n−1un + . . . =
∞∑

n=1
(−1)n−1un , (1.5)

£¤¥ un > 0, n = 1, 2, 3, . . ., ­ §ë¢ ¥âáï §­ ª®ç¥à¥¤ãîé¨¬áï.
�à¨§­ ª �¥©¡­¨æ . �á«¨ ¤«ï §­ ª®ç¥à¥¤ãîé¥£®áï àï¤  (1.5)

¢á¥ ç«¥­ë ¬®­®â®­­® ã¡ë¢ îâ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥:

|un| > |un+1| (n = 1, 2, 3, . . .)

¨ ¯à¨ íâ®¬ lim
n→∞un = 0, â® àï¤ (1.5) áå®¤¨âáï.

�«ï ®áâ âª  àï¤  Rn ¢ íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢  ®æ¥­ª  |Rn| ≤
un+1.
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� ¬¥ç ­¨¥.
�áá«¥¤®¢ ­¨¥ áå®¤¨¬®áâ¨ §­ ª®ç¥à¥¤ãîé¨åáï àï¤®¢, ª ª ç áâ-

­®£® á«ãç ï §­ ª®¯¥à¥¬¥­­ëå àï¤®¢, ­ ç¨­ îâ á ¨áá«¥¤®¢ ­¨ï ¨å  ¡-
á®«îâ­®© áå®¤¨¬®áâ¨. �á«¨  ¡á®«îâ­®© áå®¤¨¬®áâ¨ ­¥â, â®, ¯à¨¬¥-
­ïï ¯à¨§­ ª �¥©¡­¨æ , ¨áá«¥¤ãîâ ¤ ­­ë© §­ ª®ç¥à¥¤ãîé¨©áï àï¤ ­ 
ãá«®¢­ãî áå®¤¨¬®áâì.

�à¨¬¥à 12. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤
∞∑

n=1

(−n)n
(2n)! .

�¥è¥­¨¥. �à¥¦¤¥ ¢á¥£® ¨áá«¥¤ã¥¬ ¤ ­­ë© §­ ª®ç¥à¥¤ãîé¨©áï
àï¤ ­   ¡á®«îâ­ãî áå®¤¨¬®áâì. �«ï íâ®£® á®áâ ¢¨¬ àï¤ ¨§ ¬®¤ã«¥©
ç«¥­®¢ ¤ ­­®£® àï¤ :

∞∑

n=1

nn

(2n)! . �à¨¬¥­¨¬ ª íâ®¬ã àï¤ã ¯à¨§­ ª � -
« ¬¡¥à :

lim
n→∞

∣
∣
∣
∣
∣

an+1
an

∣
∣
∣
∣
∣
= lim

n→∞
(n + 1)n+1(2n)!
(2n + 2)!nn

=

= lim
n→∞ (n + 1)

(

n + 1
n

)n (2n)!
(2n + 2)(2n + 1)(2n)! =

= lim
n→∞

(

1 + 1
n

)n 1
2(2n + 1) = e lim

n→∞
1

2(2n + 1) = e · 0 = 0 < 1 .

�ï¤ ¨§ ¬®¤ã«¥© áå®¤¨âáï. �«¥¤®¢ â¥«ì­®, ¨áå®¤­ë© àï¤ áå®¤¨âáï  ¡-
á®«îâ­®.

�à¨¬¥à 13. �áá«¥¤®¢ âì ­  áå®¤¨¬®áâì àï¤
∞∑

n=1

(−1)n−1√
n

.

�¥è¥­¨¥. �«ï ¨áá«¥¤®¢ ­¨ï ¤ ­­®£® §­ ª®ç¥à¥¤ãîé¥£®áï àï¤ 
­   ¡á®«îâ­ãî áå®¤¨¬®áâì á®áâ ¢¨¬ àï¤ ¨§ ¬®¤ã«¥© ¥£® ç«¥­®¢:
∞∑

n=1

1√
n
. �â®â àï¤ à áå®¤¨âáï ª ª ®¡®¡é¥­­ë© £ à¬®­¨ç¥áª¨© á ¯®ª -

§ â¥«¥¬ p = 1
2 < 1. �«¥¤®¢ â¥«ì­®,  ¡á®«îâ­®© áå®¤¨¬®áâ¨ ­¥â. �á-

á«¥¤ã¥¬ ¨áå®¤­ë© àï¤ ­  ãá«®¢­ãî áå®¤¨¬®áâì. � ª ª ª 1 >
1√
2

>

1√
3

> . . . >
1√
n

>
1√

n + 1
. . . (ç«¥­ë àï¤  ¬®­®â®­­® ã¡ë¢ îâ) ¨

lim
n→∞

1√
n
= 0, â® ¯® ¯à¨§­ ªã �¥©¡­¨æ  ¤ ­­ë© àï¤ áå®¤¨âáï ãá«®¢­®.

�¯à ¦­¥­¨ï

�áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî áå®¤¨¬®áâ¨ á«¥¤ãîé¨¥
§­ ª®ç¥à¥¤ãîé¨¥áï àï¤ë:
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103.
∞∑

n=1

(−1)n
n

. 104.
∞∑

n=1

(−1)n
n(n + 1) .

105.
∞∑

n=2

(−1)n
lnn

. 106.
∞∑

n=1
(−1)n 2n

3n + 2 .

107.
∞∑

n=1

(−1)n+1
n · 7n . 108.

∞∑

n=1

(−1)n−1
(3n − 2)! .

109.
∞∑

n=1

(

− 2n
3n + 5

)n

. 110.
∞∑

n=1
(−1)n sin 10

n
.

111.
∞∑

n=3

(−1)n−1
n lnn(ln lnn)2 . 112.

∞∑

n=1

(−1)n−1√
n 5

√

(n + 1)3
.

113.
∞∑

n=1
(−1)n−1tg 1

4n . 114.
∞∑

n=1

(−3)n
(2n + 1)n .

115.
∞∑

n=1

(−1)n−1
n2 sin

√
n

n + 1 . 116.
∞∑

n=1

(−1)n−1(n!)2
(2n)! .

117.
∞∑

n=1
(−1)n5

n n!
nn . 118.

∞∑

n=1

(−1)n−1n
5n − n2 .

119.
∞∑

n=1
(−1)n2 + (−1)n

n
. 120.

∞∑

n=1
(−1)n

sin2 1
n

n
.

121.
∞∑

n=1
(−1)n 1 · 4 · 7 . . . (3n − 2)

7 · 9 · 11 . . . (2n + 5) .

122.
∞∑

n=1
(−1)n3 · 5 · 7 . . . (2n + 1)

2 · 5 · 8 . . . (3n − 1) .

�áá«¥¤®¢ âì ­   ¡á®«îâ­ãî ¨ ãá«®¢­ãî áå®¤¨¬®áâì á«¥¤ãîé¨¥
§­ ª®¯¥à¥¬¥­­ë¥ àï¤ë:

123. 12 − 1
5 − 1

10 + 1
17 − 1

26 − 1
37 + . . . .

124. 2− 22
2! −

23
3! +

24
4! +

25
5! +

26
6! − . . . .
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125.
∞∑

n=1
(−1)n(n−1)

2 · n

3n . 126.
∞∑

n=1

lnn

n
sin π

4n .

127.
∞∑

n=1

(−1)
n(n−1)

2 2n

(2n + 1)! . 128.
∞∑

n=1
(−1)n · 2 + (−1)n

n
.

129.
∞∑

n=2

(−1)n
3
√

n + (−1)n . 130.
∞∑

n=1

(−1)n cos an
4√
n3 + 1

.

2 �ã­ªæ¨®­ «ì­ë¥ àï¤ë

2.1 �ã­ªæ¨®­ «ì­ë¥ àï¤ë. � ¢­®¬¥à­ ï áå®¤¨¬®áâì

�ï¤
f1(x) + f2(x) + . . . + fn(x) + . . . =

∞∑

n=1
fn(x), (2.1)

ç«¥­ ¬¨ ª®â®à®£® ï¢«ïîâáï äã­ªæ¨¨ ®â  à£ã¬¥­â  x, ®¯à¥¤¥«¥­­ë¥ ­ 
­¥ª®â®à®¬ ¬­®¦¥áâ¢¥ D, ­ §ë¢ ¥âáï äã­ªæ¨®­ «ì­ë¬. �á«¨ ¯®¤-
áâ ¢«ïâì ¢ àï¤ (2.1) ®¯à¥¤¥«¥­­ë¥ ç¨á«®¢ë¥ §­ ç¥­¨ï x ∈ D, â® ¡ã¤ãâ
¯®«ãç âìáï à §«¨ç­ë¥ ç¨á«®¢ë¥ àï¤ë, ª ª áå®¤ïé¨¥áï, â ª ¨ à áå®¤ï-
é¨¥áï.

�­®¦¥áâ¢® â¥å §­ ç¥­¨© x ∈ D, ¤«ï ª®â®àëå äã­ªæ¨®­ «ì­ë©
àï¤ áå®¤¨âáï, ­ §ë¢ ¥âáï ®¡« áâìî áå®¤¨¬®áâ¨ ¤ ­­®£® àï¤ . � §-
«¨ç îâ ®¡« áâ¨  ¡á®«îâ­®© ¨ ãá«®¢­®© áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®£®
àï¤ .

�ã­ªæ¨ï

S(x) = lim
n→∞Sn(x), £¤¥ Sn(x) = f1(x) + f2(x) + . . . + fn(x) ,

  x ¯à¨­ ¤«¥¦¨â ®¡« áâ¨ áå®¤¨¬®áâ¨, ­ §ë¢ ¥âáï áã¬¬®© àï¤ ,  
Rn(x) = S(x)− Sn(x) | ®áâ âª®¬ àï¤ .

�«ï ­ å®¦¤¥­¨ï ®¡« áâ¥© áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­ëå àï¤®¢
¬®¦­® ¨á¯®«ì§®¢ âì ¤®áâ â®ç­ë¥ ¯à¨§­ ª¨ áå®¤¨¬®áâ¨ ç¨á«®¢ëå àï-
¤®¢, áç¨â ï å ä¨ªá¨à®¢ ­­ë¬.

�à¨¬¥à 14. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ àï¤ 
∞∑

n=1

(−1)n−1
nx .

�¥è¥­¨¥. �«ï å > 1 ¤ ­­ë© äã­ªæ¨®­ «ì­ë© àï¤ áå®¤¨âáï  ¡-
á®«îâ­®, â ª ª ª ¤«ï íâ¨å x áå®¤¨âáï àï¤

∞∑

n=1

1
nx , á®áâ ¢«¥­­ë© ¨§  ¡-

á®«îâ­ëå ¢¥«¨ç¨­ ç«¥­®¢ ¤ ­­®£® àï¤  (ª ª ®¡®¡é¥­­ë© £ à¬®­¨ç¥á-
ª¨© àï¤ c p = x > 1). �«ï ª ¦¤®£® x ¨§ ¯à®¬¥¦ãâª  0 < x ≤ 1 ®­
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áå®¤¨âáï ãá«®¢­®, ª ª §­ ª®ç¥à¥¤ãîé¨©áï ¨ ã¤®¢«¥â¢®àïîé¨© ¯à¨-
§­ ªã �¥©¡­¨æ ; ¯à¨ x ≤ 0 | à áå®¤¨âáï, ª ª ­¥ã¤®¢«¥â¢®àïîé¨© ­¥-
®¡å®¤¨¬®¬ã ¯à¨§­ ªã áå®¤¨¬®áâ¨. � ª¨¬ ®¡à §®¬, ®¡« áâì áå®¤¨¬®áâ¨
¤ ­­®£® àï¤  å à ªâ¥à¨§ã¥âáï ­¥à ¢¥­áâ¢®¬ å > 0.

�à¨¬¥à 15. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ àï¤ 
∞∑

n=1
lnn x.

�¥è¥­¨¥. � ­­ë© àï¤ ¯à¥¤áâ ¢«ï¥â á®¡®© ¡¥áª®­¥ç­ãî £¥®¬¥â-
à¨ç¥áªãî ¯à®£à¥áá¨î á® §­ ¬¥­ â¥«¥¬ q = ln x. � ª ª ª ¯à®£à¥áá¨ï
áå®¤¨âáï «¨èì ¯à¨ | q | < 1, â® àï¤ áå®¤¨âáï, ¨ ¯à¨â®¬  ¡á®«îâ­®,
¯à¨ | ln x | < 1, â.¥. ¯à¨ −1 < lnx < 1, ¨, á«¥¤®¢ â¥«ì­®, ­¥à ¢¥­áâ¢®
1
e

< x < e ®¯à¥¤¥«ïeâ ®¡« áâì áå®¤¨¬®áâ¨ àï¤ .

�à¨¬¥à 16. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ àï¤ 
∞∑

n=1

(x − 3)n

nn .
�áá«¥¤ã¥¬ àï¤ ­   ¡á®«îâ­ãî áå®¤¨¬®áâì á ¯®¬®éìî ¯à¨§­ ª 

�®è¨:

lim
n→∞

n
√

| fn(x) | = lim
n→∞

n
√
√
√
√| x − 3 |n

nn
=

= lim
n→∞

| x − 3 |
n

= 0 < 1

¤«ï «î¡®£® x. �«¥¤®¢ â¥«ì­®, àï¤ áå®¤¨âáï  ¡á®«îâ­® ¢ ¡¥áª®­¥ç­®¬
¯à®¬¥¦ãâª¥ −∞ < x < ∞.

� ¢­®¬¥à­ ï áå®¤¨¬®áâì.
�ã­ªæ¨®­ «ì­ë© àï¤ (2.1) áå®¤¨âáï ª áã¬¬¥ S(x) ­  ­¥ª®â®-

à®¬ ¬­®¦¥áâ¢¥ {x} à ¢­®¬¥à­®, ¥á«¨ ¤«ï «î¡®£® ǫ > 0 áãé¥áâ-
¢ã¥â â ª®¥ ç¨á«® N(ǫ) > 0 ¨ ­¥ § ¢¨áïé¥¥ ®â å, çâ® ¯à¨ n ≥ N(ǫ)
¤«ï ¢á¥å å ¨§ ¤ ­­®£® ¬­®¦¥áâ¢  {x} ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
| S(x)− Sn(x) | = | Rn(x) | < ǫ, £¤¥ Rn(x) | ®áâ â®ª ¤ ­­®£® àï¤ .

�à¨§­ ª �¥©¥àèâà áá .
�á«¨ | fn(x) | ≤ Cn ¤«ï «î¡®£® n = 1, 2, . . . ¨ ¤«ï «î¡®£® x ∈ {x},   ç¨á-
«®¢®© àï¤ ∞∑

n=1
Cn áå®¤¨âáï, â® äã­ªæ¨®­ «ì­ë© àï¤ (2.1) áå®¤¨âáï ­ 

¬­®¦¥áâ¢¥ {x}  ¡á®«îâ­® ¨ à ¢­®¬¥à­®. �à¨ íâ®¬ áå®¤ïé¨©áï ç¨á«®-
¢®© àï¤ ∞∑

n=1
Cn ­ §ë¢ ¥âáï ¬ ¦®à¨àãîé¨¬ àï¤®¬.

�à¨¬¥à 17. �áâ ­®¢¨âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 
∞∑

n=1

cosnx

n2
.
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�¥è¥­¨¥. �«ï ¢á¥å §­ ç¥­¨© x á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

| cosnx/n2 | ≤ 1/n2 ,

¯®áª®«ìªã | cosnx | ≤ 1. � ª ª ª àï¤
∞∑

n=1

1
n2 | áå®¤ïé¨©áï, â® ¤ ­-

­ë© äã­ªæ¨®­ «ì­ë© àï¤, ¯® ¯à¨§­ ªã �¥©¥àèâà áá , áå®¤¨âáï à ¢-
­®¬¥à­® ­  ¢á¥© ç¨á«®¢®© ¯àï¬®© x ∈ (−∞,∞).

�¯à ¦­¥­¨ï

� ©â¨ ®¡« áâ¨ áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­ëå àï¤®¢:

131.
∞∑

n=1

1
nx . 132.

∞∑

n=1

1
n2x+1 . 133.

∞∑

n=1

1
n|2x−1| .

134.
∞∑

n=1

(

n

2

)x

. 135.
∞∑

n=1

(−1)n
n3x−2 . 136.

∞∑

n=1

e−n2x2

n2 .

137.
∞∑

n=1

1
2n sinx . 138.

∞∑

n=1

xn

1− xn . 139.
∞∑

n=1

(−1)n+1

nlnx .

�®ª § âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì­ëå àï¤®¢ ¢ ãª -
§ ­­ëå ¯à®¬¥¦ãâª å:

140.
∞∑

n=1

xn

n2 , [−1; 1] . 141.
∞∑

n=1

sinnx

2n , (−∞;∞) .

142.
∞∑

n=1
(−1)n−1 xn

√
n

, [0; 1) . 143.
∞∑

n=1

cos2 nx√
n3 + 1

, (−∞;∞) .

144.
∞∑

n=1

(−1)n√
x2 + n3

, (−∞;∞) . 145.
∞∑

n=2

ecosnx

n ln2 n
, (−∞;∞) .

146.
∞∑

n=1

(−1)n−1xn

√
n + n3 , [0; 1] . 147.

∞∑

n=1

(−1)n−1

x2 + n2 , [1; 4] .

2.2 �â¥¯¥­­ë¥ àï¤ë. �ã¬¬¨à®¢ ­¨¥ áâ¥¯¥­­ëå àï¤®¢

�ã­ªæ¨®­ «ì­ë© àï¤ ¢¨¤ 

c0 + c1(x − a) + c2(x − a)2 + . . . + cn(x − a)n + . . . =
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=
∞∑

n=0
cn(x − a)n, (2.2)

£¤¥ cn ¨ a - ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« , ­ §ë¢ ¥âáï áâ¥¯¥­­ë¬ àï¤®¬.
�«ï áâ¥¯¥­­®£® àï¤  (2.2) áãé¥áâ¢ã¥â ¨­â¥à¢ « | x − a | < R á

æ¥­âà®¬ ¢ â®çª¥  , ¢­ãâà¨ ª®â®à®£® àï¤ áå®¤¨âáï,   ¤«ï ¢á¥å | x − a | >

R - à áå®¤¨âáï. �â®â ¨­â¥à¢ « ­ §ë¢ îâ ¨­â¥à¢ «®¬ áå®¤¨¬®áâ¨,
  ç¨á«® R | à ¤¨ãá®¬ áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ . � ¤¨ãá áå®¤¨-
¬®áâ¨ ¬®¦­® ¢ëç¨á«ïâì ¯® ®¤­®© ¨§ ä®à¬ã«

R = lim
n→∞ | cn

cn+1
| ¨«¨ R = lim

n→∞
1

n
√

| Cn |
(2.3)

¯à¨ ãá«®¢¨¨, çâ® ¯à¥¤¥«ë, ¢å®¤ïé¨¥ ¢ ­¨å, áãé¥áâ¢ãîâ. � ¤¨ãá áå®¤¨-
¬®áâ¨ R ¬®¦¥â ¡ëâì ¢ ç áâ­ëå á«ãç ïå à ¢¥­ â ª¦¥ 0 ¨«¨ ∞.

�áá«¥¤®¢ âì áâ¥¯¥­­®© àï¤ ­  áå®¤¨¬®áâì - §­ ç¨â ­ ©â¨
¥£® ¨­â¥à¢ « áå®¤¨¬®áâ¨, ¨á¯®«ì§ãï ¤®áâ â®ç­ë¥ ¯à¨§­ ª¨ áå®¤¨¬®áâ¨
§­ ª®¯®«®¦¨â¥«ì­ëå àï¤®¢, ¢ ç áâ­®áâ¨, � « ¬¡¥à  ¨ �®è¨

lim
n→∞

∣
∣
∣
∣
∣
∣

fn+1(x)
fn(x)

∣
∣
∣
∣
∣
∣

< 1 , lim
n→∞

n
√

|fn(x)| < 1 , (2.4)

¨ ¢ëïá­¨âì, áå®¤¨âáï ¨«¨ à áå®¤¨âáï àï¤ ¢ £à ­¨ç­ëå â®çª å ¨­â¥à-
¢ «  áå®¤¨¬®áâ¨.

�à¨¬¥à 18. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ 

∞∑

n=0

n2(x − 3)n
2n .

�¥è¥­¨¥. �¤¥áì

fn(x) =
n2(x − 3)n

2n
, fn+1(x) =

(n+ 1)2(x − 3)n+1
2n+1 ,

¯® ¯à¨§­ ªã � « ¬¡¥à 

lim
n→∞

∣
∣
∣
∣
∣
∣

fn+1(x)
fn(x)

∣
∣
∣
∣
∣
∣

= lim
n→∞ | (x − 3)n+1(n+ 1)2 · 2n

(x − 3)n · 2n+1n2
| =

= lim
n→∞

| x − 3 |(n+ 1)2
n2 · 2 = | x − 3 |

2 < 1 .

�«¥¤®¢ â¥«ì­®, ¨­â¥à¢ « áå®¤¨¬®áâ¨ å à ªâ¥à¨§ã¥âáï ­¥à ¢¥­áâ¢®¬
| x − 3 | < 2, ¨«¨ 1 < x < 3. �áá«¥¤ã¥¬ áå®¤¨¬®áâì àï¤  ¢ £à ­¨ç­ëå
â®çª å ¨­â¥à¢ « .
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�à¨ x = 1; 5 ¨¬¥¥¬
∞∑

n=0

n2(±2)n
2n =

∞∑

n=0
(±1)nn2 . �¡  àï¤  à áå®¤ïâáï,

â ª ª ª ­¥ ã¤®¢«¥â¢®àïîâ ­¥®¡å®¤¨¬®¬ã ¯à¨§­ ªã áå®¤¨¬®áâ¨. �«¥¤®-
¢ â¥«ì­®, ®¡« áâì áå®¤¨¬®áâ¨ ¤ ­­®£® àï¤  á®¢¯ ¤ ¥â á ¥£® ¨­â¥à¢ «®¬
áå®¤¨¬®áâ¨: 1 < x < 5.

�à¨¬¥à 19. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤ 

1 +
∞∑

n=1
nnxn .

�¥è¥­¨¥. �¤¥áì fn(x) = nnxn ¨ ¯® ¯à¨§­ ªã �®è¨

lim
n→∞

n
√

| fn(x) | = lim
n→∞

n
√

| nnxn | = lim
n→∞n| x | =







0, ¯à¨ x = 0;
∞, ¯à¨ x 6= 0.

�«¥¤®¢ â¥«ì­®, àï¤ áå®¤¨âáï ¢ ®¤­®© â®çª¥ å=0.

�à¨¬¥à 20. � ©â¨ ®¡« áâì áå®¤¨¬®áâ¨ àï¤ 
∞∑

n=0

xn

n! .

�¥è¥­¨¥. � ª ª ª fn(x) =
xn

n! , fn+1(x) = xn+1

(n + 1)!, â® ¯® ¯à¨§­ ªã
� « ¬¡¥à 

lim
n→∞

∣
∣
∣
∣
∣
∣

fn+1(x)
fn(x)

∣
∣
∣
∣
∣
∣

= lim
n→∞

∣
∣
∣
∣
∣
∣

n!xn+1

xn(n + 1)!

∣
∣
∣
∣
∣
∣

= lim
n→∞

| x |
n + 1 = 0 < 1

¯à¨ «î¡®¬ x. �«¥¤®¢ â¥«ì­®, àï¤ áå®¤¨âáï ¯à¨ ¢á¥å §­ ç¥­¨ïå
−∞ < x < ∞.

�¢®©áâ¢  áâ¥¯¥­­ëå àï¤®¢.
�ã¬¬¨à®¢ ­¨¥ áâ¥¯¥­­ëå àï¤®¢.

1. �  «î¡®¬ ®âà¥§ª¥, æ¥«¨ª®¬ ¯à¨­ ¤«¥¦ é¥¬ ¨­â¥à¢ «ã áå®¤¨-
¬®áâ¨, áâ¥¯¥­­®© àï¤ ¬®¦­® ¯®ç«¥­­® ¨­â¥£à¨à®¢ âì, ¤¨ää¥à¥­-
æ¨à®¢ âì ¨ á®¢¥àè âì ¯à¥¤¥«ì­ë© ¯¥à¥å®¤; ¯à¨ íâ®¬ à ¤¨ãá áå®-
¤¨¬®áâ¨ ¯®«ãç¥­­ëå àï¤®¢ ­¥ ¬¥­ï¥âáï.

2. �¢®©áâ¢® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤  (¯®ç«¥­­®¥
¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨ ¨­â¥£à¨à®¢ ­¨¥) ¨á¯®«ì§ãîâ ¤«ï áã¬¬¨-
à®¢ ­¨ï áâ¥¯¥­­®£® àï¤  (­ å®¦¤¥­¨ï ¥£® áã¬¬ë).
�à¨¬¥à 21. � ©â¨ áã¬¬ã àï¤ 

x + x2

2 + x3

3 + . . . + xn

n
+ . . . = S(x) .
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�¥è¥­¨¥. �­â¥à¢ « áå®¤¨¬®áâ¨ ¤ ­­®£® àï¤  (−1, 1). �  ®á­®¢ -
­¨¨ á¢®©áâ¢ áâ¥¯¥­­ëå àï¤®¢ ¥£® ¬®¦­® ¤¨ää¥à¥­æ¨à®¢ âì ¢ ª ¦¤®©
â®çª¥ ¨­â¥à¢ «  (−1, 1). �ë¯®«­¨¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥:

1 + x + x2 + x3 + . . . + xn−1 + . . . = S ′(x) .
�ã¬¬¨àãï ¯®«ãç¥­­ãî ¡¥áª®­¥ç­® ã¡ë¢ îéãî ¯à¨ | x | < 1 ¯à®-

£à¥áá¨î, ­ å®¤¨¬
S ′(x) = 1

1− x
.

�âáî¤ 
S(x) =

∫ dx

1− x
= − ln(1− x) + C .

�®áâ®ï­­ãî � ¢ëç¨á«¨¬, §­ ï, çâ® ¯à¨ å = 0, S(0) = 0. �®£¤ 
0 = − ln(1− 0) + C ¨ � = 0. � ª¨¬ ®¡à §®¬, áã¬¬  ¤ ­­®£® àï¤ 
S(x) = − ln(1− x) ¯à¨ | x | < 1.

�à¨¬¥à 22. � ©â¨ áã¬¬ã àï¤ 
∞∑

n=0
(n + 1)(x2 − 1)n.

�¥è¥­¨¥. �®«®¦¨¬ x2 − 1 = y ¨ ­ ©¤¥¬ áã¬¬ã S(y) áâ¥¯¥­­®£®
àï¤ 

∞∑

n=0
(n + 1)yn, áå®¤ïé¥£®áï ¤«ï | y | < 1. �­â¥£à¨àãï à ¢¥­áâ¢®

S(y) =
∞∑

n=0
(n + 1)yn ­  ®âà¥§ª¥ [0, y] ¨ § â¥¬ ¤¨ää¥à¥­æ¨àãï ¯®«ãç¥­-

­®¥ à ¢¥­áâ¢® ¯® y, ¡ã¤¥¬ ¨¬¥âì
y∫

0
S(y)dy =

y∫

0

∞∑

n=0
(n + 1)yndy =

=
∞∑

n=0

y∫

0
(n + 1)yndy =

∞∑

n=0
yn+1 = y

1− y
;

S(y) =
(

y

1− y

)′
= 1

(1− y)2 .

�®« £ ï y = x2 − 1, ¯®«ãç¨¬:
∞∑

n=0
(n + 1)(x2 − 1)n = 1

(2− x2)2 .

� §«®¦¥­¨¥ ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å §­ ç¥­¨© x, ã¤®¢«¥â¢®àïîé¨å ­¥à -
¢¥­áâ¢ã

| x2 − 1 | < 1 ,

â.¥. 0 < x2 < 2, ®âªã¤  −
√
2 < x < 0 ¨ 0 < x <

√
2. �â¨ ­¥à ¢¥­áâ¢  ¨

®¯à¥¤¥«ïîâ ®¡« áâì áå®¤¨¬®áâ¨ ¤ ­­®£® àï¤  ª áã¬¬¥ 1/(2− x2)2.
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�¯à ¦­¥­¨ï

� ©â¨ ¨­â¥à¢ « áå®¤¨¬®áâ¨ áâ¥¯¥­­®£® àï¤  ¨ ¨áá«¥¤®¢ âì áå®-
¤¨¬®áâì ­  ª®­æ å íâ®£® ¨­â¥à¢ « :

147.
∞∑

n=0
xn . 148.

∞∑

n=1

xn

n2n .

149.
∞∑

n=1

x2n−1

2n − 1 . 150.
∞∑

n=1

(−1)nxn

√
n

.

151.
∞∑

n=0

(n + 1)5x2n
2n + 1 . 152.

∞∑

n=1

n!
xn .

153.
∞∑

n=1

1
n!xn . 155.

∞∑

n=0
n!xn .

156.
∞∑

n=1

xn

nn . 157.
∞∑

n=0

(x − 1)n
2n(n + 3) .

158.
∞∑

n=1

(x + 5)n
3
√

n ·
√

n2 + 1
. 159.

∞∑

n=1

n

(3x + 2)n .

160.
∞∑

n=1

3n

ln(n + 1)(2x − 3)n . 161.
∞∑

n=1

n!(x + 3)n
nn .

162.
∞∑

n=1

(x + 1)n
(n + 1) ln2(n + 1) . 163.

∞∑

n=1

(

1 + 1
n

)n2

xn .

164.
∞∑

n=0
(2− x)n sin π

2n . 165.
∞∑

n=1

(3− 2x)n
n − ln2 n

.

166.
∞∑

n=1
lnn x . 167.

∞∑

n=2

(x − 1)n
n lnm n

, mǫR .

�à¨¬¥­ïï ¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨ ¨­â¥£à¨à®¢ ­¨¥, ­ ©â¨
áã¬¬ë àï¤®¢:

168.
∞∑

n=0
(n + 1)xn . 169.

∞∑

n=1

2nxn

n
.
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170.
∞∑

n=1

x2n−1

2n − 1 . 171.
∞∑

n=1
(−1)n−1 x2n−1

2n − 1 .

172.
∞∑

n=1
n(n + 1)xn−1 . 173.

∞∑

n=1

xn+1

n(n + 1) .

174.
∞∑

n=1
nx2n−1 . 175.

∞∑

n=1

xn

n · 2n .

2.3 � §«®¦¥­¨¥ äã­ªæ¨© ¢ áâ¥¯¥­­ë¥ àï¤ë

�á«¨ äã­ªæ¨ï f(x) ¤®¯ãáª ¥â ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ | x − a |< R

â®çª¨ a à §«®¦¥­¨ï ¢ áâ¥¯¥­­®© àï¤ ¯® áâ¥¯¥­ï¬ x − a, â® íâ®â àï¤|
(àï¤ �¥©«®à ) ¨¬¥¥â ¢¨¤

f(x) = f(a) + f ′(a)(x − a) + f ′′(a)
2! (x − a)2 + . . .+

+f (n)(a)
n! (x − a)n + . . . . (2.5)

�à¨ a = 0 àï¤ �¥©«®à  ­ §ë¢ îâ â ª¦¥ àï¤®¬ � ª«®à¥­ .
� ¢¥­áâ¢® (2.5) á¯à ¢¥¤«¨¢®, ¥á«¨ ¯à¨ | x − a |< R ®áâ â®ç­ë©

ç«¥­ àï¤  �¥©«®à  Rn(x) → 0 ¯à¨ n → ∞. �«ï ®æ¥­ª¨ ®áâ â®ç­®£®
ç«¥­  áâ¥¯¥­­®£® àï¤  ¬®¦­® ¯®«ì§®¢ âìáï ®áâ â®ç­ë¬ ç«¥­®¬ ¢
ä®à¬¥ � £à ­¦ 

Rn(x) =
(x − a)n+1
(n + 1)! f (n+1)[a + θ(x − a)] , 0 < θ < 1 . (2.6)

�á«¨ äã­ªæ¨ï f(x) à §«®¦¨¬  ­  ¨­â¥à¢ «¥ (a−R, a+R) ¢ áâ¥-
¯¥­­®© àï¤ ∞∑

n=0
cn(x − a)n, â® íâ®â àï¤ ¡ã¤¥â ¤«ï ­¥¥ àï¤®¬ �¥©«®à ,  

ª®íää¨æ¨¥­âë íâ®£® áâ¥¯¥­­®£® àï¤  ¡ã¤ãâ ®¤­®§­ ç­® ®¯à¥¤¥«ïâìáï
ä®à¬ã« ¬¨

c0 = f(a); cn = f (n)(a)
n! ; n = 1, 2, . . . . (2.7)

�à¨ à §«®¦¥­¨¨ äã­ªæ¨¨ ¢ áâ¥¯¥­­ë¥ àï¤ë ¯à¨¬¥­ïîâ á«¥¤ãîé¨¥
¯à¨¥¬ë:

1. �¥¯®áà¥¤áâ¢¥­­®¥ à §«®¦¥­¨¥ äã­ªæ¨¨ f(x) ¢ àï¤ �¥©-
«®à . �à¨ íâ®¬:  ) ä®à¬ «ì­® á®áâ ¢«ïîâ àï¤ �¥©«®à  ¤«ï äã­ªæ¨¨
f(x). C íâ®© æ¥«ìî ¢ëç¨á«ïîâ ¯à®¨§¢®¤­ë¥ ¢á¥å ¯®àï¤ª®¢ äã­ªæ¨©
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f(x) ¢ â®çª¥ x = a ¨ ¯®¤áâ ¢«ïîâ ¨å ¢ à §«®¦¥­¨¥ (2.5); ¡) ­ å®¤ïâ
®¡« áâì áå®¤¨¬®áâ¨ ¯®«ãç¥­­®£® àï¤ .

2. �á¯®«ì§®¢ ­¨¥ â ¡«¨ç­ëå à §«®¦¥­¨©.

ex =
∞∑

n=0

xn

n! = 1 + x + x2

2! +
x3

3! +
x4

4! + . . . (| x | < ∞); (2.8)

sin x =
∞∑

n=0

(−1)nx2n+1
(2n + 1)! = x − x3

3! +
x5

5! −
x7

7! + . . . (| x | < ∞); (2.9)

cosx =
∞∑

n=0

(−1)nx2n
(2n)! = 1− x2

2! +
x4

4! −
x6

6! + . . . (| x | < ∞); (2.10)

1
1− x

=
∞∑

n=0
xn = 1 + x + x2 + x3 + x4 + . . . (| x | < 1); (2.11)

(1 + x)m = 1 +
∞∑

n=1

m(m − 1)(m − 2) . . . (m − n + 1)
n! xn =

= 1 + mx + m(m − 1)
2! x2 + m(m − 1)(m − 2)

3! x3 + . . . (| x | < 1);
(2.12)

(m - «î¡®¥ ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®);

ln(1 + x) =
∞∑

n=1

(−1)n−1xn

n
= x − x2

2 + x3

3 − x4

4 + . . . (−1 < x ≤ 1);
(2.13)

arctgx =
∞∑

n=1

(−1)n−1x2n−1
2n − 1 = x − x3

3 + x5

5 − x7

7 + . . . (| x | ≤ 1).
(2.14)

3. �á¯®«ì§®¢ ­¨¥ á«®¦¥­¨ï , ¢ëç¨â ­¨ï àï¤®¢ ¨ ã¬­®¦¥-
­¨ï àï¤  ­  ç¨á«®.

4. �á¯®«ì§®¢ ­¨¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ ¨­â¥£à¨à®¢ ­¨ï
àï¤®¢.

5. �à¨ à §«®¦¥­¨¨ ¢ àï¤ à æ¨®­ «ì­®© äã­ªæ¨¨ à¥ª®-
¬¥­¤ã¥âáï à §« £ âì ¥¥ ­  ¯à®áâ¥©è¨¥ ¤à®¡¨.
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�à¨¬¥à 23. � §«®¦¨âì äã­ªæ¨î f(x) = 2x ¢ àï¤ �¥©«®à  ¯®
áâ¥¯¥­ï¬ x.

�¥è¥­¨¥. �à¨¬¥­¨¬ ¯à¨¥¬ ­¥¯®áà¥¤áâ¢¥­­®£® à §«®¦¥­¨ï. � ©-
¤¥¬ ç¨á«®¢ë¥ §­ ç¥­¨ï ¯à®¨§¢®¤­ëå ¢á¥å ¯®àï¤ª®¢ äã­ªæ¨¨ 2x ¢ â®çª¥
x = 0:

f(x) = 2x, f(0) = 1;
f ′(x) = 2x ln 2, f ′(0) = ln 2;

f ′′(x) = 2x ln2 2, f ′′(0) = ln2 2;
. . . . . . . . . . . .

f (n)(x) = 2x lnn 2, f (n)(0) = lnn 2, n ≥ 1 .

�®¤áâ ¢«ïï â¥¯¥àì ­ ©¤¥­­ë¥ §­ ç¥­¨ï ¯à®¨§¢®¤­ëå ¢ (2.5) ¯à¨ a = 1,
¯®«ãç ¥¬ àï¤ �¥©«®à  ¤«ï äã­ªæ¨¨ 2x ¯® áâ¥¯¥­ï¬ x:

2x = 1 + ln 2
1! x + ln2 2

2! x2 + . . . + lnn 2
n! xn + . . . .

� å®¤¨¬ ®¡« áâì áå®¤¨¬®áâ¨ ¯®«ãç¥­­®£® àï¤ . � ª ª ª

lim
n→∞

∣
∣
∣
∣
∣
∣

cn+1x
n+1

cnxn

∣
∣
∣
∣
∣
∣

= lim
n→∞

n! lnn+1 2
(n + 1)! lnn 2 | x | = lim

n→∞
ln 2

(n + 1) | x |= 0 ,

â® àï¤ áå®¤¨âáï ¤«ï ¢á¥å §­ ç¥­¨© x.

�à¨¬¥à 24. � §«®¦¨âì ¢ àï¤ ¯® áâ¥¯¥­ï¬ x äã­ªæ¨î f(x) =
1

1 + x2 .
�¥è¥­¨¥. �®« £ ¥¬ −x2 = y ¨ ¨á¯®«ì§ã¥¬ â ¡«¨ç­®¥ à §«®¦¥­¨¥

(2.11), á¯à ¢¥¤«¨¢®¥ ¯à¨ | y | = | x2 | < 1
1

1 + x2 =
1

1− y
= 1 + y + y2 + y3 + . . . + yn + . . . =

= 1− x2 + x4 − x6 + . . . + (−1)nx2n + . . . =
∞∑

n=0
(−1)nx2n.

� §«®¦¥­¨¥ ¨¬¥¥â ¬¥áâ® ¤«ï −1 < x < 1 .

�à¨¬¥à 25. �®«ãç¨âì â ¡«¨ç­o¥ à §«®¦¥­¨e ¢ àï¤ ¯® áâ¥¯¥­ï¬
x äã­ªæ¨¨ f(x) = arctg x.

�¥è¥­¨¥. � ¬¥ç ¥¬, çâ® äã­ªæ¨î arctg x ¬®¦­® ¯®«ãç¨âì ¨­-
â¥£à¨à®¢ ­¨¥¬ äã­ªæ¨¨ 1

1 + x2 , à §«®¦¥­¨¥ ª®â®à®© ¢ àï¤ ­ ©¤¥­® ¢
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¯à¨¬¥à¥ 24. �®íâ®¬ã

arctgx =
x∫

0

dx

1 + x2
=

x∫

0

∞∑

n=0
(−1)nx2ndx =

=
∞∑

n=0
(−1)n

x∫

0
x2ndx =

∞∑

n=0
(−1)n x2n+1

2n + 1 .

� ª ª ª ¯®«ãç¥­­ë© àï¤ áå®¤¨âáï ª äã­ªæ¨¨ arctg x ¨ ¢ £à ­¨ç­ëå
â®çª å ¨­â¥à¢ «  áå®¤¨¬®áâ¨ x = ±1 , â® ­ ©¤¥­­®¥ à §«®¦¥­¨¥ ¨¬¥¥â
¬¥áâ® ¤«ï −1 ≤ x ≤ 1 .

�¯à ¦­¥­¨ï
�«¥¤ãîé¨¥ äã­ªæ¨¨ à §«®¦¨âì ¢ àï¤ �¥©«®à  ¯® áâ¥¯¥­ï¬ x ¨

ãª § âì ®¡« áâ¨ áå®¤¨¬®áâ¨ ¯®«ãç¥­­ëå àï¤®¢ ª á¢®¨¬ áã¬¬ ¬:

176. cos 5x . 177. sin x2 . 178. 1√
ex

.

179. e−x4 . 180. 5x . 181. 2−x .

182. sh x . 183. ch(2x3) . 184. 2
1− 3x2 .

185. x2

1 + x
. 186. x cos

√
x . 187. 1

5√1 + x
.

188. ln (1 + x)
1− x

. 189. arcsin x .

190. ln (1− 5x + 4x2) . 191. 3x − 5
x2 − 4x + 3 .

192. 4x + 3
x2 − 3x + 2 193. (1 + x) ln(1 + x) .

194. ln(x +
√
1 + x2) . 195. 1

(1− x)3 .

196. ex sin x . 197.
√

x arctg
√

x .

198. 1 + x3

(1− x)3 . 199. arctg2x .
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�«¥¤ãîé¨¥ äã­ªæ¨¨ à §«®¦¨âì ¢ àï¤ë �¥©«®à  ¢ ®ªà¥áâ­®áâ¨
ãª § ­­®© â®çª¨ a. �ª § âì ®¡« áâ¨ áå®¤¨¬®áâ¨ ­ ©¤¥­­ëå à §«®¦¥-
­¨© ª á¢®¨¬ áã¬¬ ¬:

200. ln(x), a = 1 . 201.
√

x, a = 2 .

202. 1
x
, a = −2 . 203. 1

3√x
, a = 3 .

204. ex, a = 1 . 205. 1
5 + 2x, a = 3 .

206. sin πx

4 , a = 2 . 207. ln(5x + 3), a = −2
5 .

208. 1
x2 − 4x + 3 , a = −2 . 209. 1

x2 + 4x + 7 , a = −2 .

� ©â¨ ¯¥à¢ë¥ 3-4 ç«¥­  à §«®¦¥­¨ï ¢ àï¤ � ª«®à¥­  ¤«ï á«¥¤ã-
îé¨å äã­ªæ¨©:

210. tgx 211. ecosx 212. arctg
1

1 + x

213.
√
1 + sin x 214. ln cos x 215. sec x

2.4 �à¨¬¥­¥­¨¥ áâ¥¯¥­­ëå àï¤®¢ ª ¢ëç¨á«¥­¨î ¯à¥¤¥«®¢,
¯à®¨§¢®¤­ëå ¨ ¨­â¥£à «®¢.

�à¨ ¢ëç¨á«¥­¨¨ ¯à¥¤¥«®¢ ¯à¨¬¥­ïîâ à §«¨ç­ë¥ ¯à¨¥¬ë: ¨á¯®«ì-
§ãîâ â ¡«¨ç­ë¥ ä®à¬ã«ë, íª¢¨¢ «¥­â­ë¥ ¡¥áª®­¥ç­® ¬ «ë¥ ¨ ¯à -
¢¨«  �®¯¨â «ï. �¯®á®¡, ®á­®¢ ­­ë© ­  ¯à¨¬¥­¥­¨¨ ç¨á«®¢ëå àï¤®¢,
á®áâ®¨â ¢ á«¥¤ãîé¥¬. �¨á«¨â¥«ì ¨ §­ ¬¥­ â¥«ì ¤à®¡¨ à áª« ¤ë¢ -
îâáï ¢ ç¨á«®¢ë¥ àï¤ë ¯® ®¤¨­ ª®¢ë¬ áâ¥¯¥­ï¬. �®á«¥ íâ®£® ¯à®¨§¢®-
¤ïâ ­¥®¡å®¤¨¬ë¥ á®ªà é¥­¨ï ¨ ­¥®¯à¥¤¥«¥­­®áâì ¨áç¥§ ¥â.

� ¯®¬®éìî àï¤®¢ �¥©«®à  ¬®¦­® ­ å®¤¨âì ç¨á«®¢ë¥ §­ ç¥­¨ï
¯à®¨§¢®¤­ëå «î¡®£® ¯®àï¤ª  ®â ¤ ­­®© äã­ªæ¨¨. �â®¡ë ­ ©â¨ f (n)(a),
­ã¦­® à §«®¦¨âì äã­ªæ¨î f(x) ¢ àï¤ �¥©«®à  ¯® áâ¥¯¥­ï¬ (x− a),  
§ â¥¬ ¯® ä®à¬ã«¥ f (n)(a) = cn n! ¢ëç¨á«¨âì ­ã¦­ãî ¯à®¨§¢®¤­ãî.

�¥®à¨î àï¤®¢ ¬®¦­® ¯à¨¬¥­¨âì ¨ ª ¨­â¥£à¨à®¢ ­¨î äã­ªæ¨©.
�á«¨ äã­ªæ¨ï f(x) à §«®¦¨¬  ¢ à ¢­®¬¥à­® áå®¤ïé¨©áï ­  ®âà¥§ª¥
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[a, b] àï¤, â® ¨­â¥£à «
x2∫

x1

f(x)dx, £¤¥ a ≤ x1 < x2 ≤ b, ç áâ® â ª¦¥ «¥£ª®
¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áå®¤ïé¥£®áï àï¤ .

�à¨¬¥à 26. �ëç¨á«¨âì ¯à¥¤¥« lim
x→0

[2 + cosx

x3 sin x
− 3

x4

]

.

lim
x→0

[2 + cosx

x3 sin x
− 3

x4

]

= lim
x→0

2x + x cosx − 3 sin x

x4 sin x
=

= lim
x→0











2x + x



1− x2

2! +
x4

4! −
x6

6! + . . .



 − 3


x − x3

3! +
x5

5! −
x7

7! + . . .





x5











=

= lim
x→0

( 1
4! −

3
5!

)

x5 +
(

− 1
6! +

3
7!

)

x7 + . . .

x5 = 1
4! −

3
5! =

1
60 .

�à¨¬¥à 27. � ©â¨ ¯à®¨§¢®¤­ãî 11-£® ¯®àï¤ª  ®â äã­ªæ¨¨
f(x) = x5 cos x

2 ¢ â®çª¥ x = 0.
�¥è¥­¨¥. � §«®¦¨¬ ¤ ­­ãî äã­ªæ¨î ¢ àï¤ �¥©«®à  ¯® áâ¥¯¥-

­ï¬ x:

x5 cos x

2 = x5 − x7

22 2! +
x9

24 4! −
x11

26 6! +
x13

28 8! − . . . .

� ª ª ª f (11)(0) = c11 · 11!, â® f (11)(0) = − 11!
266! = −3465

4 .

�à¨¬¥à 28. �à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤  ¨­â¥£à «
1/2
∫

1/4

ln(1 + x)
x

dx.

1/2
∫

1/4

ln(1 + x)
x

dx =
∞∑

n=1

1/2
∫

1/4

(−1)n−1xn−1dx

n
=

∞∑

n=1
(−1)n−1x

n

n2

∣
∣
∣
∣

1/2
1/4 =

=
∞∑

n=1

(−1)n−1

n2

[(1
2

)n

−
(1
4

)n]

=
∞∑

n=1
(−1)n−12n − 1

n24n
.

�¯à ¦­¥­¨ï

�ëç¨á«¨âì ¯à¥¤¥«ë:
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216. lim
x→0

sin x − arctgx

x3 . 217. lim
x→0

1− cosx
ex − 1− x

.

218. lim
x→0

1−
√
1 + x2 cosx
tg4x

. 219. lim
x→0

2(tgx − sin x)− x3

x5 .

� ©â¨ §­ ç¥­¨ï ¯à®¨§¢®¤­ëå ®â äã­ªæ¨©:

220. e−x2/2; f (10)(0) =? 221. 2x
1 + x2 ; f (6)(0) =?

222. x3

3√1 + x3
; f (5)(0) =? 223. x4 ln(1 + x

2); f (9)(0) =?

224. x6arctg x; f (10)(0) =? 225. (x − 1)2 ln x; f (5)(1) =?

�à¥¤áâ ¢¨âì ¢ ¢¨¤¥ àï¤®¢ á«¥¤ãîé¨¥ ¨­â¥£à «ë:

226.
x∫

0
x2e−x2dx . 227.

x∫

0
cosx3dx .

228.
x∫

0

ln(1 + x)
x

dx . 229.
x∫

0

sin x3

x3 dx .

230.
x∫

0

3√1 + x3 − 1
x

dx . 231.
x∫

0

arctg
√

x√
x

dx .

2.5 �à¨¡«¨¦¥­­ë¥ ¢ëç¨á«¥­¨ï á ¯®¬®éìî áâ¥¯¥­­ëå àï¤®¢

�«ï ¯à¨¡«¨¦¥­­®£® ¢ëç¨á«¥­¨ï §­ ç¥­¨ï äã­ªæ¨¨ f(x) ¢ â®çª¥ x0
¬®¦­® ¨á¯®«ì§®¢ âì á«¥¤ãîé¨© ¯à¨¥¬. �ã­ªæ¨î f(x) à áª« ¤ë¢ îâ
¢ áâ¥¯¥­­®© àï¤. � ¯®«ãç¥­­®¬ à §«®¦¥­¨¨ ¯®« £ îâ x = x0. � â¥¬
¤«ï ¢ëç¨á«¥­¨ï f(x0) á ­ã¦­®© â®ç­®áâìî ¡¥àãâ ­¥®¡å®¤¨¬®¥ ç¨á«®
¥£® ­ ç «ì­ëå ç«¥­®¢.

�«ï ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ­ ©¤¥­­®£® ¯à¨¡«¨¦¥­­®£® §­ ç¥­¨ï
­ã¦­® ®æ¥­¨âì ®áâ â®ª àï¤ . �á«¨ àï¤ §­ ª®¯®áâ®ï­­ë©, â® ®áâ â®ª
àï¤  áà ¢­¨¢ îâ á ¡¥áª®­¥ç­® ã¡ë¢ îé¥© £¥®¬¥âà¨ç¥áª®© ¯à®£à¥á-
á¨¥©. � á«ãç ¥ §­ ª®¯¥à¥¬¥­­®£® àï¤ , ç«¥­ë ª®â®à®£® ã¤®¢«¥â¢®àïîâ
¯à¨§­ ªã �¥©¡­¨æ , ¨á¯®«ì§ã¥âáï ®æ¥­ª  | Rn | < Un+1 £¤¥ Un+1 | ¯¥à-
¢ë© ¨§ ®â¡à®è¥­­ëå ç«¥­®¢ àï¤ .
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� ¬¥ç ­¨¥. �«ï ¢ëç¨á«¥­¨ï «®£ à¨ä¬®¢ ç¨á¥« ¬®¦­® ¯®«ì§®-
¢ âìáï àï¤®¬

ln 1 + x

1− x
= 2(x + x3

3 + x5

5 + . . . + x2n−1

2n − 1 + . . .), (| x | < 1).

�â¥¯¥­­ë¥ àï¤ë ¨á¯®«ì§ãîâáï ¨ ¤«ï ¯à¨¡«¨¦¥­­®£® ¢ëç¨á«¥-

­¨ï ¨­â¥£à «®¢
b∫

a

f(x)dx. �«ï íâ®£® à áª« ¤ë¢ îâ ¯®¤ë­â¥£à «ì­ãî
äã­ªæ¨î f(x) ¢ áâ¥¯¥­­®© àï¤.

�à¨¬¥à 29. �ëç¨á«¨âì cos 10 á â®ç­®áâìî ¤® 0, 0001.
�¥è¥­¨¥. � ª ª ª cos 10 = cos π

180, â®, ¯®« £ ï ¢ à §«®¦¥­¨¨ ª®-

á¨­ãá  x = π

180, ¯®«ãç ¥¬ cos 10 ≈ 1− π2

1802 · 2! ≈ 0, 9998. �¤¥áì ¯¥à¢ë¥
¤¢  ç«¥­  à §«®¦¥­¨ï ã¦¥ ®¡¥á¯¥ç¨¢ îâ ¡®«ìèãî â®ç­®áâì, â ª ª ª

| R2 |≤
π4

1804 · 4! <
44

1804 · 4! =
1

454 · 24 < 0, 0000001.

�à¨¬¥à 30. �ëç¨á«¨âì ln 1, 04 á â®ç­®áâìî 0, 0001.
�¥è¥­¨¥. �®á¯®«ì§ã¥¬áï à §«®¦¥­¨¥¬ ln(1 + x) ¢ àï¤:

ln 1, 04 = ln(1 + 0, 4) = 0, 04− (0, 04)2
2 + (0, 04)3

3 − . . .,

¨«¨ ln 1, 04 = 0, 04− 0, 0008 + 0, 000021− . . .. �ç¥¢¨¤­®, çâ® àï¤ §­ ª®-
ç¥à¥¤ãîé¨©áï ¨ ã¦¥ âà¥â¨© ç«¥­ àï¤  ¬®¦¥â ¡ëâì ®â¡à®è¥­ ¢ á¨«ã
â®£®, çâ® ®­ ¬¥­ìè¥ § ¤ ­­®© â®ç­®áâ¨. �®£¤  ln 1, 04 ∼= 0.0392.

�à¨¬¥à 31. �ëç¨á«¨âì ¨­â¥£à «
2∫

0

sin x

x
dx á â®ç­®áâìî ¤®

0.001. (�à¥¤¯®« £ ¥âáï, çâ® sin x
x = 1 ¯à¨ x = 0).

�¥è¥­¨¥.
sin x

x
= 1

x



x − x3

3! +
x5

5! −
x7

7! + . . .



 = 1− x2

3! +
x4

5! −
x6

7! + . . . .

�­â¥£à¨àã¥¬ ¯®«ãç¥­­®¥ à §«®¦¥­¨¥ ­  ®âà¥§ª¥
2∫

0

sin x

x
dx =



x − x3

3 · 3! +
x5

5 · 5! −
x7

7 · 7! + . . .





∣
∣
∣
∣
∣
∣

2

0
=
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= 2− 23
3 · 3! +

25
5 · 5! −

27
7 · 7! + . . . .

�«ï ¢ëç¨á«¥­¨ï ¨­â¥£à «  á ãª § ­­®© â®ç­®áâìî ¤®áâ â®ç­® ¢§ïâì
ç¥âëà¥ ç«¥­  àï¤ , â ª ª ª ¯à¨ íâ®¬ |R4| ≤ 2 9/(9 · 9!) < 0.001. �®£¤ 

2∫

0

sin x

x
dx ≈ 1.605 .

�¯à ¦­¥­¨ï

�ëç¨á«¨âì ¯à¨¡«¨¦¥­­® á ãª § ­­®© áâ¥¯¥­ìî â®ç­®áâ¨ ǫ:

232. 1√
e

, ǫ = 0, 001 . 233. sin π

100 , ǫ = 0, 0001 .

234. sin 10 , ǫ = 0, 001 . 235.
√

1, 3 , ǫ = 0, 001 .

236. 3√80 , ǫ = 0, 001 . 237. 4√90 , ǫ = 0, 01 .

238. ln 10 , ǫ = 0, 01 . 239. ln 5 , ǫ = 0, 01 .

240.
1/4
∫

0
e−x2dx , ǫ = 0, 001 . 241.

1/4
∫

0
sin x2dx , ǫ = 0, 001 .

242.
1/2
∫

0

√
1 + x3 dx , ǫ = 0, 001 . 243.

1∫

0

arctg x

x
dx , ǫ = 0, 001 .

2.6 �à¨¬¥­¥­¨¥ áâ¥¯¥­­ëå àï¤®¢ ª à¥è¥­¨î ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©

1.�¯®á®¡ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢.
�á«¨ ¨­â¥£à¨à®¢ ­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯à¨ ¯®¬®é¨

í«¥¬¥­â à­ëå äã­ªæ¨© ­¥ ã¤ ¥âáï, â® ¥£® à¥è¥­¨¥ ¢ ­¥ª®â®àëå á«ã-
ç ïå ¬®¦­® ¨áª âì ¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤ 

y =
∞∑

n=0
cn(x − x0)n . (2.15)

�¥®¯à¥¤¥«¥­­ë¥ ª®íää¨æ¨¥­âë cn (n = 0, 1, 2, . . .) ­ å®¤ïâáï ¯ãâ¥¬
¯®¤áâ ­®¢ª¨ àï¤  (2.15) ¢ ãà ¢­¥­¨¥ ¨ ¯à¨à ¢­¨¢ ­¨ï ª®íää¨æ¨¥­-
â®¢ ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå ¡¨­®¬  x − x0 ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå
¯®«ãç¥­­®£® à ¢¥­áâ¢ .
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2.�¯®á®¡ ¯®á«¥¤®¢ â¥«ì­ëå ¤¨ää¥à¥­æ¨à®¢ ­¨©.
�â®â á¯®á®¡ ¯à¨¬¥­ï¥âáï, ª®£¤  âà¥¡ã¥âáï ­ ©â¨ ç áâ­®¥ à¥è¥­¨¥

ãà ¢­¥­¨ï
y′ = f(x, y); £¤¥ y(x0) = y0 . (2.16)

� áâ­®¥ à¥è¥­¨¥ ¬®¦­® ¯®¯à®¡®¢ âì ¨áª âì ¢ ¢¨¤¥ àï¤  �¥©«®à :

y = f(x0)+
f ′(x0)
1! (x−x0)+

f ′′(x0)
2! (x−x0)2+ · · ·+ f (n)(x0)

n! (x−x0)n+ · · · =

=
∞∑

n=0

f (n)(x0)
n! (x − x0)n,

¯¥à¢ë© ç«¥­ ª®â®à®£® ¨§¢¥áâ¥­ ¨§ ­ ç «ì­ëå ãá«®¢¨© (y(x0) = y0).
�§ ãà ¢­¥­¨ï ­ å®¤¨¬ y′(x0) = f(x0, y0),   ¤ «ì­¥©è¨¥ ¯à®¨§¢®¤­ë¥
y(n)(x0) (n = 2, 3, · · · ) ¯®á«¥¤®¢ â¥«ì­® ­ å®¤ïâáï ¯à¨ ¯®¬®é¨ ¤¨ää¥-
à¥­æ¨à®¢ ­¨ï ãà ¢­¥­¨ï (2.16) ¨ ¯®¤áâ ­®¢ª¨ ¢¬¥áâ® x ç¨á«  x0.

�â¨ á¯®á®¡ë ¯à¨¬¥­¨¬ë ¨ ¯à¨ à¥è¥­¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© ¢ëáè¨å ¯®àï¤ª®¢.

�à¨¬¥à 32. � ©â¨ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï y′ − xy = 0 ¢ ¢¨¤¥
áâ¥¯¥­­®£® àï¤ .

�¥è¥­¨¥. � ª ª ª â®çª  x = 0 ­¥ ï¢«ï¥âáï ®á®¡®© ¤«ï ¤ ­­®£®
ãà ¢­¥­¨ï, â® ®¡é¥¥ à¥è¥­¨¥ ¬®¦­® ¨áª âì ¢ ¢¨¤¥ àï¤ :

y = c0 + c1x + c2x
2 + · · ·+ cnx

n + · · · ,

®âáî¤ , ¤¨ää¥à¥­æ¨àãï, ¯®«ãç¨¬:

y′ = c1 + 2c2x + 3c3x2 + · · ·+ ncnx
n−1 + (n + 1)cn+1x

n · · · .

�®¤áâ ¢«ïï y ¨ y′ ¢ ¤ ­­®¥ ãà ¢­¥­¨¥, ¯à¨å®¤¨¬ ª â®¦¤¥áâ¢ã

c1 + 2c2x + 3c3x2 + · · ·+ ncnx
n−1 + (n + 1)cn+1x

n · · · ≡

≡ x(c0 + c1x + c2x
2 + · · ·+ cnx

n + · · · ).
�à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå x, ¯®«ãç¨¬

c1 = 0; c2 =
c0
2 ; c3 = 0; c4 =

c0
2 · 4; c5 = 0; c6 =

c0
2 · 4 · 6 . . . .

�®®¡é¥,

c2k−1 = 0; c2k =
c0

2 · 4 · 6 · · · · · 2k = c0
(2k)!! (k = 1, 2, 3, . . .).
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�«¥¤®¢ â¥«ì­®,

y = c0



1 + x2

2 + x4

2 · 4 +
x6

2 · 4 · 6 + · · ·+ x2k

(2k)!! + · · ·


 = c0
∞∑

k=0

x2k

(2k)!! ,

£¤¥ c0 = y0.

�à¨¬¥à 33. � ©â¨ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï y′ = x+y; y0 =
y(0) = 1.

�¥è¥­¨¥. �®« £ ¥¬

y = y0 + y′0x + y′′0
2! x

2 + y′′′0
3! x

3 + · · · .

�¬¥¥¬ y0 = 1, y′0 = 0 + 1 = 1. �¨ää¥à¥­æ¨àãï ®¡¥ ç áâ¨ ãà ¢­¥­¨ï
y′ = x + y, ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

y′′ = 1 + y′, y′′0 = 1 + 1 = 2, y′′′ = y′′, y′′′0 = 2, ¨ â.¤.

�«¥¤®¢ â¥«ì­®,
y = 1 + x + 2

2!x
2 + 2

3!x
3 + · · · .

�«ï íâ®£® ¯à¨¬¥à  ­ ©¤¥­­®¥ à¥è¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ª®­¥ç­®¬
¢¨¤¥

y = 1 + x + 2(ex − 1− x) ¨«¨ y = 2ex − 1− x .

�¯à ¦­¥­¨ï

244. y′ = y + x2; y = −2 ¯à¨ x = 0.

245. y′ = 2y + x − 1; y = y0 ¯à¨ x = 1.

246. y′ = y2 + x3; y = 1
2 ¯à¨ x = 0.

247. y′ = x2 − y2; y = 0 ¯à¨ x = 0.

248. (1− x)y′ = 1 + x − y; y = 0 ¯à¨ x = 0.

249. xy′′ + y = 0; y = 0, y′ = 1 ¯à¨ x = 0.

250. y′′ + xy = 0; y = 1, y′ = 0 ¯à¨ x = 0.

251. y′′ + 1
x
y′ + y = 0; y = 1, y′ = 0 ¯à¨ x = 0.
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3 �ï¤ë �ãàì¥

�¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© ϕ1(x), ϕ2(x), . . ., ϕn(x), . . .

­ §ë¢ ¥âáï ®àâ®£®­ «ì­®© ­  ®âà¥§ª¥ [a, b], ¥á«¨
b∫

a

ϕm(x)ϕn(x)dx = 0
¤«ï «î¡ëå m ¨ n, ¤«ï ª®â®àëå m 6= n. �à¨ íâ®¬ áç¨â ¥âáï, çâ® ­®à¬ 
íâ¨å äã­ªæ¨©

‖ ϕn(x) ‖ = [
b∫

a

ϕ2
n(x)dx]1/2 6= 0.

�à¨¬¥àë ®àâ®£®­ «ì­ëå á¨áâ¥¬:
1. �­®¦¥áâ¢® äã­ªæ¨© 1, cosx, sin x, cos 2x, sin 2x, . . ., cosnx, sinnx,
. . . ®¡à §ã¥â ®àâ®£®­ «ì­ãî á¨áâ¥¬ã äã­ªæ¨© ­  ®âà¥§ª¥ [−π, π].
2. �­®¦¥áâ¢® äã­ªæ¨©

{

cos nπx

l
, sin nπx

l

}∞

n=0
®¡à §ã¥â ®àâ®£®­ «ì­ãî

á¨áâ¥¬ã äã­ªæ¨© ­  ®âà¥§ª¥ [−l, l].

�ã­ªæ¨®­ «ì­ë© àï¤ ¢¨¤ 
a0
2 +

∞∑

n=1
(an cosnx + bn sinnx), (3.1)

£¤¥ ª®íää¨æ¨¥­âë a0, an, bn (n = 1, 2, . . .) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã-
« ¬

a0 =
1
π

π∫

−π

f(x) dx , (3.2)

an = 1
π

π∫

−π

f(x) cosnx dx , (3.3)

bn = 1
π

π∫

−π

f(x) sinnx dx , (3.4)

­ §ë¢ ¥âáï âà¨£®­®¬¥âà¨ç¥áª¨¬ àï¤®¬ �ãàì¥. �á«¨ àï¤ (3.1) áå®-
¤¨âáï, â® ¥£® áã¬¬  S(x) ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¥© á ¯¥à¨®¤®¬
T = 2π.

�á«®¢¨¥ à §«®¦¨¬®áâ¨ äã­ªæ¨¨ ¢ âà¨£®­®¬¥âà¨ç¥áª¨©
àï¤ �ãàì¥. �á«¨ ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï f(x) ­  á¥£¬¥­â¥ [−π, π]
¨¬¥¥â ª®­¥ç­®¥ ç¨á«® íªáâà¥¬ã¬®¢ ¨ ï¢«ï¥âáï ­¥¯à¥àë¢­®©, §  ¨á-
ª«îç¥­¨¥¬, ¬®¦¥â ¡ëâì, ª®­¥ç­®£® ç¨á«  â®ç¥ª à §àë¢  I à®¤  (â.¥.
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ �¨à¨å«¥), â® àï¤ �ãàì¥ ¢ ª ¦¤®© â®çª¥ ­¥-
¯à¥àë¢­®áâ¨ á¥£¬¥­â  [−π, π] áå®¤¨âáï ª äã­ªæ¨¨ f(x).
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�á«¨ x ∈ (−π, π) | â®çªa à §àë¢  äã­ªæ¨¨ f(x), â® áã¬¬  àï¤ 
�ãàì¥ S(x) à ¢­  áà¥¤­¥¬ã  à¨ä¬¥â¨ç¥áª®¬ã «¥¢®£® ¨ ¯à ¢®£® ¯à¥¤¥-
«®¢ äã­ªæ¨¨:

S(x) = 1
2[f(x − 0) + f(x + 0)] ,

­  ª®­æ å ¨­â¥à¢ «  x = ±π

S(−π) = S(π) = 1
2[f(−π + 0) + f(π − 0)].

�¥¯®«­ë¥ àï¤ë �ãàì¥.
�á«¨ äã­ªæ¨ï f(x) | ç¥â­ ï (â.¥. f(−x) = f(x)), â®

bn = 0 (n = 1, 2, . . .) ¨

an = 2
π

π∫

0
f(x) cosnxdx (n = 0, 1, 2, . . .) . (3.5)

�á«¨ äã­ªæ¨ï f(x) | ­¥ç¥â­ ï ( â.¥. f(−x) = −f(x)), â®
an = 0 (n = 0, 1, 2, . . .) ¨

bn = 2
π

π∫

0
f(x) sinnxdx (n = 1, 2, . . .) . (3.5′)

� ¬¥ç ­¨ï.
1. �¥à¨®¤¨ç¥áª ï äã­ªæ¨ï á ¯¥à¨®¤®¬ 2π, § ¤ ­­ ï ¢ ¨­â¥à¢ «¥

(0, π), ¬®¦¥â ¡ëâì ¯® ­ è¥¬ã ãá¬®âà¥­¨î ¯à®¤®«¦¥­  ¢ ¨­â¥à¢ «
(−π, 0 «¨¡® ª ª ç¥â­ ï, «¨¡® ª ª ­¥ç¥â­ ï, â.¥. à §«®¦¥­  «¨¡® â®«ìª®
¢ àï¤ ª®á¨­ãá®¢, «¨¡® â®«ìª® ¢ àï¤ á¨­ãá®¢.

2. �¥à¨®¤¨ç¥áª ï äã­ªæ¨ï á ¯¥à¨®¤®¬ (2π), § ¤ ­­ ï ¢ ¨­â¥à¢ «¥
(0, π), ¬®¦¥â ¡ëâì à §«®¦¥­  ¢ àï¤ �ãàì¥ ¡¥áª®­¥ç­ë¬ ç¨á«®¬ á¯®á®-
¡®¢, á¬®âàï ¯® â®¬ã, ª ª ¯®áâà®¥­® ¥¥ ¯à®¤®«¦¥­¨¥ ¢ ¨­â¥à¢ « (−π, 0).

�ï¤ë �ãàì¥ ¯¥à¨®¤  2l.
�á«¨ ¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï f(x) á ¯¥à¨®¤®¬ 2l ã¤®¢«¥â¢®àï¥â ãá«®-
¢¨ï¬ �¨à¨å«¥ ¢ ¨­â¥à¢ «¥ (−l, l), â® ¢ â®çª å ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨,
¯à¨­ ¤«¥¦ é¨å íâ®¬ã ¨­â¥à¢ «ã, á¯à ¢¥¤«¨¢® à §«®¦¥­¨¥:

f(x) = a0
2 +

∞∑

n=1

(

an cos
πnx

l
+ bn sin

πnx

l

)

, (3.6)

£¤¥

an = 1
l

l∫

−l

f(x) cos πnx

l
dx; bn = 1

l

l∫

−l

f(x) sin πnx

l
dx. (3.7)
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�ï¤ �ãàì¥ ¤«ï äã­ªæ¨¨, § ¤ ­­®© ­  ¨­â¥à¢ «¥
¤«¨­ë �.

� ¯à¨«®¦¥­¨ïå ç áâ® ¢®§­¨ª ¥â § ¤ ç  ® à §«®¦¥­¨¨ ¢ âà¨£®­®-
¬¥âà¨ç¥áª¨© àï¤ äã­ªæ¨¨ f(x), § ¤ ­­®© «¨èì ­  ­¥ª®â®à®¬ ¨­â¥à-
¢ «¥ [a, a+T ] ¤«¨­ë T ¨ ã¤®¢«¥â¢®àïîé¥© ­  íâ®¬ ¨­â¥à¢ «¥ ãá«®¢¨ï¬
�¨à¨å«¥. �¥à¨®¤¨ç¥áª¨ ¯à®¤®«¦¨¢ f(x) c ¨­â¥à¢ «  [a, a + T ] ­  ¢áî
®áì x, ¯®«ãç¨¬ ¯¥à¨®¤¨ç¥áªãî äã­ªæ¨î φ(x) ¯¥à¨®¤  T , á®¢¯ ¤ î-
éãî á f(x) ­  ¨­â¥à¢ «¥ [a, a+T ]. �ï¤ �ãàì¥ ¤«ï äã­ªæ¨¨ φ(x) ¨¬¥¥â
¢¨¤

φ(x) = a0
2 +

∞∑

n=1

(

an cos
2πnx

T
+ bn sin

2πnx

T

)

, (3.8)

£¤¥

an = 2
T

a+T∫

a

φ(x) cos 2πnx

T
dx; bn = 2

T

a+T∫

a

φ(x) sin 2πnx

T
dx . (3.9)

�à¨¬¥à 34. � §«®¦¨âì ¢ âà¨£®­®¬¥âà¨ç¥áª¨© àï¤ �ãàì¥ ¢ ¨­-
â¥à¢ «¥ (−π, π) äã­ªæ¨î

f(x) =






π, −π < x < 0;
π − x, 0 ≤ x < π.

�¥è¥­¨¥. �ëç¨á«¨¬ ¯® ä®à¬ã« ¬ (3.7) ª®íää¨æ¨¥­âë àï¤ 
�ãàì¥ (l = π):

a0 =
1
π

π∫

−π

f(x)dx = 1
π

0∫

−π

πdx + 1
π

π∫

0
(π − x)dx = 3

2π;

an = 1
π

π∫

−π

f(x) cosnxdx = 1
π

0∫

−π

π cosnxdx+

+1
π

π∫

0
(π − x) cosnxdx − 1

πn2
cosnx|π0 =

(−1)n+1 + 1
πn2

;

bn = 1
π

π∫

−π

f(x) sinnxdx = 1
π

0∫

−π

π sinnxdx+

+1
π

π∫

0
(π − x) sinnxdx = cosnπ

n
= (−1)n

n
.

�®£¤  âà¨£®­®¬¥âà¨ç¥áª¨© àï¤ �ãàì¥ (3.3) ¨¬¥¥â ¢¨¤
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f(x) = 3
4π +

∞∑

n=1
[(−1)

n+1 + 1
πn2

cosnx + (−1)n
n

sinnx].

� ©¤¥­­®¥ à §«®¦¥­¨¥ ¨¬¥¥â ¬¥áâ® ¯à¨ ¢á¥å §­ ç¥­¨ïå x ∈ (−π, π).

�à¨¬¥à 35. � ­  äã­ªæ¨ï f(x) = x2. � §«®¦¨âì ¥¥ ¢ àï¤ �ãàì¥
¢ ¨­â¥à¢ «¥ (0, π) ¢ àï¤ á¨­ãá®¢.

�¥è¥­¨¥. �ã­ªæ¨ï, à §« £ ¥¬ ï ¢ àï¤ ¯® á¨­ãá ¬, ¤®«¦­  ¡ëâì
­¥ç¥â­®©. �«¥¤®¢ â¥«ì­®, ­ã¦­® ¯®áâà®¨âì ¥¥ ­¥ç¥â­®¥ ¯à®¤®«¦¥­¨¥
¢ ¨­â¥à¢ « (−π, 0); â®£¤  an = 0,  

bn = 1
π

π∫

−π

x2 sinnxdx = 2
π

π∫

0
x2 sinnxdx =

= 2
π




2x
n2

sinnx −



x2

n
− 2

n3



 cosnx





π

0
= 4

πn3
[(−1)n − 1]− 2π

n
.

�áª®¬®¥ à §«®¦¥­¨¥ ¨¬¥¥â ¢¨¤

x2 = 4
π

∞∑

n=1

(−1)n − 1
n3

sinnx − 2π
∞∑

n=1

sinnx

n
=

= −8
π

∞∑

n=1

sin(2n − 1)x
(2n − 1)3 − 2π

∞∑

n=1

sinnx

n
.

�®«ãç¥­­®¥ à ¢¥­áâ¢® ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å §­ ç¥­¨© x ∈ (0, π).

�¯à ¦­¥­¨ï

�«¥¤ãîé¨¥ äã­ªæ¨¨ à §«®¦¨âì ¢ âà¨£®­®¬¥âà¨ç¥áª¨¥ àï¤ë
�ãàì¥ ¢ ¨­â¥à¢ «¥ (−π, π):

252.
f(x) =







−2, ¯à¨ −π < x ≤ 0,
1, ¯à¨ 0 ≤ x < π.

253.
f(x) =







0, ¯à¨ −π < x ≤ 0,
x, ¯à¨ 0 ≤ x < π.

254.
f(x) =







π + 2x, ¯à¨ −π < x ≤ 0,
−π, ¯à¨ 0 ≤ x < π.

255.
f(x) = 4x − 1 .
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256.

f(x) = x2 + 1 .

257. �ã­ªæ¨î f(x) = x ¢ ¨­â¥à¢ «¥ (0, π) à §«®¦¨âì ¢ àï¤ �ãàì¥
¯® ª®á¨­ãá ¬ ªà â­ëå ¤ã£.

258. �ã­ªæ¨î f(x) = x ¢ ¨­â¥à¢ «¥ (0, π) à §«®¦¨âì ¢ àï¤ �ãàì¥
¯® á¨­ãá ¬ ªà â­ëå ¤ã£.

259. �ã­ªæ¨î f(x) = 1 − 2x ­  ®âà¥§ª¥ [0, 1] à §«®¦¨âì ¢ àï¤
�ãàì¥ ¯® ª®á¨­ãá ¬ ªà â­ëå ¤ã£.

260. �ã­ªæ¨î f(x) = cos 2x ¢ ¨­â¥à¢ «¥ (0, π) à §«®¦¨âì ¢ àï¤
�ãàì¥ ¯® á¨­ãá ¬ ªà â­ëå ¤ã£.

261. � §«®¦¨âì ¯® á¨­ãá ¬ ¢ á¥£¬¥­â¥ [0, 2] äã­ªæ¨î f(x) = 1− x/2.

� §«®¦¨âì ¢ àï¤ �ãàì¥ ¢ ãª § ­­ëå ¨­â¥à¢ « å äã­ªæ¨¨:
262. f(x) = | x |, (−1 < x < 1) .

263. f(x) = ex, (−e < x < e) .

264. f(x) = 10− x, (5 < x < 15) .
265.

f(x) =






x, ¯à¨ 0 < x ≤ 1,
2− x, ¯à¨ 1 ≤ x < 2.
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