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The explicit form of the sixth order radiative corrections to the lepton L (L ¼ e, μ, and τ) anomalous
magnetic moment from QED Feynman diagrams with insertion of the fourth order polarization operators
consisting of either two closed lepton loops or one lepton loop crossed by a photon line is discussed in detail.
The approach is based on the consistent application of dispersion relations for vacuum polarization operators
and the Mellin-Barnes transform for massive photon propagators. Explicit analytical expressions for
corrections to the lepton anomaly are obtained for the first time in thewhole interval 0 < r < ∞ of the ratio r
of leptonmassesml=mL. Asymptotic expansions in the limit of both small r ≪ 1 and large r ≫ 1 computed
from the exact expressions are found to be in perfect agreement with the ones earlier reported in the literature.
We argue that in the regionwhere the physical leptonmass ratios are located, the asymptotic expansions hold
with an accuracy higher than the experimentally measured anomalies. The two loop diagrams with all three
leptons different from each other are computed numerically and compared with the corresponding
corrections from the pure two-bubble and one-bubble mixed diagrams. It is shown that there are regions
of ratios r where all three types of the fourth order polarization operator contribute equally to the anomaly.
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I. INTRODUCTION

The electron and muon magnetic moments are now two of
the most precisely measured quantities in particle physics
and allow one to thoroughly test the relativistic local
quantum field theory (QFT) with tremendous accuracy.
The physics of the gyromagnetic factor gL, defined as the
ratio between the magnetic moment μ and the spin s of a
lepton L with charge e and mass m (μ⃗ ¼ gL e

2m s⃗), has long
challenged the particle physics community, and experiments
and theory look rather intricate. Its significance is tightly
connected with its early role as a valuable test of QFT.

Dirac’s relativistic theory of quantum mechanics remarkably
predicted that the gL-factor of a free point-like fermion
should be exactly 2; see Ref. [1]. However, later on
Schwinger [2] computed the leading order quantum correc-
tion to the lepton magnetic moment arising from the self-
interaction with a virtual photon and found a small correction
∼α=2π, where α is the electromagnetic fine structure
constant, which explained the unexpected ∼0.12% excess
observed in precisionmeasurements of the electron magnetic
moment, a discrepancy referred to as the anomalous mag-
netic moment of the electron. This success served as an
additional argument in the foundation of quantum electro-
dynamics (QED) as the true, authentic theory of electro-
magnetic interactions and QFT as a general framework for
the theory of elementary particles.
It is now conventional to define the anomalous magnetic

moment of a fermion L as aL ¼ ðgL − 2Þ=2 which quan-
tifies the deviation of gL from the Dirac value of 2. Since
then, the anomalous magnetic moment has been measured
with incredible accuracy becoming the best measured
quantity in the Standard Model (SM) and allows one to
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test relativistic local QFT with unprecedented accuracy. It
imposes severe limits on deviations from the standard
theory of elementary particles; therefore, investigations
of the anomalous magnetic moments have challenged
the particle physics community for a long time, and
experiments and theory look hitherto highly topical. The
electron and muon magnetic moment provide the most
precise tests of QED in particular and of relativistic local
QFT as a common framework for elementary particle
theory in general.
Presently, the electron and muon g-factors are known

with an accuracy ∼0.13 ppt [3] and ∼124 ppb [4], respec-
tively. This corresponds to a relative accuracy of ∼10−10 for
electrons and ∼10−6 for muons. It should be noted that, due
to the essentially smaller electron mass compared to the
masses of other charged leptons, measurements of the
electron anomaly are usually much more precise. In
particular, the high precision measurements of ae are used
to determine the value of the fine structure constant α−1.
This can be done, e.g., by comparing the perturbative series
in (α=π) for QED calculations at a high enough order with
the experimentally measured electron anomaly. It was
found that α−1 values derived from the electron anomaly
and from atom recoil experiments are in a rather good
agreement with each other [5]. A comprehensive analysis
of different mechanisms to electron and muon anomalies
within the SM can be found in, e.g., Refs. [5–12]; for an
overview of the current status from both the experimental
and theoretical points of view, see Refs. [13,14]. The
measurements of the electron and muon g-factors along
with the corresponding theoretical calculations are also
aimed at probing the limits of the SM or the possible
existence of as yet undiscovered particles Beyond the
Standard Model (BSM). In this context, the muon anomaly
aμ serves as an extremely powerful tool in investigations of
the BSM physics, q.v., Refs. [15,16].
In the SM, the lepton anomaly aL is calculated from the

perturbative expansion in the fine-structure constant α. The
most important contributions to αL arise from pure QED
diagrams, but starting from the order α2, hadronic con-
tributions, in particular hadron vacuum polarization and
hadron light-by-light scattering, also become notable.
Currently, high precision calculations of QED corrections
(up to the fourth order in α) are performed by means of
special computational algorithms, e.g., high-precision
numerical calculations of the set of master integrals
belonging to some specific topologies by difference equa-
tions [17,18] which are then fitted to analytical expressions
by using the PSLQ algorithm [19]. This is a quite general
method of calculating generic multiloop master integrals
based on numerical solution of systems of difference
equations. The general approach for determining the set
of master integrals for arbitrary Feynman diagrams and for
their calculations by recurrence relations obtained from the
integration by parts is presented in detail in Ref. [17], where

a method applicable to any diagram with any values of
masses and momenta, capable of providing high-precision
values and suitable for automatic calculation, was sug-
gested and discussed in detail. These methods assure
several hundred or even thousand significant digits in
the final results [18]. In spite of the ability to perform
high precision calculations, these approaches are quite
cumbersome in practice. Even in the case of parallel
computation realization, one requires a huge amount of
computer time. So, as mentioned in Ref. [17], the very first
applications of the PSLQ algorithm to express the sixth
order electron anomaly ae in a close analytical form [20]
required some months of computer time. Later, the pro-
cedure of solving the systems of integration-by-part iden-
tities and reduction to master integrals was essentially
improved by using the Laplace transformation; this sub-
stantially reduced the computer time, e.g., about 128 hours
of CPU time on a 133 MHz Pentium PC for self-energy
diagrams [17]. Moreover, due to the cumbersomeness of
the method, a detailed analysis of the results with a separate
investigation of the role of a particular type of diagram, as
well as independent confirmation of the numerical results,
appear to be rather awkward. In this context, it is quite
tempting to identify a subgroup of specific diagrams, which
enable close analytical calculations, in the full set of
diagrams of a given order. This subgroup consists exclu-
sively of diagrams with insertions of the vacuum photon
polarization operator with the inclusion of self-energy
corrections of the corresponding order. The simplest type
of such operators is the one consisting solely of closed
lepton loops, usually referred to as the “bubble”-like
diagrams. Based on the Mellin-Barnes representation for
the massive propagators, cf. Refs. [21–23] (a generalization
of the Mellin-Barnes technique to the multifold Mellin-
Barnes integrals can be found in Refs. [24,25]), a detailed
analytical consideration of this type of diagram was
presented Ref. [26]. It was shown that the application of
the Mellin-Barnes approach makes it possible to derive
general expressions for the corrections to the muon aμ in
the form of one (two)-dimensional integrals which deter-
mine the Mellin momenta of the corresponding polarization
operator. In Ref. [27], this approach was generalized to the
case of any arbitrary lepton L ¼ e, μ and τ, aL, and for
the whole interval of the mass ratio r ¼ ml=mL of the
loop lepton l to the external L one in the whole region
0 < r < ∞. More recent applications of the Mellin-Barnes
approach to aL can be found in Refs. [28–30]. A slightly
different approach to calculating radiative corrections from
diagrams with vacuum polarization insertions can be found
in Ref. [31], where the fourth order polarization operator
was approximated by using the Padé approximation and
employed in calculations of the corresponding integrals
determining the tenth order corrections to electron anomaly
of diagrams with only muon loops.
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The next in complexity operators are diagrams with
closed lepton loops crossed by photon lines, hereafter
referred to as the “mixed” type. This is a natural extension
of our earlier calculations [27,30] of corrections from the
bubble-like diagrams, by including in the consideration the
mixed diagrams. Obviously, the lowest order of these
diagrams is α2 that contributes to the sixth and higher
order radiative corrections to aL. In this paper, we mainly
focus on analytical calculations of the sixth order correc-
tions stipulated by accounting for only one mixed loop in
the vacuum polarization operators. As before, our consid-
eration is based on a combined use of the dispersion
relations for the polarization operators and the Mellin-
Barnes integral transform for the Feynman parametric
integrals. Notice that the very first analytical expressions
for mixed diagrams were reported in Ref. [32] in the
asymptotic limits r ≪ 1 and r ≫ 1. Here, our efforts are
aimed at exact calculations of the mixed diagrams for any
value of r, 0 < r < ∞.
Our paper is organized as follows. In Sec. II, the most

general expressions for the vertex radiative corrections
from diagrams with vacuum polarization insertions are
obtained within the Mellin-Barnes approach. Explicit for-
mulas for the corresponding Mellin momenta are presented
for an arbitrary number of lepton loops, for both the bubble-
like and the mixed types of diagrams. The sixth order of

corrections to aL are analyzed analytically in Sec. III.
Section III A is devoted to numerical calculation of
integrals by the direct formula. The corrections to aL,
computed analytically by the Cauchy theorem for the right
and left semiplanes, are presented in Secs. III B and III C,
respectively. Numerical analysis of the obtained analytical
formulas is presented in Sec. IV. In this section we also
discuss the asymptotic behavior at large r ≫ 1 and small
r ≪ 1 and the range of applicability of the asymptotic
formulas. The contributions from mixed and bubble dia-
grams are discussed in Sec. IVA. Conclusions are collected
in Sec. V. Some important explanatory formulas are
delegated to Appendixes A and B.

II. VACUUM POLARIZATION
AND LEPTON ANOMALY

In this section, we present the most general expressions
for the vertex radiative corrections from diagrams with
vacuum polarization insertions. A particular case when
the vacuum polarization operator consists only of closed
lepton loops was previously considered in detail in
Refs. [26,27,30]. Here, we consider a more complicated
polarization operator which includes also loops with
internal photon lines. The renormalized photon propagator
can be written as

Dαβðk2Þ ¼ −i
��

gαβ −
kαkβ
k2

�
1

k2
1

1þ Πðk2Þ þ ξ
kαkβ
k4

�

¼ −i
��

gαβ −
kαkβ
k2

�
1

k2
½1 − ðΠðk2Þ − Π2ðk2Þ þ Π3ðk2Þ þ � � �Þ� þ ξ

kαkβ
k2

�

≡ −i
��

gαβ −
kαkβ
k2

�
1

k2
½1 − Π̃ðk2Þ� þ ξ

kαkβ
k4

�
; ð1Þ

where ξ is the gauge fixing parameter and Πðk2Þ is the sum
of all irreducible self-energy graphs which, up to the fourth
order, are depicted in Fig. 1. Since the sum of irreducible
diagrams remains transverse, the longitudinal part of the
propagator does not affect our calculations and, conse-
quently, we can choose the full propagator as pure trans-
verse. This corresponds to the choice ξ ¼ 0, i.e., to the
Landau gauge. Moreover, it can be shown that the
remaining part proportional to kαkβ also does not contribute
to the anomaly aL, and consequently, in our calculations,

we can restrict ourselves to only terms the ∼gαβ; see
Refs. [26,27,33] and Appendix A.
The quantity Π̃ðk2Þ in Eq. (1) includes all powers of the

irreducible graphs,

Π̃ðk2Þ ¼ Πðk2Þ − Π2ðk2Þ þ Π3ðk2Þ þ � � � ; ð2Þ

which obviously contains all orders of the radiative
corrections. For instance, the powers of the first diagram
in Fig. 1 generate a series of “bubble-like” graphs, labeled

FIG. 1. Irreducible proper graphs contributing to the vacuum polarization operator up to the fourth order. The crossed loop is the
shorthand notation for the sum of diagrams with one internal photon line.
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as (a), (b), and (d) in Fig. 2 [see also Refs. [27,30] ]. The
diagram with the crossed loops induces the so-called
“mixed-bubble” types, cf., diagrams (c) and (e), which
certainly determine the sixth and higher orders of the
radiative corrections. The simplest diagrams of this type are
depicted in Fig. 3.
As demonstrated in Refs. [27,30,34,35], the vertex

diagrams with the insertion of only vacuum polarization
operators can equivalently be represented by a diagram of
the second order with the exchange of one but massive
photon with squared mass t. For this type of diagram, the

lepton anomaly Kð2Þ
L ðtÞ is well known in the literature

[36,37] and reads as

Kð2Þ
L ðtÞ ¼ α

π

Z1

0

dx
ð1 − xÞx2

x2 þ tð1 − xÞ=m2
L
; ð3Þ

where mL is the mass of the scrutinized lepton and α is the
fine structure constant. In rest of this paper, the external
lepton and also the loop leptons of the same type as the
external one are denoted by the capital letter L. The loop
leptons, different from L, are denoted by the lowercase l.
With Eq. (3), the anomaly aL can be written as

[27,30,34,35]

aL ¼ 1

π

Z
dt
t
Im Π̃ðtÞKð2Þ

L ðtÞ

¼ 1

π

Z
dt
t
Im Π̃ðtÞ α

π

Z
dx

x2ð1 − xÞ
x2 þ ð1 − xÞt=m2

L

¼ −
α

π

Z1

0

dxð1 − xÞΠ̃ðq2effÞ; ð4Þ

where q2eff ¼ −x2
1−xm

2
L. In obtaining Eq. (4), the dispersion

relations for the operator ΠðtÞ have been employed. In the

present paper, we consider the polarization operator con-
sisting of only two types of internal leptons, L and l. The
diagrams with three different leptons, L, l1, and l2 will be
represented elsewhere. Generally, the polarization operator
(2) for Feynman diagrams with insertions of n ¼ pþ j
closed loops, where p and j denote the number of lepton
loops of L and l types, respectively, can be presented as
[q.v., Eq. (2)]

Πnðk2Þ ¼
Xn
p¼0

ð−1Þnþ1Cp
n ½ΠðLÞðk2Þ�p½ΠðlÞðk2Þ�j¼n−p

≡Xn
p¼0

Fðp;jÞ½ΠðLÞðk2Þ�p½ΠðlÞðk2Þ�j¼n−p; ð5Þ

where Cp
n are the familiar combinatorial coefficients and

the quantity Fðp;jÞ ¼ ð−1Þpþjþ1Cp
pþj has been introduced

as to reconcile our formulas with the commonly adopted
notation, e.g., in Refs. [26,27,30]. Inserting Eq. (5) into
Eq. (4) and applying again the dispersion relations to

ΠðlÞðq2effÞ=q2eff , the corrections aðp;jÞL to the anomaly aL
from diagrams with pþ j loops read as

aðp;jÞL ¼ Fðp;jÞ
α

π

Z∞

0

dt
t

Z1

0

dx
x2ð1 − xÞ

x2 þ ð1 − xÞt=m2
L

× ½ΠðLÞðq2effÞ�p
1

π
Im ½ΠðlÞðtÞ�j: ð6Þ

Note the factorization of the integrals over x and t for a
particular diagram with p ¼ 0. In this specific case, the

corrections aðp;jÞL in Eq. (6) can already be calculated
numerically. However, since these diagrams with all
leptons l in the loops different from the external ones,
l ≠ L, are too particular, a more general and comprehen-

sive analysis of aðp;jÞL is hindered.

(a) (b) (c) (d) (e)

FIG. 2. Possible combinations of the irreducible diagrams contributing to up to the sixth order vacuum polarization operator. Diagrams
(a), (b), and (d) are purely bubble-type diagrams, whereas diagrams (c) and (e) are of the so-called “mixed type”; cf. Fig. 1.

FIG. 3. Simplest diagrams with insertions of the vacuum polarization operator of the fourth order with one internal photon line. The
external photon is labeled by “L”, whereas the internal lepton in the loop is denoted as “l”.
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To further proceed with analytical calculations, we consider the integrand in Eq. (6) as the subject of the Mellin–Barnes
transform; see e.g., Refs. [21,22,38,39]:

x2ð1 − xÞ
x2 þ ð1 − xÞt=m2

L
¼ 1

2πi

Zcþi∞

c−i∞

ds

�
4m2

l

t

�
s
�
4m2

l

m2
L

�−s
x2sð1 − xÞ1−sΓðsÞΓð1 − sÞ; ð7Þ

where 0 < c < 1 determines the strip in the complex plane of s along which the integrand (7) is an analytical function; the

factor 4m2
l has been introduced for further convenience. By virtue of the representation (7), we can write aðp;jÞL , Eq. (6), as

aðp;jÞL ¼ α

π

1

2πi
Fðp;jÞ

Zcþi∞

c−i∞

ds

�
4m2

l

m2
L

�−s
ΓðsÞΓð1 − sÞ

Z
1

0

dxx2sð1 − xÞ1−s

×

�
ΠðLÞ

�
−

x2

1 − x
m2

L

��
p Z ∞

0

dt
t

�
4m2

l

t

�
s
�
1

π
Im

�
ΠðlÞ

�
4m2

l

t

��
j
�
: ð8Þ

Hence, the Mellin–Barnes transform made it possible to
present the contribution to the lepton anomaly from differ-
ent types of lepton loops in the following factorized form of
two Mellin momenta:

aðp;jÞL ¼ α

π

1

2πi
Fðp;jÞ

Zcþi∞

c−i∞

ds

�
4m2

l

m2
L

�−s

× ΓðsÞΓð1 − sÞΩpðsÞRjðsÞ; ð9Þ
where

ΩpðsÞ ¼
Z

1

0

dxx2sð1 − xÞ1−s½ΠðLÞðq2effÞ�p; ð10Þ

RjðsÞ ¼
Z∞

4m2
l

dt
t

�
4m2

l

t

�
s 1

π
Im ½ΠðlÞðtÞ�j

¼ 2

Z
1

0

δdδð1 − δ2Þs−1 1
π
Im ½ΠðlÞðδÞ�j; ð11Þ

where the variable δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

l=t
q

.

Equations (9) and (10) represent the most general
expressions for the lepton anomaly from diagrams with
vacuum polarization operators consisting of lepton loops of
two types, L and l. Note that in our previous papers we
considered only irreducible diagrams of the second order,
i.e., pure closed lepton loops. In that case, for a better
illustration of the 2ðpþ jþ 1Þ orders of corrections, the
factors ðαπÞp and ðαπÞj were emphasized explicitly in the
definitions ofΩpðsÞ andRjðsÞ. Since in the present paperwe
consider also one-loop polarization operators of the fourth
order, the indicesp and j no longer illustrate unambiguously
the order of corrections. For this reason, we include the
factors ðαπÞp and ðαπÞj into the definition of the Mellin
momenta and, instead, we indicate the order of correction
by a subscript for the corresponding polarization operators.

As seen from Eq. (11), the Mellin momentum RjðsÞ is
manifestly independent of the lepton masses. The momen-
tum ΩpðsÞ depends only on the polarization operator
ΠðLÞðq2Þ for which the genuine variable is the dimension-

less combination 4m2
L

q2 . It implies that, in our case, when

q2 ¼ q2eff the polarization operator becomes ΠðLÞð4m2
L

q2eff
Þ ¼

ΠðLÞð− 4ð1−xÞ
x2 Þ; i.e., ΩpðsÞ is also independent of the lepton

masses. Consequently, the only dependence on the masses

in aðp;jÞL , Eq. (9), enters through the ratio ml=mL, which

justifies the commonly adopted classification of aðp;jÞL as
[7,40]

aL ¼ A1;L

�
mL

mL

�
þ A2;L

�
ml

mL

�
þ A3;L

�
ml

mL
;
ml2

mL

�
; ð12Þ

where the contribution A1 corresponds to diagrams for
which all the internal loops are formed by the same type of
leptons as the external one; it also includes diagrams with
exchanges of only one virtual photon without lepton loops.
Clearly, A1 is universal for all kinds of leptons. The mass-
dependent contributions A2 and A3 include diagrams with
leptons l ≠ L.
In turn, each of the terms in the sum (12) can be written

in the form of expansion by the fine structure α as

A1;LðmL=mLÞ¼Að2Þ
1;L

�
α

π

�
1

þAð4Þ
1;L

�
α

π

�
2

þAð6Þ
1;L

�
α

π

�
3

þ���;

ð13Þ

A2;Lðr ¼ ml=mLÞ ¼ Að4Þ
2;LðrÞ

�
α

π

�
2

þ Að6Þ
2;LðrÞ

�
α

π

�
3

þ Að8Þ
2;LðrÞ

�
α

π

�
4

þ � � � ; ð14Þ
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A3;Lðr1; r2Þ ¼ Að6Þ
3;Lðr1; r2Þ

�
α

π

�
3

þ Að8Þ
3;Lðr1; r2Þ

�
α

π

�
4

þ Að10Þ
3;L ðr1; r2Þ

�
α

π

�
5

þ � � � ; ð15Þ

where r ¼ r1 ¼ ml1=mL; r2 ¼ ml2=mL and the super-
scripts of the coefficient in the rhs indicate the correspond-
ing order of the radiative corrections. As mentioned, the
leading order correction to the lepton anomaly aL was
calculated, for the first time, by Schwinger [2]. In our

notation, this corresponds to the coefficient Að2Þ
1;L ¼ 1=2.

The next coefficients Að4Þ
1;L and Að6Þ

1;L are also known
explicitly [7]. Concerning the contributions to A1 from
bubble diagrams, they are known up to an impressive high
order, up to 13 loops; see [41,42]. Recent numerical
calculations of A1;L up to α5 order can be found in
Refs. [8–12].
Here below, we focus on further investigations

of the mass-dependent coefficients AðiÞ
2;LðrÞ in Eq. (14)

by means of the Mellin-Barnes technique. Previously, in
Refs. [27,30], we considered the radiative corrections from
diagrams consisting of only pure closed lepton loops, the
so-called “bubble”-like diagrams. Now we complicated the
task by including in the consideration diagrams with loops
crossed by internal photon lines, hereafter referred to as
“mixed” diagrams; see Fig. 3. Hitherto, the exact analytical
expressions for this type of diagram were derived

only for the universal coefficient Að6Þ
1;L ¼ Að6Þ

2;Lðr ¼ 1Þ; see
Refs. [43,44]:

Að6Þ
2;Lð1Þ ¼

673

108
−
41π2

81
−
7π4

270
−
4

9
π2 lnð2Þ

−
4

9
π2 ln2ð2Þ þ 4

9
ln4ð2Þ

þ 32

3
Li4

�
1

2

�
þ 13ζð3Þ

18
¼ 0.05287065…; ð16Þ

where Li4 is the polylogarithm function of the order 4,
LinðzÞ ¼

P∞
k¼1 ðzk=knÞ, and ζð3Þ is the Riemann zeta

function, ζðzÞ ¼ P∞
k¼1 ð1=zkÞ.

So far, due to the cumbersomeness of the explicit
expressions of mixed diagrams [more than 150 terms for
the graphs of Fig. 3, cf. Ref. [32] ], the mass dependent

coefficients Að6Þ
2 ðrÞ for the mixed diagrams have never been

listed explicitly in the literature. Instead they were studied
in detail in the asymptotic limits r ≪ 1 and r → ∞ [32].

Concerning the coefficients Að6Þ
3 ðr1; r2Þ, i.e., diagrams

with all three different leptons, they were thoroughly consi-
dered also in the asymptotic limits in Refs. [22,26,45]. An
extension to their exact expressions can be found in
Ref. [29] (q.v., also references therein quoted), where

the coefficients Að6Þ
3 ðr1; r2Þ were obtained analytically

within the generalized twofold Mellin-Barnes representa-
tion. Also, analytical representations for the sixth order

coefficients Að6Þ
3 ðr1; r2Þ as expansions in the small mass

ratios were presented in Ref. [46].

III. THE SIXTH ORDER CORRECTIONS

The sixth order corrections are generated by powers of
the irreducible operatorΠðk2Þ, which includes graphs of the
second and fourth orders, i.e., the graphs (b) and (c) in
Fig. 2. The contributions from the graphs of type (b) were
analyzed in detail in Ref. [27]. The sought sixth order
corrections to aL from the mixed diagrams are determined
by the irreducible graph (c) which are hereafter referred
to as Π4ðk2Þ; the corresponding diagrams are depicted
in Fig. 3, for which p ¼ 0 and j ¼ 1 [see also
Refs. [27,35,47] ]. Correspondingly,

Ω0ðsÞ ¼
Z

1

0

dxx2sð1 − xÞ1−s ¼ Γð2 − sÞΓð1þ 2sÞ
Γð3þ sÞ ; ð17Þ

Rð4Þ
1 ðsÞ ¼ 2

Z
1

0

δdδð1 − δ2Þs−1 1
π
Im ½ΠðlÞ

4 ðδÞ�

¼
�
α

π

�
2

2

Z
1

0

δdδð1 − δ2Þs−1ρð4ÞðδÞ; ð18Þ

where, for the sake of brevity, we introduced the notation

�
α

π

�
2

ρð4ÞðδÞ ¼ 1

π
Im ½ΠðlÞ

4 ðδÞ�: ð19Þ

The fourth order “mixed” polarization operator ΠðlÞ
4 ðδÞ

is well-known in the literature and can explicitly be found
in, e.g., Refs. [35,48,49]:

ρð4ÞðδÞ ¼
�
11

16
þ 11δ2

24
−
7δ4

48
þ
�
1

2
þ δ2

3
−
δ4

6

�
ln

�ð1þ δÞ3
8δ2

��
ln

�
1þ δ

1 − δ

�

þ δ

�
5

8
−
3δ2

8
−
�
1

2
−
δ2

6

�
ln

�
64δ4

ð1 − δ2Þ3
��

þ 2

�
1

2
þ δ2

3
−
δ4

6

��
2Li2

�
1 − δ

1þ δ

�
þ Li2

�
−
1 − δ

1þ δ

��
Θð1 − δÞ; ð20Þ
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where Li2ðxÞ denotes the dilogarithm function.1

Thus, the anomaly að6ÞL becomes

að6ÞL ¼
�
α

π

�
1

2πi

Zcþi∞

c−i∞

dsr−2s
ΓðsÞΓð1 − sÞΓð2 − sÞΓð1þ 2sÞ

Γð3þ sÞ Rð4Þ
1 ðsÞ

¼
�
α

π

�
3 1

2πi

Zcþi∞

c−i∞

dsr−2s
2

ffiffiffi
π

p ð1 − sÞΓð1 − sÞΓð1
2
þ sÞ

ð1þ sÞð2þ sÞ sinðπsÞ 2

Z1

0

δdδð1 − δ2Þs−1ρð4ÞðδÞ: ð21Þ

With Eq. (21), the coefficient Að6Þ
2 ðrÞ in Eq. (14) defining the contribution to the sixth order corrections from the diagrams in

Fig. 3 can be represented in the form

Að6Þ
2;LðrÞ ¼

1

2πi

Zcþi∞

c−i∞

dsr−2s
ffiffiffi
π

p ð1 − sÞΓð1 − sÞΓð1
2
þ sÞ

ð1þ sÞð2þ sÞ sinðπsÞ 2

Z1

0

dδδð1 − δ2Þs−1ρð4ÞðδÞ; ð22Þ

which, after carrying out integration over δ, can be rewritten as

Að6Þ
2;LðrÞ ¼

1

2πi

Zcþi∞

c−i∞

dsr−2sF ðsÞ; ð23Þ

where the integrand F ðsÞ explicitly reads as

F ðsÞ ¼ π2ð1 − sÞ
sin2ðπsÞ

�
−
72þ 408sþ 852s2 þ 749s3 þ 199s4 − 72s5 − 36s6

6s2ð1þ sÞð2þ sÞ3ð1þ 2sÞ2ð3þ 2sÞ

þ π2

12

�
4

s
−

1

2þ s

�
Γð1

2
þ sÞffiffiffi

π
p ð1þ sÞð2þ sÞΓðsÞ þ

2þ 3s
3sð1þ sÞð2þ sÞ2ð1þ 2sÞ

×

�
ψ

�
sþ 1

2

�
− 3ψðsÞ − 2γE þ 2 lnð2Þ

�
þ 1

3ð1
2
þ sÞð2þ sÞ

×

�
−4
1þ s 3F2

�
1

2
;
1

2
; 1;

3

2
;
3

2
þ s; 1

�
þ s

ð3
2
þ sÞð5

2
þ sÞ 3F2

�
1

2
;
1

2
; 1;

3

2
;
7

2
þ s; 1

���
: ð24Þ

Above, γE ¼ 0.5772156649… denotes the Euler con-
stant, ψðsÞ is the well-known polygamma function, and
pFqða1; a2;…ap; b1; b2;…bq; 1Þ are the generalized hyper-
geometric functions of the argument x ¼ 1. Recall that in
Eq. (23) the integration domain is specified by the strip 0 <
c < 1where the above hypergeometric functions have been
defined and are analytical functions. A more meticulous
analysis of the functions 3F2ð12 ; 12 ; 1; 32 ; 32 þ s; 1Þ and

3F2ð12 ; 12 ; 1; 32 ; 72 þ s; 1Þ shows that they are valid in a larger
region, namely, in the complex planes Res > −1 and
Res > −3, respectively, whereas outside these regions these
functions are not defined at all. This can impede further
evaluations of the integrals by theCauchy residue theorem in

the left semiplane of s. Therefore, an analytical continuation
of these functions to the left semiplane is necessary.

A. Direct numerical calculations

Before proceeding with analytical calculations of the
integral (23) with the integrand (24) by the Cauchy residue
theorem, we recall that, for this particular case considered in
the present paper, i.e., for p ¼ 0 and j ¼ 1, the coefficient

Að6Þ
2;LðrÞ can be calculated numerically directly from the

definition (6). In this case, the x-direction integration in
Eq. (3) or (6) can be carried out analytically providing for the

coefficient Að6Þ
2 ðrÞ the following expression

Að6Þ
2;LðrÞ ¼

Z1

0

2δ

1 − δ2
K̃2ðδ; rÞρð4ÞðδÞdδ; ð25Þ

1Note that, in Refs. [35,49], the operator 1
π ImΠðlÞ

4 ðtÞ is given
in terms of the Spence functions ΦðxÞ which are related to the
dilogarithm functions as ΦðxÞ ¼ − π2

12
− Li2ð−xÞ.
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where ρð4ÞðδÞ is defined by Eq. (20) and K̃2ðδ; rÞ is the result of integration over x in Eq. (3) with t=m2
L ¼ 4r2=ð1 − δ2Þ [see

also Refs. [35,37] ],

K̃2ðδ; rÞ ¼
1

2

�
1 −

8r2

1 − δ2
−

8r2

1 − δ2

�
1 −

2r2

1 − δ2

�
ln

�
4r2

1 − δ2

��

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1−δ2

r2

q
�
1 −

8r2

1 − δ2
þ 8r4

ð1 − δ2Þ2
�
ln

0
B@1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1−δ2

r2

q

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1−δ2

r2

q
1
CA: ð26Þ

In principle, Eqs. (25) and (26) are already suitable for
numerical calculation of Að6Þ

2 ðrÞ. However, these expres-
sions are not sufficiently convenient as they do not allow
further refinement investigations of the analytical proper-

ties of Að6Þ
2;LðrÞ, such as the asymptotic behavior as r → ∞

or r ≪ 1, dependence on the types of leptons in the loops,
comparisons with results already reported in the literature,
etc. Such kind of analysis can be performed only if one has

explicit analytical expressions of Að6Þ
2;LðrÞ. Nevertheless,

Eq. (25) can serve as an extremely useful tool for cross-
checking the numerical results obtained from the exact, but
rather cumbersome analytical expressions (see below).
Besides this possibility of numerical checks of the exact

formulas, another way of testing the results is to compare
the analytical expressions with those known in the liter-
ature. Later on we compute (numerically) the limit r → 1

and compare with the explicit expression for Að6Þ
2;Lðr ¼ 1Þ,

Eq. (16). Also, the limits r ≫ 1 and r ≪ 1 are employed for
comparisons with the well-known results [32].

B. Analytical calculations: Right semiplane r > 1

Having computed explicitly the integrand (24), the
Mellin integral (23) can be calculated straightforwardly
by means of the Cauchy residue theorem closing the

integration contour consecutively to the right (r > 1) and
to the left (r < 1) semiplanes of the complex variable s.
From Eq. (24), one infers that F ðsÞ is a singular function in
both semiplanes of s. So, in the right semiplane (r > 1), the
integrand F ðsÞ possesses a pole of the first order at s ¼ 1
and multiple poles of the second order for other positive
integers s, s ¼ 2; 3;…n… The residue at s ¼ 1 is easily
calculable:

Res½r−2sF ðsÞ�s¼1 ¼ −
41

486

1

r2
: ð27Þ

The remaining poles, all of the second order, are located at

integer s > 1; hence, Að6Þ
2 can be written as

Að6Þ
2;Lðr > 1Þ ¼ 41

486

1

r2
−
X∞
n¼2

Res½r−2sF ðsÞ�s¼n: ð28Þ

The minus sign in (28) originates from the fact that the
integration contour is clockwise. The residues in s ¼ 2; 3…
in Eq. (28) have been calculated by means of the available
computer packages, Wolfram Mathematica 13 and/or
Maple 2023, with ability of symbol manipulation. The
result is

Að6Þ
2;Lðr > 1Þ ¼ C1ðrÞ þ C2ðrÞ lnðrÞ þ

�
7

2
− 8r2 −

115

18
r4
�
ln2ðrÞ þ ΣðrÞ; ð29Þ

where

C1ðrÞ ¼
193

1215r2
þ 919

144
−
33

4
r2 þ r

�
8

9
þ 10r2

��
Li2

�
1 − r
1þ r

�
− Li2

�
−
1 − r
1þ r

��

−
16

9
r

�
Li3

�
1

r

�
− Li3

�
−
1

r

��
þ
�
7

4
− 4r2 −

115

36
r4
��

2Li2

�
1 − 1

r

1þ 1
r

�
− 2Li2

�
−
1 − 1

r

1þ 1
r

�

þ 4Li2ð1 − rÞ
�
−
�
1þ 4

3
r2 þ 23

9
r4
�
Li3

�
1

r2

�
− 6r4Li4

�
1

r2

�
−
π2

3

�
11

144r2
þ 7

8
−
2

3
r

− 3r2 −
15

2
r3 −

5869

72
r4 þ 5984r4 − 19232r2 þ 20388

72ð1 − 1
r2Þ5=2

−
6854r2 þ 367

72r4ð1 − 1
r2Þ5=2
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− 26r2
�
1þ 230

39
r2
�
ln

�
1

2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 −

1

r2

r ��
þ 26r24F3

�
−
1

2
; 1; 1; 1; 2; 2; 2;

1

r2

�

−
1

54r2 4F3

�
1; 1;

3

2
; 3; 4; 4; 4;

1

r2

�
þ 1

9r2 6F5

�
3

2
; 3; 3; 3; 3; 3; 1; 1; 4; 4; 4;

1

r2

��
; ð30Þ

C2ðrÞ ¼ 7 −
127

18
r2 −

8

9
r

�
Li2

�
1

r

�
− Li2

�
−
1

r

��
−
�
1þ 4

3
r2 þ 23

9
r4
�
Li2

�
1

r2

�

− 4r4Li3

�
1

r2

�
−
π2

3

�
1 − 10r2 þ 206

3
r4 −

53 − 259r2 þ 206r4

3ð1 − 1
r2Þ1=2

þ 48r4 ln

�
1

2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 −

1

r2

r ��
− 30r23F2

�
−
1

2
; 1; 1; 2; 2;

1

r2

��
; ð31Þ

ΣðrÞ ¼ 8

3

X∞
n¼2

��
4n3 þ n2 − 14n − 9

ðnþ 1Þ2ðnþ 2Þð2nþ 1Þ 3F2

�
1

2
;
1

2
; 1;

3

2
;
3

2
þ n; 1

�

−
16n5 þ 28n4 − 104n3 − 225n2 − 60nþ 30

ðnþ 2Þð2nþ 1Þð2nþ 3Þ2ð2nþ 5Þ2 3F2

�
1

2
;
1

2
; 1;

3

2
;
7

2
þ n; 1

��

þ n − 1

nþ 1

�
3F2

�
1

2
;
1

2
; 1;

3

2
;
3

2
þ n; 1

�
−

nðnþ 1Þ
ð2nþ 3Þð2nþ 5Þ 3F2

�
1

2
;
1

2
; 1;

3

2
;
7

2
þ n; 1

��

× lnðr2Þ − n − 1

nþ 1

�
X
�
3

2
þ n

�
−

nðnþ 1Þ
ð2nþ 3Þð2nþ 5ÞX

�
7

2
þ n

��

−
ðn − 1Þð2nþ 1Þð3nþ 8ÞΓðnþ 1

2
Þπ3=2

32ðnþ 1Þ!ðnþ 2Þ
�
ψðnÞ − ψ

�
nþ 1

2

��
−

ðn − 1Þð3nþ 2Þ
8nðnþ 1Þðnþ 2Þ

×

�
3ψ ð1ÞðnÞ − ψ ð1Þ

�
nþ 1

2

��
−
�
3ψðnÞ − ψ

�
nþ 1

2

�
þ 2γE − 2 lnð2Þ

�
lnðr2Þ

�

−
9n5 þ 11n4 − 17n3 − 31n2 − 15n − 2

4n2ðnþ 1Þ2ðnþ 2Þ2ð2nþ 1Þ
�
3ψðnÞ − ψ

�
nþ 1

2

�
þ 2γE − 2 lnð2Þ

��
r−2n

ðnþ 2Þð2nþ 1Þ : ð32Þ

The quantities Xðnþ 3
2
Þ and Xðnþ 7

2
Þ in Eq. (32) are the

shorthand notation for the first derivatives of the hyper-
geometric function,

X
�
3

2
þ n

�
≡ ∂

∂s

�
3F2

�
1

2
;
1

2
; 1;

3

2
;
3

2
þ s; 1

��
s¼n

¼
X∞
k¼0

Γð1
2
þ kÞffiffiffi

π
p ð1þ 2kÞ

Γð3
2
þ nÞ

Γð3
2
þ kþ nÞ

×

�
ψ

�
3

2
þ n

�
− ψ

�
3

2
þ nþ k

��
: ð33Þ

The derivatives Xðnþ 7
2
Þ in Eq. (33) can be related with

Xðnþ 3
2
Þ, Eq. (33), by merely shifting the argument by a

factor of two, i.e., Xðnþ 7
2
Þ ¼ Xððnþ 2Þ þ 3

2
Þ. Explicitly,

Xðnþ 3
2
Þ can be calculated from the integral representation

of the corresponding hypergeometric function

3F2

�
1

2
;
1

2
; 1;

3

2
; sþ 3

2
; 1

�
¼ −

1ffiffiffi
π

p Γðsþ 3
2
Þ

Γðsþ 1Þ IðsÞ; ð34Þ

where

IðsÞ≡
Z

1

0

dy
y
ð1 − y2Þs ln

�
1 − y
1þ y

�
: ð35Þ

Then the derivative of Eq. (33) with respect to s at s ¼ n
becomes

X
�
nþ 3

2

�
¼ 1ffiffiffi

π
p Γðnþ 3

2
Þ

Γðnþ 1Þ
�
IðnÞ

�
ψðnþ 1Þ − ψ

�
nþ 3

2

��
− I 0ðnÞ

�
; ð36Þ

SIXTH ORDER QED RADIATIVE CORRECTIONS TO LEPTON … PHYS. REV. D 112, 073008 (2025)

073008-9



with

I 0ðnÞ ¼
Z

1

0

dy
y
ð1 − y2Þn ln ½1 − y2� ln

�
1 − y
1þ y

�
: ð37Þ

Notice that the integral (37) can be calculated analyti-
cally for any positive integer n so that one can assert that
Eq. (29) is the sought manifestly analytical expression for

Að6Þ
2 ðrÞ. To our knowledge, in so far in the literature, the

radiative corrections for the coefficients Að6Þ
2 ðrÞ from

diagrams with loops containing one internal photon line
have been reported only as approximate expressions
for r ≫ 1 and r ≪ 1, cf. Ref. [32]. Evidently, with
Eqs. (29)–(32), we are in a position to perform expansions

of Að6Þ
2 ðrÞ about any r ¼ r0 up to any number of terms,

necessary for reconciling with other approximate expres-
sions, e.g., with those reported in Ref. [32]. The asymptote
of the special functions entering into Eqs. (29)–(32) are
well known, except for the sum ΣðrÞ that contains
derivatives XðξÞ of the hypergeometric functions with
respect to their half-integer parameter ξ, thus hampering
explicit calculations of the asymptotes. Consequently,

calculations of Að6Þ
2 ðr ≫ 1Þ require analytical expressions

for XðξÞ up to the desired order n in the expansion r−2n.
Following the previously adopted accuracy in estimates of

Að6Þ
2 ðrÞ, we restrict the sum (32) up to terms r−12, which

correspond to the maximum values of the argument ofXðξÞ
to 19

2
. The corresponding expressions were calculated

explicitly by Eq. (36) and collected in Table I.
With these results, the asymptote of Að6Þ

2 ðr ≫ 1Þ,
Eq. (29), reads as follows:

Að6Þ
2;Lðr ≫ 1Þ ¼ 41

486

1

r2
þ 1

r4

�
−

449

5400
lnðrÞ − 19871

324000
þ 49

768
ζð3Þ

�
þ 1

r6

�
−

62479

661500
lnðrÞ − 665873

8890560
þ 119

1920
ζð3Þ

�

þ 1

r8

�
25993

291600
lnðrÞ − 19963

293932800
−

245

4608
ζð3Þ

�
þO

�
1

r10

�
; ð38Þ

which perfectly agrees with the expansion reported earlier
in Ref. [32].

C. Analytical calculations: Left semiplane r < 1

As seen from Eq. (24), in the left semiplane, the integrand
F ðsÞ possesses poles at negative integers s ¼ 0;−1;−2;…;
−n… and negative half-integers s ¼ − 1

2
;− 3

2
;− 5

2
. The res-

idues in the poles s ¼ 0 and s ¼ −1=2 can be easily
calculated:

Res½r−2sF ðsÞ�s¼0 ¼
1

4
lnðrÞ þ 1

2
ζð3Þ − 5

12
; ð39Þ

Res½r−2sF ðsÞ�s¼−1=2 ¼
�
79

27
π2 −

16

9
π2 lnð2Þ − 13

18
π3
�
r:

ð40Þ

As for other poles, due to the ill definition of the hyper-
geometric functions 3F2ð12 ; 12 ; 1; 32 ; 32 þ s; 1Þ at Res < −1 and
of 3F2ð12 ; 12 ; 1; 32 ; 72 þ s; 1Þ at Res < −3, the calcula-
tions of residues are highly hindered. Consequently,

analytical continuations of 3F2ð12 ; 12 ; 1; 32 ; 32 þ s; 1Þ and

3F2ð12 ; 12 ; 1; 32 ; 72 þ s; 1Þ in the left semiplane (r < 1) of the
complex variable s are called for.

1. Analytical continuation of the hypergeometric
functions

To proceed with the analytical continuation, let us recall
that the hypergeometric functions in Eq. (34) emerged as a
result of the integration (23)–(24) and they are defined by
the integral representations (34) and (35). To extend the
definitions of the corresponding hypergeometric functions
in the regions Res < −1 and Res < −3, the integrand (35)
is rewritten as

ð1 − y2Þs 1
y
ln

�
1 − y
1þ y

�
¼ ð1 − y2Þs−1 1

y
ln

�
1 − y
1þ y

�

− yð1 − y2Þs−1 ln
�
1 − y
1þ y

�
; ð41Þ

which, after integration by parts, allows one to represent the
integral IðsÞ, Eq. (35), as a solution of the following

TABLE I. Derivatives XðξÞ, Eq. (36), for half-integer ξ.
ξ XðξÞ
7
2

49
32
þ 47

128
π2 − 15

32
π2 lnð2Þ − 105

64
ζð3Þ

9
2

3335
1728

þ 319
768

π2 − 35
64
π2 lnð2Þ − 245

128
ζð3Þ

11
2

10423
4608

þ 1879
4096

π2 − 315
512

π2 lnð2Þ − 2205
1024

ζð3Þ
13
2

2940053
1152000

þ 20417
40960

π2 − 693
1024

π2 lnð2Þ − 4851
2048

ζð3Þ
15
2

38888209
13824000

þ 263111
491520

π2 − 3003
4096

π2 lnð2Þ − 21021
8192

ζð3Þ
17
2

1929621569
632217600

þ 261395
458752

π2 − 6435
8192

π2 lnð2Þ − 45045
16384

ζð3Þ
19
2

33118055953
10115481600

þ 8842385
14680064

π2 − 218790
262144

π2 lnð2Þ − 765765
262144

ζð3Þ
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functional equation:

IðsÞ ¼ Iðs − 1Þ þ
ffiffiffi
π

p
2s

ΓðsÞ
Γð1

2
þ sÞ

				
s¼n

; ð42Þ

with the boundary condition Ið0Þ ¼ − π2

4
. The solution of (42) is

IðnÞ ¼ Ið0Þ þ
Xn
k¼1

ffiffiffi
π

p
2k

ΓðkÞ
Γð1

2
þ kÞ ¼ −

ffiffiffi
π

p
Γðnþ 1Þ3F2ð1; 1þ n; 1þ n; 3

2
þ n; 2þ n; 1Þ

2ð1þ nÞΓð3
2
þ nÞ : ð43Þ

Changing the variable from n to s and comparing with Eq. (34), we get the desired analytical continuation of

3F2ð12 ; 12 ; 1; 32 ; 32 þ s; 1Þ in the whole semiplane Res < −1:

3F2

�
1

2
;
1

2
; 1;

3

2
;
3

2
þ s; 1

�				
Re s<−1

⇒ 3F2ð1; 1þ s; 1þ s; 3
2
þ s; 2þ s; 1Þ

2ðsþ 1Þ : ð44Þ

The analytical continuation of 3F2ð12 ; 12 ; 1; 32 ; 72 þ s; 1Þ immediately follows from Eq. (44) mentioning that

3F2ð12 ; 12 ; 1; 32 ; 72 þ s; 1Þ ¼ 3F2ð12 ; 12 ; 1; 32 ; 32 þ ð2þ sÞ; 1Þ, i.e.,

3F2

�
1

2
;
1

2
; 1;

3

2
;
7

2
þ s; 1

�				
Re s<−3

⇒
1

2ðsþ 3Þ 3F2

�
1; 3þ s; 3þ s; sþ 4;

7

2
þ s; 1

�
: ð45Þ

Note that Eqs. (44) and (45) are fulfilled as exact identities for Res > −1 and Res > −3, respectively.
The last effort in preparing Eq. (24) for the Cauchy integration in the left semiplane is to express the corresponding

hypergeometric functions (44) and (45) via the Pochhammer symbols ðaÞk, viz.,

3F2

�
1; 1þ s; 1þ s; 2þ s;

3

2
þ s; 1

�
¼

X∞
k¼0

ðsþ 1Þk
ðsþ 3

2
Þk

sþ 1

kþ sþ 1
; ð46Þ

where ðaÞk, also known as the rising factorials, are defined as ðaÞk ¼ Γðaþ kÞ=ΓðaÞ. Then the integrand F ðsÞ in Eq. (23)
takes the form

F ðRes < 1Þ ¼ π2ð1 − sÞ
sin2ðπsÞ

�
−
72þ 408sþ 852s2 þ 749s3 þ 199s4 − 72s5 − 36s6

6s2ð1þ sÞð2þ sÞ3ð1þ 2sÞ2ð3þ 2sÞ

þ 2þ 3s
3sð1þ sÞð2þ sÞ2ð1þ 2sÞ

�
ψ

�
sþ 1

2

�
− 3ψðsÞ − 2γE þ 2 lnð2Þ

�

þ π2

12

�
4

s
−

1

2þ s

�
Γð1

2
þ sÞffiffiffi

π
p ð1þ sÞð2þ sÞΓðsÞ þ

1

3ð1
2
þ sÞð2þ sÞ

×

�
−

2

ðsþ 1Þ
X∞
k¼0

ðsþ 1Þk
ðsþ 3

2
Þk

1

kþ sþ 1
þ s

2ð3
2
þ sÞð5

2
þ sÞ

X∞
k¼0

ðsþ 3Þk
ðsþ 7

2
Þk

1

kþ sþ 3

��
: ð47Þ

Observe that the Euler gamma functions in the definition of the Pochhammer symbols induce additional singularities in
the left semiplane in Eq. (47). In turn, in counting the residues, these singularities give rise to double sums over n and k in
the final integration. All together, the integrand in the left semiplane is singular with poles of different orders at negative

integers s ¼ 0;−1;−2;−3;… and negative half-integers s ¼ −1=2;−3=2;−5=2… Then Að6Þ
2;LðrÞ acquires the form

Að6Þ
2;LðrÞ ¼

X∞
n¼0

Res½r−2sF ðsÞ�s¼−n þ
X∞
n¼0

Res½r−2sF ðsÞ�s¼−ð2nþ1Þ=2; ð48Þ

where the residues at n ¼ 0 and n ¼ −1=2 were already listed in Eqs. (39) and (40), respectively. Other residues were
calculated by means of the package Wolfram Mathematica 10. Explicitly, the result is
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Að6Þ
2;Lðr < 1Þ ¼ D1ðrÞ þD2ðrÞ lnðr2Þ þD3ðrÞ ln2ðrÞ þ 4r4 ln3ðrÞ þ

X∞
n¼3

d1ðn; rÞr2n

þ
X∞
n¼3

d2ðn; rÞr2n þ
X∞
n¼3

Xn−2
k¼0

d3ðn; k; rÞr2n þ
X∞
n¼4

Xn−4
k¼0

d4ðn; k; rÞr2n; ð49Þ

where

D1ðrÞ ¼ −
5

12
þ 179r2

12
−
38395r4

3888
þ aE

�
13r2

9
þ 469r4

324

�
þ 4

9
r4ln4ð2Þ þ 32

3
r4Li4

�
1

2

�

−
5π4

54
r4 þ 8r

9

�
1þ aE þ 45

4
r2
��

Li2

�
1 − r
1þ r

�
− Li2

�
−
1 − r
1þ r

��
− gðrÞLi2ð1 − r2Þ

þ 8

9
r½Li3ðrÞ − Li3ð−rÞ� þ

�
−
3

2
þ 2r2

3
−
85r4

18
−
8aEr4

3

�
Li3ðr2Þ þ 12r4Li4ðr2Þ

þ
�
1

2
− 9r2 þ 15r4

�
ζð3Þ þ π2

3

�
−
7

8
þ 64r

9
−
25r2

3
−
119r3

6
þ 101r4

8

þ 40r2ð3 − 10r2 þ 11r4 − 4r6Þ
9ð1 − r2Þ2 þ aE

6

�
1 − 4r − 4r2 þ 13r4

3

�

− 4r4½Li2ðrÞ − Li2ð−rÞ� þ
�
1 − 4r2 þ 13r4

3

�
arctanhðrÞ þ 16

15
r6
�
23F2

�
1; 1; 1; 2;

7

2
; r2

�

− 3F2

�
1; 1; 1; 3;

7

2
; r2

�
− 3F2

�
1; 1; 2; 3;

7

2
; r2

��
−
16

3
r lnð2Þ − 4

3
r4ln2ð2Þ

þ 2

3
r lnð1 − r2Þ

�
þ π3

� ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p
r
�
−
13

18
þ 53

9
r2
�
−
5

3

�
2þ 1

2
r2
�
r3

þ 19

3
r4 arcsin

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p

2

�1=2

−
11

6
r4 arcsinðrÞ þ 5

3
r4
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p
�1=2�

5

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p

2

��
; ð50Þ

D2ðrÞ ¼ −
1

4
−
4π2

9
r −

13

18
r2 −

aE
9
r2
�
10þ 79

3
r2
�
þ 2425

162
r4 þ 2π2r4 − 4r4ζð3Þ þ 16

9
r

×

�
Li2

�
1 − r
1þ r

�
− Li2

�
−
1 − r
1þ r

��
þ 2

�
1 −

4r2

3
þ 31r4

9
þ 4aE

3
r4
�
Li2ðr2Þ − 12r4Li3ðr2Þ; ð51Þ

D3ðrÞ ¼
13r2

3
−
161r4

9
−
8

9
r arctanhðrÞ þ

�
1 − 4r2 þ 13r4

3

�
ln ð1 − r2Þ þ 4r4Li2ðr2Þ; ð52Þ

where aE ¼ γE − lnð2Þ and gðrÞ ¼ − 7
4
þ 4r2 þ 115r4

36
þ aEð13 − 4r2

3
þ 13r4

9
Þ.

The coefficients di in the sums (49) are

d1ðn; rÞ ¼
ð−1Þnffiffiffi

π
p ð−3þ nÞ!Γ

�
3

2
− n

� ð1þ nÞð−8þ 3nÞ
3ðn − 2Þð2n − 1Þ

×

�
−
P1ðnÞ
Q2

1ðnÞ
−
2P2ðnÞ
Q1ðnÞ

− 2ln2ð2Þ − 1

2

�
ψ

�
3

2
− n

�
− ψðnÞ

�
2

−
�
P2ðnÞ
Q1ðnÞ

þ 2 lnð2Þ
��

ψ

�
3

2
− n

�
− ψðnÞ − lnðr2Þ

�

þ
�
ψ

�
3

2
− n

�
− ψðnÞ

�
lnðr2Þ − 1

2

�
ψ ð1Þ

�
3

2
− n

�
þ ψ ð1ÞðnÞ

�
−
1

2
ln2ðr2Þ

�
; ð53Þ
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d2ðn; rÞ ¼
ð1þ nÞð−2þ 3nÞ
3ðn − 2ÞQ2ðnÞ

��
18n5 − 22n4 − 34n3 þ 62n2 − 30nþ 4

ð1þ nÞð−2þ 3nÞQ2ðnÞ
− lnðr2Þ

�

×

�
ψ

�
1

2
− n

�
− 3ψð1þ nÞ

�
þ ψ ð1Þ

�
1

2
− n

�
þ 3ψ ð1Þð1þ nÞ

�
; ð54Þ

d3ðn; k; rÞ ¼
4

3

ð−1Þkð−1þ nÞ!ð1þ nÞ2Γð3
2
− nÞ

ð−1þ n − kÞ!Γð3
2
− nþ kÞQ3ðn; kÞ

�
P3ðn; kÞ
Q3ðn; kÞ

þ lnðr2Þ

þ ψ

�
3

2
− nþ k

�
− ψ

�
3

2
− n

�
þ ψðnÞ − ψðn − kÞ

�
; ð55Þ

d4ðn; k; rÞ ¼ −
4

3

ð−1Þkð−3þ nÞ!n2ð1þ nÞ2Γð7
2
− nÞ

ð−3þ n − kÞ!Γð7
2
− nþ kÞQ4ðn; kÞ

�
P4ðn; kÞ
Q4ðn; kÞ

þ lnðr2Þ

þ ψ

�
7

2
− nþ k

�
− ψ

�
7

2
− n

�
þ ψðn − 2Þ − ψðn − k − 2Þ

�
; ð56Þ

where the summations over k and n in the double sums, as mentioned, occurred due to the summation over k of the
Pochhammer symbols, Eq. (47). Above, the corresponding polynomials PiðnÞ and QiðnÞ are as follows:

P1ðnÞ ¼ 108n8 − 702n7 þ 453n6 þ 5492n5 − 13232n4 þ 6440n3 þ 9425n2 − 11180nþ 3296;

P2ðnÞ ¼ 12n4 − 39n3 − 32n2 þ 143n − 74;

P3ðn; kÞ ¼ ð4n3 − n2 − 14nþ 9Þk − 6n4 þ 10n3 þ 13n2 − 28nþ 11;

P4ðn; kÞ ¼ ð16n5 − 28n4 − 104n3 þ 225n2 − 60n − 30Þk − 24n6 þ 120n5 − 46n4

− 548n3 þ 812n2 − 180n − 90;

Q1ðnÞ ¼ ð−2þ nÞð−1þ nÞð1þ nÞð−1þ 2nÞð−8þ 3nÞ;
Q2ðnÞ ¼ ð−2þ nÞð−1þ nÞnð1þ nÞð−1þ 2nÞð−2þ 3nÞ;

Q3ðn; kÞ ¼ ð−2þ nÞð−1þ nÞð1þ nÞð−1þ 2nÞð−1þ n − kÞ;
Q4ðn; kÞ ¼ ð−2þ nÞð−5þ 2nÞð−3þ 2nÞð−1þ 2nÞð−3þ n − kÞnð1þ nÞ:

As seen, the anomaly Að6Þ
2 ðrÞ defined by Eqs. (49)–(56) is too lengthy to be appropriate for an explicit analysis of its

analytical properties. At this stage, we can only compare our results with the approximate results reported early in the
literature, e.g., in Ref. [32].
As mentioned, up to now, the sixth order corrections to the anomaly due to insertions of mixed loops were analyzed as

asymptotic at low, Að6Þ
2 ðr ≪ 1Þ, and high, Að6Þ

2 ðr ≫ 1Þ, values of r. We can compare our results with these asymptotes, e.g.,

Að6Þ
2 ðr ≪ 1Þ, by restricting the summation in Eq. (49) with only a few first residues, s ¼ 0;−1;−2;−3;− 1

2
;− 3

2
;− 5

2
.

The result is

Að6Þ
2;Lðr ≪ 1Þ ¼ −

1

4
lnðrÞ þ 1

2
ζð3Þ − 5

12
þ π2

�
79

27
−
13

18
π −

16

9
lnð2Þ

�
r

þ
�
6ln2ðrÞ þ 3 lnðrÞ þ 35

3
þ π2 − 9ζð3Þ

�
r2 þ π2

�
35

12
π −

50

9

�
r3

þ
�
4ln3ðrÞ − 27

2
ln2ðrÞ þ

�
107

4
þ 2π2 − 4ζð3Þ

�
lnðrÞ − 4

9
π2ln2ð2Þ − 5

54
π4

þ 32

3
Li4

�
1

2

�
þ 4

9
ln4ð2Þ þ 15ζð3Þ − 9

4
π2 −

3739

144

�
r4 −

7

3
π2
�
11

15
−

1

16
π

�
r5

þ
�
116

45
ln2ðrÞ − 1127

225
lnðrÞ þ 42343

10125
þ 58π2

135

�
r6 þOðr7Þ: ð57Þ
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A comparison of the terms up to Oðr5Þ in Eq. (57) with the
respective expression reported in Ref. [32] shows that they
exactly reproduce the results of Ref. [32]. This is an
additional confirmation of the validity of the exact, but
lengthy, expressions presented by Eqs. (49)–(56).

IV. NUMERICAL RESULTS

Here we perform some checks of the validity of the
obtained exact expressions by comparing the results from
Eqs. (49)–(56) with the corresponding direct numerical
calculations of the integrals in Eqs. (25) and (26). We have
made such checks at several values of r and obtained
perfect agreements between two methods of calculations.
This persuades us of the high confidence of the validity in
our analytical results. However, a comment is in line here.
We found that the sums, Eqs. (32) and (49), in the analytical
expression are rather poorly convergent. Consequently, for
reliable calculations, it is required that one takes into
account a large number, several hundred or even thousand,
of terms in the sums.
For instance, to obtain the value Að6Þ

2;Lð1=2Þ ≈
0.13592598875835838363 at r ¼ 1=2 provided by
Eq. (25), it is necessary to include ∼50 terms in
Eqs. (49)–(56). A slightly better convergence of sums occurs
at larger r. Thus, at r ¼ 2, to assure the value

Að6Þ
2;Lð2Þ ≈ 0.017086812024867475167, it is sufficient to

take into account ∼30 terms. The situation worsens as
r → 1, where to assure only three significant digits, in
comparison with the calculations by Eq. (16), one already
needs∼150 terms, whereas for a reliable accuracymore than
one thousand terms are necessary. In this case, computations
of sums require more than 24 h of CPU time on an INTEL

Xeon Phi processor. Away from this limit, the sums
converge faster and calculations require less computer time.
The behavior ofAð6Þ

2;LðrÞ in dependence on r is presented in
Fig. 4. The solid curves reflect the results of calculations by
the exact formulas (29)–(32), right panel, and by Eqs. (49)–
(56), left panel. The dashed curves are the results of
calculations of the asymptote for r > 1, Eq. (38), and
r < 1, Eq. (57), the right and left panels, respectively. The
open circles and therein associated labels Al

L point to the

physical values of Að6Þ
2;LðrÞ at the physical lepton mass ratios

r ¼ ml=mL. In our actual calculations, these ratios corre-
spond to those recommended by the International Committee
on DATA (CODATA 2018) [50], namely, me=mτ¼
0.000287585ð19Þ,me=mμ¼0.00483633169ð11Þ,mμ=mτ ¼
0.0594635ð40Þ, mτ=mμ ¼ 16.8170ð11Þ, mμ=me ¼
206.7682830ð46Þ and mτ=me ¼ 3477.23ð23Þ.
From Fig. 4 and from the corresponding numerical

analysis, one can conclude that the exact analytical results
practically coincide with the results by approximate for-
mulas (57) in the interval 0 < r < 0.2 and by Eq. (38) in
the interval 2 < r < ∞, respectively. More precisely, the
validity of the asymptotic expansions and the limits of their
applicability can be illustrated if one defines the relative
deviation εLðrÞ of the approximate calculations from the
exact results as

εLðrÞ ¼
			Að6Þ

2;L asympðrÞ − Að6Þ
2;L exactðrÞ

			=Að6Þ
2;L exactðrÞ:

Then for, e.g., the muon anomaly, the maximum contri-
bution is from the fourth order electron vacuum pola-
rization operator. In this case, (L ¼ μ and l ¼ e)

Að6Þ
2;μexactðreÞ ≃ 1.49367182340837205, whereas Eq. (57),

FIG. 4. Sixth order corrections Að6Þ
2;LðrÞ to the lepton anomaly due to insertions of the fourth order polarization operator with one

internal photon line. The solid curves correspond to calculations by exact analytical expressions, and the dashed curves are the results of
calculations by asymptotic expansion, Eq. (57) for the left panel and Eq. (38) for the right panel. The open circles and their associated

labels Al
L point to the physical values of Að6Þ

2;LðrÞ at the physical ratio r ¼ ml=mL. The star corresponds to the universal value of

Að6Þ
2;Lðr ¼ 1Þ. For a better vision of the behavior at small r, the magnified area 1 < r < 5 is highlighted in the upper corner where the

linear scale for both axes is employed.
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keeping terms up to Oðr4Þ [this approximation corres-
ponds to the one reported in Ref. [26] ], results in

Að6Þ
2;L asympð∼Oðr4ÞÞ ¼ 1.49367182344. In terms of

the relative errors εμðreÞ, this corresponds to
εμðreÞð∼Oðr4ÞÞ ≈ 2.1 × 10−11. The relative errors rapidly
decrease if in Eq. (57) one keeps terms up to Oðr6Þ.
In this case, Að6Þ

2;L asympð∼Oðr6ÞÞ ¼ 1.49367182340837220,
and consequently, εμðreÞð∼Oðr6ÞÞ ≈ 1.0 × 10−16. Hence,
in calculations of the electron corrections to the muon
anomaly, it is quite sufficient to restrict oneself to terms
∼Oðr4Þ which assure accuracies higher than the exper-
imental errors related to the measured [50] ratio of electron
to muon masses Δr ∼ 10−10. To estimate how far from
r → 0 one can apply the approximate formula, Eq. (57), we
compare the exact results with the expansions ∼Oðr4Þ and
∼Oðr6Þ at r ¼ 0.1. We obtained that keeping terms
∼Oðr4Þ, Eq. (57), assures only four significant digits,
while keeping terms ∼Oðr6Þ, the approximate formula
provides much more accurate results, namely, up to seven
significant digits in the interval ð0 < r < 0.1Þ. This accu-
racy is above the experimental measurements in this
interval. An analogous situation occurs also in the region
r > 2, cf., Table II.

A. Bubble-like contribution

Now we shall discuss the contribution of other sixth
order corrections to Að6Þ

2;LðrÞ from insertions of the fourth
order polarization operators. As mentioned, besides the
diagrams defined in Fig. 3, there is another type of the
fourth order polarization operator, namely, the operator
consisting of two closed lepton loops as depicted in Fig. 2b,
usually referred to as “bubble-like” diagrams. This type of
correction was comprehensively studied in Ref. [27], where
contributions of all possible combinations of internal and
external types of leptons were investigated for polarization
operators with two and three closed lepton loops within the
Mellin-Barnes approach. Explicitly, the sixth order coef-

ficients Að6Þ
2;L due to the fourth order bubble-like polarization

operators are delegated to Appendix B. In Fig. 5, the
contribution of a different kind of polarization operator is

presented, where the solid curve is the correction Að6Þ
2 ðrÞ

due to mixed diagrams, and dashed and dot-dashed lines

are the corrections from the pure bubble-like polarization
operators with insertions of two identical (ll) loops and
two loops with different leptons ðLlÞ. In the region r < 1,
the main contribution to heavier leptons, τ and μ, comes
from insertions of two identical electron loops. The con-
tribution of bubble-like diagrams with one heavy lepton
(dot-dashed line in Fig. 5, r < 1) is by far smaller than
other contributions. The role of mixed loops increases
with an increase of r. A different situation is in the
right semiplane r ≥ 1, where the mixed diagrams are
predominant.
Finally, we briefly discuss the role of the remaining type

of sixth order bubble-like diagram, namely, the one with
insertion of the polarization operators with all three leptons
being different from each other, l1 ≠ l2 ≠ L. This corre-

sponds to the coefficient Að6Þ
3;Lðr1; r2Þ in Eq. (15). In

Ref. [22], this type of correction was considered for the
muon anomalywith one electron and one τ lepton loop in the
asymptotic limits r1 ¼ me=mμ ≪ 1 and r2 ¼ mτ=mμ ≫ 1.

TABLE II. Relative deviation εðrÞ of the asymptotic results, Eq. (57) if r < 1, and Eq. (38) if r > 1, from the exact calculations at the
mass ratio r ¼ ml=mL corresponding to the existing leptons [50].

r < 1 r > 1

Mass ratio me=mτ me=mμ mμ=mτ Mass ratio mτ=mμ mμ=me mτ=me

r 0.000287585 0.00483633169 0.0594635 r 16.817 206.768283 3477.23
εðOðr4ÞÞ 1.1 × 10−17 2.1 × 10−11 1.0 × 10−5 εðOðr−8ÞÞ 1.4 × 10−7 7.3 × 10−14 4.9 × 10−21

εðOðr6ÞÞ 1.9 × 10−25 1.1 × 10−16 7.3 × 10−9 εðOðr−10ÞÞ 3.6 × 10−8 1.1 × 10−14 4.5 × 10−22

FIG. 5. Sixth order corrections Að6Þ
2;LðrÞ to the lepton anomaly

due to insertions of the fourth order polarization operator: the
solid line corresponds to one loop polarization operator with one
internal photon line, and the dashed and dot-dashed lines
correspond to insertions of the pure bubble-like operators with
two identical (ll) and two different ðLlÞ closed lepton loops,
respectively, cf. Ref. [27] and Appendix B. The vertical lines,
labeled according to the ratios r ¼ ml=mL, indicate the values r
of the physically existing leptons.
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A more rigorous analysis of Að6Þ
3;Lðr1; r2Þ can be found in

Ref. [29], where, by using the two-fold Mellin-Barnes
representation, the earlier known asymptotic expansions

for Að6Þ
3;Lðr1; r2Þ were extended to their exact expressions for

all leptons,2 L ¼ e, μ, and τ. It turns out that the final
analytical results are extremely cumbersome, containing a
number of two-variable generalization of the hypergeomet-
ric series, known as the Kampé de Fériet functions. For this
reason, the obtained analytical expressions were checked vs
the high precision calculations [18] to ensure that there is
agreement between integral and exact analytic results. The
reported numerical results are as follows:

Að6Þ
3;e ¼ 1.90972 × 10−13; ð58Þ

Að6Þ
3;μ ¼ 5.27737 × 10−4; ð59Þ

Að6Þ
3;τ ¼ 3.34778: ð60Þ

However, in practice, one can avoid such sophisticated
calculations by merely performing direct calculations of

Að6Þ
3;Lðr1; r2Þ from the general formula in Eq. (4). In this case,

the corresponding polarization operator can be written as

Π̃
�
−x2

1 − x
m2

L

�
¼ 2

�
α

π

�
2
�
5

9
−
4r21
3x2

þ 4r21
3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r21ð1 − xÞ þ x2

q
ln
ðxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r21ð1 − xÞ þ x2

p
Þ2

4r21ð1 − xÞ
�

×

�
5

9
−
4r22
3x2

þ 4r22
3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r22ð1 − xÞ þ x2

q
ln
ðxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r22ð1 − xÞ þ x2

p
Þ2

4r22ð1 − xÞ
�
; ð61Þ

where the explicit expression for the one-loop polarization
operator ΠðlÞð−x2

1−xm
2
LÞ was used, Ref. [26]. We employed

Eq. (61) to calculate numerically the contribution to

Að6Þ
3;Lðr1; r2Þ from Eq. (4) with insertion of the operator

(61). In our calculations, the variables r1 and r2 were used,
as already mentioned, from the CODATA2018 [50]. We
found that Eq. (4) exactly reproduces the results presented
in Ref. [22]; cf., Eqs. (58)–(60).
A short glance at Fig. 5 and Eqs. (58)–(60) persuades

us that there are regions where the corrections from one-
loop mixed diagrams Að6Þ

2;LðrÞ and two-loop diagrams

Að6Þ
3;Lðr1; r2Þ are quite compatible with each other. For

instance, the one-loop mixed coefficient Að6Þ
2;τðme=mτÞ ≈

2.221259 is of the same order of magnitude as the bubble-

like coefficients Að6Þ
3;τðme=mτ; mμ=mτÞ, Eq. (60); the coef-

ficients A2;μðmτ=mμÞ ≈ 2.9474 × 10−4 are close to

Að6Þ
3;μðme=mμ; mτ=mμÞ, Eq. (59). This is clear evidence that,

in calculations of the corrections to aL from the vacuum
polarization diagrams, all types of the fourth order polari-
zation operators, the bubble-like operators (ll), (Ll), and
(l1l2), where l ≠ L;l1 ≠ L;l2 ≠ L, and the mixed dia-
gram (one lepton loop with an internal crossing photon
line) equally contribute and must be considered altogether
on the same footing.

V. CONCLUSIONS

We have presented for the first time exact analytical
expressions for the sixth order radiative corrections to the

anomalous magnetic moments of leptons e, μ, and τ
induced by Feynman diagrams with insertions of the fourth
order vacuum polarization operator with one lepton loop
crossed by one internal photon line. The approach essen-
tially relies on the dispersion relations and the Mellin-
Barnes transform for the propagators of massive photons
previously employed in calculations of the pure bubble-like
diagrams. This method allows one to derive explicitly the
corresponding sixth order corrections aLðrÞ as functions of
the ratio r ¼ ml=mL of the mass of the internal l to the
mass of the external L leptons in the whole interval
(0 < r < ∞). It is argued that for each type of leptons
the main contribution to aLðrÞ is provided by insertions of
the polarization operator with leptons l in the loop lighter
than the external lepton L; cf., labels in Figs. 4 and 5. Since
for real existing leptons one has either r ≪ 1 ðrmax ≲ 0.06)
or r ≫ 1ðrmin ≳ 16Þ, the exact expressions can be safely
substituted by their asymptotic expansions, which are much
simpler and more convenient for numerical calculations.
We affirm that these expansions work quite well in the
intervals (0 < r < 0.1) and (2 < r < ∞) within which the
physical ratios r ¼ ml=mL are located. We investigated the
limits of applicability of the asymptotic expansions and
claim that with a reasonable number of terms these
asymptotes are quite appropriate for practical numerical
calculations. We estimated numerically the contribution to
aL of diagrams with two lepton loops l1 ≠ L and l2 ≠ L
by Eq. (4) and found perfect agreement with the results
previously reported in Ref. [22]. We also compared the
contribution to aL from all possible types of the fourth
order polarization operator and argue that there are intervals
where all operators equally contribute to aL and must be
properly taken into account in calculations of the radiative

2It should be noted that in Ref. [29] the variables r1 and r2 are
defined in an opposite way in comparison to ours, r ¼ mL=ml.
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corrections from insertions of the vacuum polarization
operators of the corresponding order.
The Mellin-Barnes formalism is an extremely flexible

technique that can be straightforwardly generalized to
analytical calculations of another class of diagrams such
as multiloop calculations in relativistic quantum field
theories [51], evaluation of the contributions to aL of the
hadronic vacuum polarization insertion [28], investigation
of the physics Beyond the Standard Model, etc. Within the
Mellin-Barnes approach, it is feasible to explicitly estimate
higher order corrections from multimixed diagrams and
combined types containing simultaneously bubble-like and
mixed loop diagrams. We plan to discuss this in the near
future.
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APPENDIX A

Here we show that, as it should be, the longitudinal
terms ∼kμkν in the propagator (1) do not contribute to the
lepton anomaly aL ¼ ðgL − 2Þ=2. To this end, recall that
the anomaly aL is just the normalization of the Pauli form
factor F2ðq2Þ at q2 ¼ 0 in the general expression for the
renormalized electromagnetic lepton vertex ΓμðqÞ; see,
e.g., Ref. [27].

ūðp2ÞΓμðp1; p2Þuðp1Þ ¼ ūðp2Þ
�
γμF1ðq2Þ þ i

σμνqν

2mL
F2ðq2Þ

�
uðp1Þ

¼ ūðp2Þ
�ðp1 þ p2Þμ

2mL
F1ðq2Þ þ i

σμνqν

2mL
ðF1ðq2Þ þ F2ðq2ÞÞ

�
uðp1Þ; ðA1Þ

where the second row in Eq. (A1) is a corollary of the
Gordon identity for the on-shell fermions. The form factor
F2ð0Þ in Eq. (A1) can be separated by applying on the

vertex Γμðp1; p2Þ a properly defined projection operator,
e.g., the projection operator Pμ [27]:

Pμ ¼
1

Q2
ðγμq̂þ pμq̂=mL − qμÞðp̂þmLÞ

þ 1

3
γμ −

pμ

mL
−
4

3
pμ

p̂
m2

L
; ðA2Þ

where p ¼ ðp1 þ p2Þ=2 and q ¼ ðp2 − p1Þ with
ðp · qÞ ¼ 0. Then it is straightforward to show that

aL ¼ F2ð0Þ ¼ lim
q→0

�
1

4
TrðPμΓμÞ

�
: ðA3Þ

In our case, the corresponding vertex ΓμðqÞ is defined by
the Feynman diagram contributing to the lepton anomaly as
depicted in Fig. 6, where Πα̃ β̃ðk2Þ is the vacuum polari-
zation operator, which is transverse with respect to k,
i.e., kα̃Πα̃ β̃ðk2Þ ¼ kβ̃Πα̃ β̃ðk2Þ ¼ 0.
Then the contribution of the longitudinal part ∼kαkβ of

the propagator (1) reads as

FIG. 6. Schematic illustration of the Feynman diagrams with
vacuum polarization insertions. The operator Πα̃ β̃ðk2Þ is trans-
verse, Πα̃ β̃ðk2Þ ¼ ½gα̃ β̃ − kα̃kβ̃=k

2�Πðk2Þ, so that the gauge term
ð1 − ξÞ ∼ kμkν in the dressed photon propagator (1) keeps the
product Dαα̃ðk2ÞΠα̃ β̃ðk2ÞDβ̃βðk2Þ transverse Dαβðk2Þ ¼
ðgαβ − kαkβ=k2Þ 1

k2
1

ð1þΠðk2ÞÞ.
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ūðp2ÞΓlong
μ ðp1; p2Þuðp1Þ ≃ ūðp2Þk̂ðp̂1 − k̂þmLÞγμðp̂2 − k̂þmLÞk̂ ūðp1Þ

¼ 4ððp2 · kÞ − k2Þððp1 · kÞ − k2Þūðp2Þγμuðp1Þ

¼ 4ððp2 · kÞ − k2Þððp1 · kÞ − k2Þūðp2Þγμuðp1Þ
1

2mL
ūðp2Þ½pμ þ iσμνqν�uðp1Þ; ðA4Þ

where the on-shellness conditions ðp̂1 −mLÞuðp1Þ ¼
ūðp2Þðp2 −mLÞ ¼ 0 and the Gordon identity
have been used. Direct calculations of the traces in (A3)
with (A2) and (A4) show that the contribution of Γlong

μ to
F2ð0Þ, Eq. (A3), is exactly zero. It implies that in concrete
calculations one can safely use the “simplified”
photon propagator [26,27,33] neglecting all terms ∼kαkβ
in Eq. (1),

Dαβðk2Þ ¼ −i
�
gαβ
k2

1

1þ Πðk2Þ
�
: ðA5Þ

APPENDIX B: CONTRIBUTIONS OF THE
BUBBLE-LIKE TWO-LOOP DIAGRAMS

For the sake of completeness, here we briefly recall the
results of calculations of the sixth order corrections to the
anomaly aL due to the insertion of the fourth order bubble-
like vacuum polarization operators. In Ref. [27], it was
shown that each of the corresponding coefficients

Að6Þ;ðl1l2Þ
2;L ðr < 1Þ and Að6Þ;ðl1l2Þ

2;L ðr > 1Þ, where the super-
scripts denote the loops formed by the leptons ðl1l2Þ, can
be analytically continued by the corresponding single
analytical function of r, valid in the whole inter-
val r∈ ð0;∞Þ.
For the (ll) diagrams, corresponding to the left panel in

Fig. 7, the desired function is

Að6Þ;ðllÞ
2;L ðrÞ ¼ 2

3

�
1

3
− 4r2 þ 5r4 −

16

15
r6
��

−Li2
�
1 − r
1þ r

�
þ Li2

�
−
1 − r
1þ r

�
− 2Li2

�
1 −

1

r

�

þ 1

12
π2
�
−

8

45

�
Li2

�
1 − r
1þ r

�
− Li2

�
−
1 − r
1þ r

�
þ 1

4
π2
�
rþ 8

3

�
Li3ðr2Þ −

�
Li2ðr2Þ þ

1

3
π2
�
lnðrÞ

�
r4

þ 317

324
−
191

45
r2 þ

�
25

27
−
254

45
r2 þ 32

45
r4
�
lnðrÞ þ 16

45
r4 −

16

9
r4ln3ðrÞ: ðB1Þ

For the diagrams with two different lepton loops ðL ≠ lÞ, right panel in Fig. 7, the corresponding function Að6Þ;ðLlÞ
2;L ðrÞ is

Að6Þ;ðLlÞ
2;L ðrÞ ¼

�
4

45r2
þ 1

9
þ 4

3
r2 −

13

9
r4
��

−Li2
�
1 −

1

r2

�
þ π2

6

�
− 2ð1þ r4Þ

× Li3

�
1

r2

�
þ
�
1

r
þ 2

3
rþ 11

3
r3
���

Li2

�
1

r

�
− Li2

�
−
1

r

��
lnðrÞ þ 1

2
½lnð1þ rÞ − lnðr − 1Þ�

× ln2ðrÞ þ Li3

�
1

r

�
− Li3

�
−
1

r

��
−
8

3
ð1þ r4Þ

�
Li2

�
1

r2

�
−
1

2
ln

�
1 −

1

r2

�
lnðrÞ

�
lnðrÞ

þ 8

45
r3
�
Li2

�
r − 1

rþ 1

�
− Li2

�
−
r − 1

rþ 1

�
þ 1

4
π2
�
−
�

8

45r2
þ 11

9
þ 7

3
r2
�
ln2ðrÞ

−
1853

810
−
349

135
lnðrÞ − 53

15
r2 −

64

45
r2 lnðrÞ − 4π2

135r2
: ðB2Þ

The dependence of the coefficients Að6Þ;ðllÞ
2;L ðrÞ, Eq. (B1), and Að6Þ;ðLlÞ

2;L ðrÞ, Eq. (B2), vs r is presented in Fig. 5, by the
dashed and dot-dashed lines, respectively.
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